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Statement of this principle, first made by D’Alembert; by means of 
it all questions relating to dynamics are reduced to simple pro- 
blems of statics, ’ . . 350 

Another mode of stating this same principle, which has the advantage 
of conducting us at once to equations between the given and un- 
known quantities of each problem, 351 

In virtue of this principle, the tensions which arise from the con- 
nexions of the material points of a system, and the pressures made 
on surfaces and given curves, in a state of motion, may be deter- 
mined by the same rules as in a state of equilibrium; the motive 
forces which act on the moveables may be decomposed into forces 
that are lost , but which produce the tensions or pressures , and into 
other forces which cause the velocities of the moveables to vary; 
examples? .<rf this twofold effect of the given forces, . . . 352 

Extension of the general principle of dynamics to percussions consi- 
dered as motive forces which act during a very short time, and 
produce sudden changes of velocity ; influence which the friction 
may have during the action of these forces, . . . .353 

Application of the general principle to the motion of two heavy bodies 
placed on two inclined planes, and connected by an inextensible 
string; tension of this string; determination of the initial veloci- 
ties, 354,355 
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their mutual repulsion or attraction, ...*•• 357 
The formulae of this motion may be applied to two solid bodies, all 
whose points are actuated by velocities parallel to the same right 
line; motion of bullet and cannon while the bullet is in the barrel 
, 0 f the piece; hypotheses on which the law of the force of powder 
is founded ; numerical calculation of the force of powder when the 
velocity of the bullet at the mouth of the cannon is given ; remark of 

Lagrange on this problem, 359, 359 

Application of the principle of D’Alembert to the simplest case of the 
impact of bodies ; physical data of the question, and hypothesis ne- 
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tion of the living force; loss of living force which is always sus- 
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Conservation of the motion of the centre of gravity in the impact of 
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The theory of the resistance of media, in which this resistance is assi- 
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surface; determination of the resistance on a surface of revolution, 
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The coefficient of the resistance relative to the motion of projectiles 
in the air, which results from this theory, does not agree with ob- 
servation ; value of this coefficient that has been obtained by expe- 
riment; in what the resistance of fluids actually consists, it has not 
been yet determined by the laws of mechanics, except in the case 
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Definite integrals which are furnished by the equations of the motion 
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of inertia and of principal axes, 3(5® 
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rent densities, ' 
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intersect in a point being known, the moment of inertia with re- 
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these three angles, 378, 379 
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of which they can be determined are given, 380 
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moments ef a relative to it are unequal ; their number is infi- 
nite when any two of these moments are equal ; if the moments of 
inertia relative to three principal axes that intersect in a point are 
equal, all lines passing through this point are principal axes, . 381 
Determination of the remarkable points which possess this last pro- 
perty ; application to the ellipsoid and to the parallelopiped, 
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Axis.— p. 62. 

I. Uniform Motion of Rotation, — Ibid. 
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Definition of the angular velocity common to all the points of an in- 
variable system, that revolves about a fixed axis, .... 384 
Determination of this velocity when percussions are simultaneously 
impressed on the points of the system, which would produce given 

velocities in them if they were free, 385 

Case in whicjfcj^^tyafem becomes a solid body, struck by one or more 
bodies, thitherwards remain attached to it, . . . . 386 

How the perq^aioa experienced at the instant of impact can be de- 
termined j conditions that are required in order that the axes may 
experience no percussion j definition of the centre of peroussion, 387, 388 
Pressures exerted on the axes during the motion of rotation, whioh 
are caused by the centrifugal forces of all the points of the bodyj a 
general property of principal axes in uniform motion of rotation j 
particular property of the principal axes which pass through the 
centres of gravity of the moveable, 389, 390 

II. Variable Motion of Rotation -p, 74. 

Differential equation of this motion ; differential of the angular volo- 
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cillation and suspension j method, depending on this reciprocity, 
for determining the length of a simple pendulum corresponding to 
a given pendulum j it is demonstrated tbatfor the same body there 
ora an infinite number of axes about which the durations of the 

¥ rffo^smUations are equal, 396, 397 , 398 

Motion of aoomppuq^ pendulum in a resisting medium \ the length 
Oj' (tie, simple pe&Ahluip that is isochronous with it, does not depend 

%f||4^istance, 399 

Mptlm tiF'Ehe axle awl wheel, and of two heavy bodies, one of which 
is attached to the axle and the other to the wheel j application to 
Atwood’s machine, 4 Q 0 f 491 
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Pendulum of Robins; the application of this pendulum to determine 
the initial velocity of bodies projected in artillery praotice, . 402, 403 


Chaptbh IV, — Op thb Motion op a solid Body about a fixed 
Point, — p. 98, 

I, Pi'eUminary Foimula . — Tbid. 

The motion of rotation of a system of an invariable form, about a fixed 
point, is one about a line that is variable from one inBtant to ano- 
ther, and which is termed an instantaneous oasis of rotation, . . 404 

Determination of the direction of this axis, both with respect to lines 
that are fixed in the interior of the body, and to lines which are 

fixed in space, 405 

Expression of the angular velocity of rotation of the body about the 
instantaneous axis; decomposition of this velocity into three others 
about three rectangular axes, either fixed or moveable j the com- 
position or decomposition of velocities of rotation is performed ac- 
cording to the same rules as those of the velocity of translation, 406 , 407 
Components of the absolute velocity of any point whatever of a body, 
with respect to three axes fixed in its interior $ components of the 
accelerating force with respect to the same axes, .... 40S 
Moments of the quantities of motion of all the points of a body at any 0 
instant whatever, with respect to three axes passing through the 
fixed points In which these three lines are the principal axes 
that interseot at thb point $ sign of each of these momenta, accord- 
ing to the direotion of rotation about the corresponding axis; the 
prinoipaLmoment of these same quantities of motion, and direc- 
tion of its axis, 409 

Differential equations which subsist between the three angles of No. 

378, on which the position of the moveable at each instant depends, 
and the three components of its angular velocity with respect to its 

three principal axes, 410 

Other formula, wliioh will be useful in the sequel, . , , .411 
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II, Differential l&Quations of the Motion of Rotation about a Jiwed 
- Point*— p. 111 . 

These equations are obtained very easily by means of the forraulce of 
No, 408 and of the principle of D’Alembert 5 they are reduced 
their simplest form by referring the components of the accelerat&fj 
force of any point wlia lever of the body to its three principal 
the general problem of the motion of rotation depends on six equa* 
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lions pf the first order; namely those that have been already formed, 

and those of No, 410; case in which gravity is the sole force that 

acts on tlie points of the system, 412, 413 

When tho moveable is not subjected to the action of any motive force, 
or even in the case of a heavy body, in which the fixed point coin- 
cides with the centre of gravity, we are able to integrate the six 
equations of the motion of rotation, and make the unknown quan- 
tities depend on two elliptic functions ; in thiff motion, produced 
by Initial percussions, the moments of the quantities of motion of 
all the points, vtith respect to axes passing through the fixed point, 
are oonsj^jflf^elr principal mpnisnt and its direction are in- 
variable, and this consideration lamli fates the integration of tho 
equations of the problem, ..... 41 4> 415, 416, 417 
Complete determination of the arbitrary constants contained in tho 
integrals of these equations, in whioh wa assume, for greater clear- 
ness, that the moveable was struck, at the commencement of the 
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Different general properties of the motion of rotation of a body tliat 
is not subjected to the action of any motive force, , . . 419 

A simpler determination than tho preceding of this motion (wliioli, 

^ver, is orttyr oix approximation), when the instantaneous axis 
turn constantly deviates, by a very small angle, from one of 
the three principal axes of the moveable, that intersect in this ■ 
fixed point; the property of the principal axes already demonstrated 
in No. 389 is again established ; moreover, it is shown that the 
motion is stable about the axis of the greatest or least moment of 
inertia, and only instantaneous about the axis of the intermediate 
moment; determination of the arbitrary constants in the case of 

stability, . 420, 421, 422 

' The motion of rotation produced by initial percussions, becomes sim- 
,, pier when the moveable is a solid of reyolution, and Its axis of 
figure passes through the fixed point $ the unknown quantities may 
be determined without the aid of elliptic functions, . . , 423 

^i^l^hfeijd^mpnstration of the stability of the motion about two of tho 
u v/. 

\f tftefflvticiUar Cage of the Motion of Rotation of a 
T&xuy Body.— p. 132. 

^^jpWApposGiJ 40 bo a solid of revolution, whose axis of figure 
paifiwbUgh tho fixed point; the section made by a plane passing 
through this point, and a perpendicular to this axis is termed Ilu\ 
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of the equator and of the horizontal line passing through the fixed 
point, 1 b called the line of the nodes ; definition of the ascending 
node , and distinction between its direct and retrogrado motion on 

the horizontal plane, 435, 420 

In this case, the six equations of the motion of rotation may be inte- 
grated, and the unknown quantities of the problem may be exactly 
expressed by elliptio functions j determination of the arbitrary 

constants that occur in the Integrals, 427, 428 
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that of tho machine of Bohnenberger , , * . . . 433 


Ciuraa V— 0 e the 



Motion of a solid Body kntiuely free, — 
p, 143. 


Decomposition of this motion into two others, one of rotation about a 
point of tho body, the other of translation^ common to all its points j 
cose in which the second moLion is one of revolution, and in which 
each revolution is performed in tho same time ub that of rotation j 
this case obtains in tho motion of tho Biitollitos, and injiarticulftr'in 
the motion of the moon, which, in cuuHoqucnoe, always presents 
the same face to the earth, * 433 
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CHAPTER I. 

GENERAL PRINCIPLE Ol? DYNAMICS. 

350. When material points, subjected to the action of given 
forces, are connected together in any manner whatever, they 
acquire, during each instant, infinitely Bmall velocities, different 
from those which these forces would impress on them, if Lliey 
were free. When these forces are known, these lust veloci- 
ties will bo so likewise ; and the general problem of dynamics 
consists in deducing from them, in magnitude and direction, 
the increments of the velocities which are actually produced. 
Its solution depends oil an extremely simple principle, for 
which we are indebted to D’Alembert; by means of it oil 
questions relative to motion are reduced to simple questions 
of equilibrium, that can be always resolved by the rules ex- 
plained in the preceding book. 

In order to express this principle in an accurate manner, 
let m bo the mass of one of the material points in question, 
and «r the velocity which tlio force that solicits it would im- 
press upon it, in an infinitely small time t, if it was free. 
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Let q t denote the increment of velocity which actually ob- 
tains during this same instant, the direction of which will, in 
general, be different from that of the given velocity ut ; and 
let ut be decomposed by the rule of the parallel Ingram of 
forces, which is equally applicable to velocities, (No. 14/3), 
into two other velocities, of which let one be (/r, and the 
other pr* The measure of the motive force applied to the 
moveable will be the product mu ; mq and mp will lie the 
values of those which are capable of producing the velocities 
qr and pr\ and the given force mu may he regarded ns the 
resultant of the force mq , to which the increment of the velo- 
city which actually obtains, is due, and of the force w yj, Hu* 
effect of which is destroyed by the connexion of the points of 
the system. We shall term tins lust, the forvv Inst. 

If the quantities analogous to ?/?, ?/, q , which refer to the 
other points of the system, be denoted by the same letters 
with accents, namely, by m', w', m!\ n ", q'\p'\ it is 

evident, that whatever he their number and mutual connexion, 
mp i 7n f p',m ,, p", &c., the forces lost should constitute an equi- 
librium, for if this equilibrium did not take place, these forces 
would produce certain infinitely small velocities during the 
the instant r, and, consequently, qr , //V, t/V\ &c., would no 
[longer be the increments of velocity that actually liavn place, 

! which is contrary to hypothesis. It is in this that the prin- 
ciple of D’Alembert consists. Instead of Hie forces mp y iu f p\ 
m ,f p f \ &c,, we may substitute, in the equal ions of equilibrium 
of the system that is considered, the quantilies of motion 
mpr i m'p , r , 9 0i"pV', &c., which are proportion^ fo them, and 
then the statement will be, that tlieie is an equilibrium be- 
f tween the infinitely small quantities of motion, lost during 
! each instant [ by all the points of the system, in consequence of 
! their mutual connexion. 

351. The preceding general statement of this principle 
maybe changed into another, which will he frequently more 
convenient. 
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For this purpose, it may be observed, that mu being the 
resultant of mq and mp 9 each of these components, the second 
for example, is likewise the resultant of mu and of the other 
component, taken in an opposite direction from that in which 
it acts ; by replacing in this manner each of the forces lost, 
i. e. rnp, m']/, hi"//', &c., by the two forces of which it is the 
resultant, it is evident the principle of D’Alembert implies^ 
that there is constantly an equilibrium between the given 
forces, which act on all the points of a eyBtem of material 
points in motion, and the forces which produce the infinitely 
small increments of the velocity which have place at each iti- . 
stunt, these hist forces being taken in an opposite direction j. 
from that in which they act. We may, if wo please, replace 
the first forces by the quantities of motion mur 9 m'uVy m”u"r" f 


&c., and the last by mqr 9 m'q'r') tn"q fl T ff i &c # , by assigning to 
each of the velocities q y y', j", &c., a direction contrary to that 
which it really has, and by supposing the directions of m, w', u ,r , 
&c., Lo be those which they actually have. 

This second manner of stating this principle has the ad- 
vantage of leading directly to equations between the unknown 
quantities q 9 (f, q" 9 &e., and the data of the problem, which 
are evidently the velocities u, u f , m", ffcc. These equations 
will result, Lboth from the conditions of the equilibrium, and ' 
also from the manner in which the different points of the sys- j 
tom arc, in cachcaso, connected together h the 'numbed of them 1 
will be always the same us that of the coordinates of all those 
points (No. 342), and, consequently, the same us that of the 
components of the velocities q y <f y q ff > &c., parallel to the axes 
of these coordinates, so that they will make known, both in 
magnitude and direction, the increments of velocity of all 
these material points at each instant, which is, as hus been 
stated, the general solution of the problem of Dynamic^ It 
is the province of the integral calculus to enable us to deduce 
from these infinitely small increments, the velocities them- 
selves and thg coordinates of each material point, in functions 
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352. When the forces mq 9 m!q [ , m<f 9 &c., shall have been 
determined j if they are laid off in a direction opposite to that 
in which they act, and if they be then compounded with the 
given forces mu 3 Wi'V', &c., mp 9 m'p r 9 &c., the forces 
lost will be obtained. It is from these last forces that the 
tensions of threads, of elastic rods, and of all the physical 
modes of connexion that can exist between the different points 
of the system, as also the pressures exerted on the surfaces 
and given curves, which the material points are constrained 
to describe, arise ; and, according to the first method of stating 
the principle of D'Alembert, these pressures or tensions may 
he determined in the state of motion of the system, by the 
rules of statics applied to the forces lost, (No. 343). 

Therefore, during the motion, a part of the given force, 

' which acts on each moveable, is employed in making the 
velocity to vary, and docs not influence the pressures or ten- 
sions in question ; and the other part, which is considered to 
be destroyed or lost, produces these pressures or tensions, and 
j has no influence whatever on the velocity. When the Bystem 
has attained to a permanent state, in which all the points that 
compose it move uniformly, the first part of each force is 
cipher, and the entire force is destroyed, that is to say, em- 
ployed in producing pressures against fixed obstacles, and the 
tensions of physical strings, &e., just aB if this system was in 
equilibria. 

Hence, if a cord be supposed to move in the direction of its 
length, and if given forces act at its two extremities in the di- 
rections of its productions, (/when this motion continues to bo 
uniform^ the two forces will be equal, and their common value 
\will express the tension of the cord; if, on the contrary, the 
itwo forces are unequal, the excess of the greatest above the 
least will be employed in accelerating or retarding the motion 
[of the cord, and the measure of its tension will be the part of 
the greatest force which is destroyed by the least, or equal 
and contrary to this. For example, when a horse draws a 
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load on a road, and the motion of the system continues uni- 
form, the effort of the horse parallel to the road is equal to 
the weight of the load resolved in this direction, plus the 
friction of the load against the road; it is constant when the 
state of the road and its inclination do not vary ; if it be sup- 
posed to be transmitted to the load by means of cords parallel 
to euch other and to the road, the entire effort will be equal 
to the suni of the tensions of all these cords ; and in practice, 
the effort exerted in the direction of each cord, iB measured by 
the extension of a spring interposed in the direction of its i 
length. The inclination and state of the roads remaining the 
same, if the efforts of the animal increase or diminish, the mo- 
tion of the system will be accelerated or retarded, while the 
tensions do not undergo any variation. When the road is ' 
horizontal, the friction insensible, and the motion uniform, thej 
horse has no other force to develop© but that which is neces- 
sary for his own advance; he exerts no effort in the direction 
of the cords attached to the load, and their tensions are con- 


stantly cipher. 

353. The principle of D’Alembert obtains also in the case 
of the finite quantities of motion, which are lost by bodies con- 
nected together hi any manner whatever, and on which simul- 
taneous percussions are made, which percussions are, in fact, 
motive forces, acting on the material pointB with great inten- 
sities, and during very short intervals of time (No. 12G). 

Thus, let us suppose that a force of this nature ucts on 
the point, whose mass is m , during a time which is finite, but so 
short, that the point m and all the other points of the system 
do not sensibly change their position in this interval. Let us 
denote it by e, and by u the velocity of ijnite magnitude which 
this force would impress on the point m a if it was entirely free ; 
likewise let q be the velocity which is actually impressed upon 



it, so that at the end of the time c, m is actuated by the velo- f 0 


city which it had previously to the impact, by the velocity q, 


and by the velocity which is communicated to it, during the n 
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same time, by the motive forces which may act on the system, 
independently of the percussions. Lot the velocity u be re- 
solved into two others, one equal to q, and the other denoted 
by p. Let similar suppositions be made with respect to 
?w", &c., the other points of the system, and if, relatively to 
these points, the quantities corresponding to it, p, (*, bo de- 
moted by u', p', q', u", p", q", &c. ; an equilihrium will exist in 
*the system between mv 9 f»V s *ra"p", &c., the quail tithes of mo- 
jtion lost, whether they be considered at the commencement 
ior end of the time e. 

In fact, let e, the duration of the percussions, be decom- 
posed into an infinite number of infinitely small instants, and 
let r be one of these instants, wawr, w'wV, {fee,, the 

i nfinit ely small parts gf &c M lost during this 

instant, and, as before, mpr 9 m"p n r , &c., the infinitely 

small quantities of motion arising from the motive forces, and 
that are also lost during this same instant, 15y what has been 
stated in No. 350, there will be an equilibrium in the system 
between these two groups of quantities of motion ; each of the 
equations relative to this equilibrium will be of the form, 

AV? Iu>T + A 'fflVr + A 'W'ft/V + &c. 

+ mnpr + nWpr + i\ ,f m ,, p ft r + &c. = 0. ; 


/tA.jf A 

1 ■'lit/ 

* -V/ ' : I 


0 


iii which a 5 a/, a^, Ike, , b, n' n", &o., denote coofiicieiils de- 
pending an the positions of m, in', m", &c. ; and this equation 
by lU. subsist^ dunng £ | the w hole duration of the percussions. 
Therefore the Bum of the values of its first inoniher, which 
correspond to all instants of tliis duration, will he equal to 
the cipher ; but, m tliis sum, tlio coelHcionts may bu eon- 
sidered as invariable, since, by hypothesis, the positions of the 
points m, m', m", &c., do not Bensibly change during the en- 
, tire continuance of the percussions ; moreover, the sum of the 
values of meir, mVr, tn'VV, &c., wiUhotlio quantities ol’ mo- 
tion wr, mv\ m"p", &e.; those of mjtr, m'p T , m"p" T , &i\, may 
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be neglected relatively to the first, since the effects of motive 
forces, such as weights and attractions directed to fixed or 
moveable centres, during the percussions, are generally insen- 
sible with respect to the effects of these other forces ; conse- 
quently, we shall have 

Amp + a'w'p' + A // m"p ,/ + &c. = 0* 

The same will be the case with respect to all the equations 
of equilibrium of the system, which will subsist between 
wip, mV, m'V', &c., the quantities of motion lost; which was 
required to be demonstrated. 

In consequence of the invariability of the coefficients 
a, a', a", &c., during the continuance of the percussions, these 
equations refer indifferently to the commencement or end of 
the time c. For greater convenience, it is assumed that this! 
duration is the sume for all the percussions, which is evidently 
allowable, provided that jJ^jtheJongest duration of the per- 
cussions that are considered at the same time. 

These percussions, in general, arise from the impacts of 
the moveables, cither against one another, or against fixed 
obstacles. It may happen that during the time e, these 
points slide ever so little, either against one another, or 
ngainBt these obstacles; the frictions which they will by 
this means experience, will abstract from them a certain, 
quantity of motion, Now, these quantities cannot be nc- • . 

glceted, like those which arise from gravity and attractions; $ ]i r / / 
for the friction is a force proportional to the prossure ; that is ^ 
tQ say, a force which abstracts from m, m', m", &c., in each 
instant, infinitely small quantities of motion proportional to, 
that which the pressure would impress on them in the same 
instant ; hence it follows, that the effects of frictions during 
the time c, may be comparable to those of the percussions ; 
consequently, when the moveables m, m mf\ &e., Blido one 
against another, during the percussions, it is necessary to es- 
tablish the equilibrium between the quantities of motion lost by 
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friction, and those represented by ???p, mV 9 &c. The 

velocities p, p', p", &c., may, if we pleaBe, be replaced by their 
components, that is to say, by velocities respectively equal 
and contrary to q, q ' 3 q", &c., and by the velocities u, u', u", 
&c., taken in their proper directions. 

( This extension of the general principle of Dynamics to 
quantities of motion wliich have a finite magnitude, will 
enable us to determine the velocities of the bodies of a system 
■ at the commencement of the motion, and also during its con- 
i tinuance, when they strike against each other, or impinge 
1 against fixed obstacles, and generally, when the velocities of 
the moveables experience what are termed sudden changes . 

354. In the different applications of the general principle 
of dynamics, which we propose to make in the subsequent 
part of this treatise, the moveables between wliich any mode 
of physical connexion whatever exists, may, moreover, act on 
each other, either by means of attractions or repulsions at a 
distance, and also may experience percussions at particular 
instants. But before wc proceed further, we propose to give 
in this chapter a simple example of each of these three circum- 
stances, wliich will he of service in the general developments 
that we propose hereafter to detail. 

} Let us, in the first place, consider, as ill the fourth case of 
l No. 329, two heavy bodies attached to the extremities of an 
inextensible thread, and placed on two inclined pianos which 
rest against each other. Let h be the common height of 
those two planes, l the length of one of them, V that of the 
other, m the muss of the body placed upon the first, m* that of 
the body placed upon the second, and g the gravity. If the 
friction is not taken into account, the accelerating force of the 


fiisfc body will he the component of the weight resolved in the 
direction of the first plane, which is equul to ~ ; and in like 


manner tho accelerating force of the second will lie equal to 
At the end of the time t 9 let v denote the velocity coin- 
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mon to all the points of w, and 1 / that of all the points of m * j 
these are supposed to be positive or negative, according as m 
and m ' descend or ascend. During the instant dt> v and v ' 
will be increased by dv and dv ' ; but, during this same instant, 
the accelerating forces would, if they were free, impress on m 

and the positive velocities ~dt anA—dt; therefore tho 

velocities which they lose during the same instant dt , in con- 
sequence of the connexion which exists between the two 

bodies, are ^j-dt — dv and ^ dt — dt/. Now, in order that 

the two corresponding quantities of motion may bo in equi- 
libria (No. 350), it is evidently necessary that they should be 
equal ; consequently, we shall have 

— dvj = m! (~ — di /} . (1) 


Moreover, the two velocities v and 1 / are equal, and affeetdd 
with contrary signs ; for, in the motion in question, one of the 
two mosses descends, and the other ascends, describing equal 
spaces on the respective inclined planes ; hence we have 

v' zz *— v, dv' zz — dv. 


If this value of dtf be substituted in equation (1), we can . 
deduce 


dv 


(mt — m 9 I)h 
(rn + m') IV 


gdt\ 


and, by integrating, 


v _ (rnV- «Ht)h 
(m + in') ll' 9 


c being tho arbitrary constant. 

If this integral be multiplied by dt 9 and integrated a second 
time, tho space described by m on its inclined plane, will be 
obtained ; and from the preceding value of v, it is evident 
that its motion is uniformly accelerated or retarded, according 


10 


UlSNKR/SX PRINCIPLE OP DYNAMICS. 


as or mV /L ?n'L In virtue of the equation 1 / = — n $ 

(ho contrary obtains with respect to m\ 

1 «ul t denote the tension of the thread to which m and m! 
are attached, this tension arises, as wc know, from the force 
lost during each instant by these two bodies respectively. 
'Hie value of this motive force will he one of the quantities of 
motion which constitute the two members of equation (l), di- 
vided by dt ; consequently wc have 



which, by substituting for dv its preceding value, becomes(a) 

T _ (* + *') mm 'hg % 

(ia + m') IP 5 ■ 

. Wliis value becomes — as wc know it should, in the 

eiiHO of mVzz wi7, whicli is that of equilibrium. With respect 
to the pressure exerted on each inclined plane, it is equal to the 
weight of the body which it sustains resolved perpendicularly 
to this plane, and is the same ns in the state of equilibrium. 

JiJIfl. The constant c is the initial velocity of m\ if both 
bodicH Hel; out from u state of rest, r = 0 ; but if one or both 
nftlicnt experience a percussion at the commencement of the 
motion, their initial velocities should he deduced from it. 

Let us suppose, therefore, that at the commencement of 
the motion, vi and ?n f experience percussions, which if the 
bodies were entirely free, would impress, in the direction of the 
productions of llie thread to which they are attached, a velo- 
city a on all the points of m, and a velocity a! on all those of 
L »*'. Ah their initial velocities are c and — c 9 it follows tlmt 
j at the commencement, tho quantities of motion lost have 
been, in magnitude and direction, equal to m («— c) and 
mi' (rt'4-e) respectively; and, in order that they may consti- 
tute uu nquilihriuin, it is necessary that, agreeably to No. 
they should ho equal; hcnco wc shall have 
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m (a — c) m' (af + c) ; 
from which we can deduce 

ma — m!a! 

C — ; 7-1 

wi + m' 

The percussion which the thread experiences at this in- 
stant, in the direction of each of its productions, iB due to one 
or other of these lost quantities of motion, the common value 
of which is (b) 

, mm 1 ( a -f- a*) ^ 

\ m + m f 9 

so that the initial percussion of the thread is the same, ns if it 
was suspended vertically at a fixed point, and a body attached, 
to its inferior extremity, was struck in the direction of the 
weight, by a second body actuated by this quantity of mo- 
tion, and which is then united with the first, * 

356. In place of two heavy bodies, we can consider tliree> 
or a greater number, placed on a series of inclined planes, 
each of them being connected with the following, by means of, 
an inextensible string 5 the motion of this system will be of 
the some nature, and will be determined in the same manner, ( 
as in the case already considered. 

We may likewise substitute for the two bodies which haver 
been considered, a heavy chain laid on the two inclined planes. , 
If it he homogeneous, and of a constant thickness, and if at the 
end of the time t 9 the lengths of its two parts be denoted by 
x and o', their masses will be to each other as these quantities, 
so that in equation ( 1 ), m and m t should be replaced by x and 
a/. Moreover, during the ‘instant dt, the first of these two 
parts is increased by the element dx y which is actuated by thcr 
velocity u, common to all its points; on this account the 
quantity of motion lost will be diminished by a positive or 
negative quantity equal to vdx. For a like roason, the 
quantity of motion lost by the second part of the chain during 
the same instant, should he diminished by a quantity equal to 
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7 / das' i we should therefore take vdx and %f(hd from the first 
and second members of this equation (1), which will thus 
become 

x dt — dvj — vdx — x' (jy dt — di/ j — vUljd. 


Denoting the constant length of tho chain by X, wc shall 
have 

Aj + a/rrX, dx + dx' — 0 ; 

moreover, v and v * the velocities of its two parts will be res- 
pectively equal to 

dx , dx ' P 

= -rr5 


hence there results dcdzz — dx> and vdx == v'dx'i and, by cli- 
minating 3 } and dv* from the equation of the motion, wo ob- 
tain(c) 

t * ~ f , , "uya “ (fix H“ /3 m 0, 

t m - ,r f - *<•.„, 4dj (h v, 4 ,, ,; f 1 

in which, in order to abridge; wo make 


gh{l + l')^ 
kW = 




the complete integral of this linear equation is 


k = ae* + for"' + JjL, 

e being the base of tho Naperian system of logarithms, and a 
and b two arbitrary constants, the values of which can bo de- 
termined by means of those |bf x and when t — 0*) If tins 

entire chain exists on the same inclined plane, that is to say, 
if the difference x — 3 / becomes equal to ± X, the nature of 
the motion will be changed, and it will become uniformly 
accelerated* 

In order that the chain may remain at rest, it is necessary 
that we should have a = 0 and 6 — 0 ; hence we infer 



GENERAL PRINCIPLE OP DYNAMICS. 


13 


x 


XI 

~ I + V? 




xv 

l + v ; 


from 'which it appears, that in the state of equilibrium, x and 
a/, the two parts of the chain, are to each other aa l and l\ the 
lengths of the inclined planes on which they are laid ; so that 
its two extremities exist on the same horizontal(d) line. Con - 1 
versely, if this condition is satisfied at any given inBtont, and * 
if at this instant, the points comprising the chain are not actu- 
ated by any velocity, the equilibrium will obtain ; for as the 
proportion 

x \ X — x : : l : Z', 


gives 


XI 


for the value of x , we shall have, at the instant in 


l + V 
question, 

ae + bcr ai zz OJ 

and the velocity is supposed to be? equal to cipher, we shall, 1 / 
at*the same time, have 


dx _ 
Tt “ 


aae at — 


ba€T at =z 0 ; 


from which there results a zz 0 and b r: 0, 

357. For a second example of the application of the go-] 
noral principle of dynamics, (let the motion of two bodies sub-J 
jected to their mutual repulsion be considered); and, in ordcrj 
to reduce the question to the simplest possible case, wo shall 
suppose that no initial velocity is impressed on them, perpen- 
dicularly to the line drawn from tlio one to the otheri} so 
that both of them must move on the Bomo right line, given in 
position. 

Let their masses be m and m* 9 x and x 1 their distances, at 
the end of the timo t , from a fixed point taken on this line, v 
and v* their velocities, so that at this instant, we have 


v 


dx 

~di’ 


v* 


dx* 

dt 


At the same time, let k be the repulsive foroe acting in 
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opposite directions on m and and which, for greater clear- 
ness, wc shall suppose to increase the distance of, and to di- 
minish the distance x. During the instant dt 3 this motive 

Tidt 

force would impress a velocity on the mass m y ; and, as the 

i increase of velocity of m! is really du\ it follows that its velo- 
city, and quantity of motion, which arc lost during this 

instant, will be — dvf and nrftf — m'drf. Likowise the 

\ 

quantity of motion lost by m, in the same direction and during 
the same instant, will bo — ndt — mdv. Now, as those two 
^ material points are entirely free, it is necessary, in order that 
these quantities of motion may he in cquilibrio, that they be 
separately equal to cipher ; consequently, wc shall havo 

mdv + n dt = 0, m'dtf — ndt ■=. 0. 

Lot r bo the distance b tween the two material points m 
and m\ so that we may have 

at — x = r, dot — dx ~ dr. 

Then since dsa n vdt and dot = v'dt , wc shall obtain from the 
preceding equations 

mdv + m*dv r zz 0 , 2 mvdv + 2 tn'v'dv' = 2uc//', 
and by integrating, we shall have(c) 

mv + m'v* zz. o, mu* + wV a = 2J ndr + c\ 

The force n will be a given function of r ; wo can there- 
fore obtain the integral Jurfr eithor exactly or by approxl- 
matign ; and if we suppose that this integral is cipher when 
r (n being the value of r at the commencement of the 
motion), its value at any instant whatever will bo a function 
of r and a, which we can denote a). Likewise, let a and 
a! be the initial velocities of m and m'; wo shall havo, at the 
Bame time, 

r = «*’ /(r, a) zz 0, v ~ a, u f — 
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and, consequently, 

c = ma + m!d, &zz me? + mfa ** ; 
lienee tliere will result at any instant whatever, 

mv + mV zzma + m / a / , 

mvP + m'v A =: 2/(V, a) + ma 2 + m/a/*. 


(i) 


By means of these last equations, the velocities of the two ! 
moveables may be known in functions of their mutual dis- 
tance ; and it follows from them, that whenever the value of 
this distance becomes the same as it was at any previous time, 
the squares v 2 and will also have the some values, and that 
each moveable willreBume an equal velocity, in the same di-; 
rection or in an opposite one. 

v and v f being known in functions of r ; by means of the 
equation 

dt 

the value of t can be determined in a function of r, by a se- 
cond integration, and conversely. 

Moreover, if the first of equations (1) he multiplied by dt, 
there results, by integrating, 

mx + mV = (ma + m'a / ) t + £, 

b being an arbitrary constant, which will be known by means 
of the initial positions of the two moveables; and this equa- 
tion, l together with the equation a/ — x — r,)will make known 
their positions at any instant whatever, that is to say, the 
values of x and x* in the functions of r or of f ; which is the 
complete solution of the problem. 

If the mutual action of the two moveables was attractive, 
the sign of n, and, consequently, that of f(r , a), should be 
changed in the preceding formula. If this force was re- 
pulsive at certain distances, and attractive at others, n should 
be such a function of r as would change its sign within the 
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limits of the values of the variable. It results from the pre- 
ceding equation, that in no case is the motion of the contro 

jr of gravity altered by the mutual action of tho two moveables ; 

T for its first member divided by m + expresses the distance 
of the centre of gravity from the fixed origin of the axes of as 
and x'; so that the motion of the centre of gravity is uniform 
and independent of the force R. 

* t 368. Equations (1) obtain also in tho case of the motion 
of two solid bodies, m and m', of any magnitude whatever, and 
i subjected to the action of tho force n, provided that tho velo- 
cities of all the points of these two bodies are constantly pa- 
rallel to a J given line. This force u, whether attractive or 
repulsive, may then be produced by a spring which is diluted 
or contracted between the two bodies against which its two 
extremities are pressed; or we may even suppose that the 
force n arises from an elastic fluid which is developed betweon 
these two bodies, and repels them in opposite directions, from 
one another. This last case is that of the motion of a bullet 
and gun, during the time that the first traverses the barrel of the 
piece. Let m denote the mass of the bullet, and m* that of the 
gun, then, in order to bo able to apply the preceding formula), we 
must suppose that all the powder is converted into gas at the 
very commencement of the motion. The length of the charge 
will be equal to a the initial distance of the two bodies, and when 
this distance becomes r, the force ii will express the pressure 
which the gas, thus dilated, exerts on each of these two bo- 
dies. It is necessary, moreover, to make some hypothesis on 
the value of r as a function of r. Now, if the temperature of 
^the gas remains constant during its dilatation, the force n, by 
\ the law of Mario tte, will vary in the inverse ratio of tho spaces 
1 which it occupies in the interior of tho barrel. Let, therefore, 

A be the pressure on the unit of tho surface, oxortod by the 
gas, the instant that the powder is ignited, and when it still 
occupies tlie same space as the charge. If a* denotes tho sec- 
tion of the charge perpendicular to its length, which is like- 
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wise the interior section of the piece ; hu) will bo the value of 
tt at the commencement of the motion ; and, if the tempe- 
rature he constant, we shall have {/) 


ka)a 



at the instant, when the distance of the two moveables is equal 
to ri for, at these two epochs, the spaces occupied by the gas 
are to each other as the lengths a and r. 

This expression for r has been generally adopted, though 
it is founded on two inaccurate hypotheses ; for, 1st, the en- 
tire of the chargo is not converted into gas before the bullet! 
begins to move ; and 2ndly, during its dilatation in the barrel) 
of the piece, the gas which is generated must experience very 
great diminutions of temperature. But these two causes have , 
opposite effects on the decrease of the value of R : the second * 
tends evidently to render this decrease more rapid, while the 
effect of the first must be to retard it, in consequence of the 
new quantities of gas which are successively added to the 
initial quantity. If these two opposite causes be supposed, 
very nearly to compensate each other, their influence on the 
expression of r, as a function of r 9 need not he taken into ac- 
count. Thift being agreed on, in consequence of the valuq of 
r given above, wo shall have Qf) 

f(r, a) = Analog p 

the integral f(r> a) being supposed to be cipher when rsa. 
The initial velocities of the bullet and barrel are supposed to 
he cipher(A) ; hence if in equations (1), we make a = 0, and 
a! =: 0, and if the preceding value of f(r 9 a) bo substituted, 
we shall have 

[ mv + mV = 0, mv 1 + m'v a/ = 2 /twa log p } 

Lot l be the length of the barrel, v the velocity of the bullet 

D 
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at the mouth of the barrel, v' the corresponding velocity o 
recoil , we shall have, at the same time, 

rzz l, v zz v, v* = v ' ; 

and by means of the preceding equations we shall obtain 
2m'/ta)a 

( m (m + m f ) 

from which v, the velocity of projection, will bo obtah 
and that of the recoil will be, abstracting from tho Bign, e 

772 

to this velocity v multiplied by — . 

, If the differential of v* relatively to a, be put equ 
.cipher, the length of the charge, which, every thing 
being the same, renders the velocity of projection a maxm 
will be determined. 

By this means we obtain 



log-= 1 ; 

a 

(and as this logarithm is taken in tho Naperian system, it 
lows, that if, as usual, e denotes the base of this system, 
shall have l == ea ; so that the value of a in question, wi 
a little greater tlinn the third of l tho length of the barrel 
359. As the mass ?/*' consists of that of the barrel 


stock or frame of the gun, it is always very great relat 
to that of the bullet ; consequently, in the value of v a 3 
divisor m + m f may be reduced to m\ by which means il 
become 


v 


a 


2Aoj« 

m 



In order to apply this formula, the constant k , whicl 
notes the elastic force of the powder, when it is convcrtct 
gas, should be known. Tor this purpose, let d be the de 
of the powder in its natural state; then tho mass of thee] 
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will be d urn ; andj its weight being supposed equal to one-third 
of the weight of the bullet, we shall have * 

771 zz 3 D(i)d ; 

hence, by means of equation (2), we can deduce 


k £S 


3dv 2 

2 log“ 


Tliifl quantity k will be the maximum pressure of the gaB pro- 
duced by the ignition of the powder, referred to the unit ofj 
surface ; in order to compare it with the atmospheric pressure, 
if p be this other pressure, h the height of the mercury in the 
barometer, g the gravity, and ft the density of the mercury ; 
wo shall have 

P = gph- 

Likewise, if m be the modulus of the tables in the vulgar sys- 
tem of logarithms, and A the logarithm of - taken in these 
tables, so that we may have 

C £ = Mlog- ;) 
s a 

we shall obtain from these values 

j'k _ 3mdv 2 
\jP ~ %\figh' 

Since the densities of the powder and mercury at the mean 
temperature, i. e. at 18° of the centigrade thermometer, are 

D r: 0,8335, fi = 13,548 ; 

likewise, as 

g = 9 ,tt , 80896, h = 0 W , T6 ; m = 0,4342945„ 
tlio preceding formula, will become 

■* \ 


i ! i= (0,0063761) J.) 
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In the case of a piece of 24, the charge of which is a third of 
the weight of the bullet, we have (No. 216). 


hence we obtain 


v =r 463*", 


a 


1368 
134 5 


h = 1142 .p. 


Relatively to a piece of 12, we have, in the some manner, 


which gives 



1248 ^ 
99 ; 


k = 1187 -p. 


i These two values of k should be equal, if the theory was 
[ rigorously true, and the data exact ; as it is, if their mean value 

1 be taken, wo shall have 

1 7 ^ - 

( 4 = 11 65.p) 

which is the value of k that should be employed in formula (2) ; 
but this expression of v 3 can only be regarded as an empirical 
formula, on account of the hypothesis on which it is founded, 
and also because in the direct computation of the motion of 
/ the bullet in the barrel of the piece, the mass of the powder 
converted into gas, should be taken into account. At the 
same time that this fluid urges the bullet and the piece in op- 
posite directions, a part of the force which it developes is em- 
i ployed in moving its own mass, which should not be neglected 
with respect to that of the projectile; and we may conceive 
that in this case, the velocity of projection must be less, than 
if, the elastic force of the powder remaining the same, its moss 
I was insensible, as is assumed in the preceding analysis. This 
J remark, for which we are indebted to Lagrange, shews the 
. necessity of considering at the same time the motions of the 
powder and of the two masses m and m\ while the bullet is 
within the barrel ; but then the question becomes so compli- 
cated, and, in consequence, the difficulty of the computation 
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so great, that it is impossible to obtain any useful practical 
result. Therefore, it is preferable to have recourse to experi- 
ment in order to determine the velocities of projection of bodies 
shot from the mouth of pieces of artillery. In (No. 216), a 
method of obtaining these velocities from the consideration of 
the ranges of the projectile was explained ; but besides this, 
there is also another method, which will be detailed in one of 
the subsequent chapters, (Nos. 402, 403, 404). 

360. Let the principle of D’Alembert be now applied to 
|j the simplest case of the impact of bodies, and let us suppose 
1 that the bodies are two homogeneous spheres, whose centres 
move in the Bame right line, and that all their points describe 
parallels to this line. 

Let m and m! be the masses of these two bodies, v and v f 
their velocities at the very commencement of their contact, 
that is to say, at the first instant of the impact ; the signs of 
v and v 9 will be same or opposite, according as the two 
moveables proceed in the same or contrary directions. In\ 
both cases, we shall consider the velocity v as positive, and, v 
after the impact, the velocity of each of the moveableB will he 
regarded as positive or negative, according as it has the same 
or an opposite direction from the velocity of mbeforethe impact. *■ 

Whatever be the degree of hardnesB of the two moveables, 
they are always more or less compressible ; therefore, because 
the bodies move with different velocities v and v', one of 
them must impinge on, and consequently compress the other, 
and, during this compression, the velocity of one of the bodies, 
of m, for example, will diminish by infinitely small degrees, 
while that of m! will increase in the same manner, until these 
two velocities become equal. Now, setting out from this in- 
stant, two distinct cases present themselves to be considered. 

1. If the two spheres are altogether destitute of elasticity, 
they will cease to act on each other, from the instant that 
their velocities are thus reduced to an equality, and they will 
continue to move with a common velocity, remaining in juxta- 
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position with each other, and retaining the forms which in con- 
sequence of their compression they have acquired, 

2. If, on the contrary, the two Bpheres are elastic, they 
will tend to resume their natural form. While they rovert 
towards it, and thus continually press the one against the 
other, the velocity of m will gradually decrease, and that of 
wf gradually increoao ; until the instant in which these two 
bodies separate, and this will be the termination of the impact. 
Now, in the case of perfect elasticity, we suppose that the 
second part of the impact is altogether similar to the first; that 
at the end of the impact, the two bodies have exactly resumed 
their spherical form and a velocity common to all the pointB 
of each of them ; and that, during its second part, they lose or 
gain quantities of motion equal to thoao which have been 
, already lost or gained during the first. 

The problem of the impact of two spheres would present no 
new difficulty, and would bo a cose of that discussed in No, 
367, if their radii were infinitely small. 

, In older to resolvo it completely, when the radii are of a 
finite magnitude, ^c should take into account the propagation 
of motion in their masses, and determine the state of the two 
bodies at any instant during the continuance of the phenome- 
non ; which, in the actual state of the science, we may regard 
i as impossible,) We shall therefore admit the suppositions, which 
have been now explained, as boing the data of the question 
in which wo are engaged ; and by combining these data with 
tho principle of D’Alembert, applied to quantities of motion 
of a finite magnitude, it will be only necessary to determine 
tho velocities of the two spheres at the end of the shock, by 
menus of tlioir primitive masses and velocities, both when 
tlieso two bodies are entirely devoid of elasticity, and also 
when they are perfectly clastic. Soft bodies are tho only 
ones which have no sensiblo elasticity ; the greater part of 
hard bodies revert to their primitive form, when they are net 
broken by the impact. 
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3G1. In the case of soft bodies, if u be the velocity after 
the impact, which is common to the two spheres, the velocity 
lost by m will be v — and that gained by m! will be u — v*. 
If, therefore, these two bodies move, the one before the other, 
with these velocities, v — w, u— v\ by the principle established 
in No. 353, they must constitute an equilibrium ; tills requires 
(No. 127) that the quantities of motion corresponding to 
these velocities should be equal. Consequently we shall have 


m (v — u) zz. m l (u — tf) ; 
from which there results 

972V 4 - m f v ( 

U = — , 

m + w! 


00 


which is the value of u required to be obtained. 

If m! be at rest before the shock, and if by reason of its 
density, this mass is extremely great, so that it may be con- j 
aidered as infinite relatively to m, we shall have u = 0, q. p.(J). 
The mass m f will in this case represent a fixed obstacle ; and 
the body, when devoid of elasticity, will he reduced to a state 
of rest, when it impinges against this obstacle. 

By the living force , or the vis viva of a material point, or j 
more generally of a body, all the points of which ore endowed 
with the same velocity, is meant the product of its mass by 
the square of this velocity. Therefore, the sum of the living 
forces of m and m / before the shock, is mv* + mv and 
mu 2 a f|^ r the B hock. Now, it appears from formula 

(a), that the second sum is always less than the first ;Tor if tho 
quantity 

— 2 u(mv + mV — mu — m'w), 
which, in virtue of equation (a), is cipher, be token from 
m\? + ?n V 2 — mu 2 — fra'u 2 , 


the difference, when concinnated, becomes 
{ tn(v — u ) a -f m'(w ( — p') 2 3 ) 
which is a positive quantity. 
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Therefore, in the impact of two spheres, which are des- 
titute of elasticity, there is a loss of living force; and this 
loss is equal, as appears from what precedes, to the sum of 
l the living forces due to the velocities v — w, u — which 
have been respectively lost and gained by these two bodies. 
This result is a particular case of a general theorem, for 
/ J / which wo are indebted to Carnot, and which will be demon- 
strated in the sequel. 

362. In the first part of the impact, that is to say, until the 
instant of the greatest compression, the two spheres are 
always thus affected, whatever be the degree of their elasticity ; 
so that the velocity w, the expression for which has been de- 
termined above, is always that which iB common to them at 
this instant. Therefore, during this first part, the diminution 
of the velocity of and the increase of that of m will be 
V — u and u — v Now, if these two spheres are perfectly 
elastic, m will experience, in the Becond part of the impact, a 
second diminution of velocity equal to the first, and conse- 
quently its velocity at the end of the impact will be u— 2 (v—u) 
n; 2 m — v. At the same time, m ' will experience a second in T 
crease of velocity equal to v' } and its final velocity will be 
v' + 2 (a — v 7 ) or v'. If, therefore, v and v' denote the 
I velocities ofm and m f after the impact, we Bhall have 

l/ v = 2 m — v } y / =2u — v / ; 

the value of u being, as stated above, always furnished by 
'formula (a)* 

If these two velocities be respectively taken the one from 
the other, we shall have 

(v — v'=t/— »; } 

from which it appears, that in this impact the relative velocity 
of_the two jnoveables changes its sign, but preserves the same 
l magnitude. 

If the density of the mass vi f be such, that relatively to 
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the mass m, it maybe considered as infinite, and if t>'= 0,| 
we shall have u = 0, and, consequently, v = — v ; hence it j 
follows, that when a perfectly elastic sphere strikes a fixed; 
obstacle, it is reflected back with a velocity equal and contrary I 
to that which it had before the impact. Therefore, in the case j 
of a heavy sphere, which falls in a vacuo, on a horizontal | 
immoveable plane, it should be reflected back to the height i 
from which it fell. 

The sum of the living forces, before and after the impact' 
will be the same ; or, in other words, we shall have 

mv 2 + mV 2 = w(2w — vf-\-riV(2u — f/) 3 ; 
which may be reduced to 

4 u(mu + m'u — mv — m'v*) = 0, 

an equation which by virtue of formula (a) is evidently iden- 
tical. 

363. If we suppose m = mf , we shall have 
2 u = v + v' 9 v = v', v' = v . 

Therefore, iu the impact of two perfectly elastic spheres, the 
masses of which are equal, there is an interchange of velocity ; 
and if one of the two is at rest before the impact, the other will 
remain at rest after the impact, and the first will be actuated by 
the primitive velocity of the second. 

It follows from this, that if there be a series of balls equal/ 
in mass, whose centres exist all in the same right line, and, 
if the first be the only one of them in motion, and actuated by! 
a velocity equal to v 9 in the direction of this line, and moving 
towards the other balls, this first ball will be reduced to a state' 
of repose by impinging on the second, which will be actuated 
by the velocity v , with which it will impinge on tlie third, 1 
and will afterwards be reduced to a state of rest, then the third 
will be actuated by the velocity u, which it will lose by im- 
pinging on the fourth, and so on until the last, which will 
retain the velocity v. Therefore, after this series of impacts, all 

VOL. II. e 



20 


GENERAL PRINCIPLE OF DYNAMICS. 


the balls will remain at rest except the kflt, which will more 
off with the velocity with which the first was primitively nc* 
tuated; and as this result is independent of the magnitude of 
the intervals existing between the consecutive halls, it follows 
^that it will likewise obtain when these intervals disappear, 
and when, consequently, all the balls after the first are in con- 
tact. Thus, when a series of any number of perfectly elastic 
balls, of equal mass, the centres of which are in the same right 
line at rest, and successively in contact with each other, is 
struck by another elastic ball equal to each of them, and 
moving in the line of the centres, this last will be united to 
the series, all the balls composing which will remain at rest, 
with the exception of the ball placed at the other extremity, 
which will be detaohed from the others, and move off with the 
velocity of the striking ball ; this is, in fact, what may be fre- 
quently observed in the case of billiard ballB. 

In general, the laws of the impact of spherical bodies, both 
hard and soft, which ore consequences of the hypotheses of 
No. 360, have been confirmed by numerous experiments made 
on equal and unequal balls, consisting of the some or of diffe- 
rent materials, and actuated by velocities which were in any 
ratio whatever to each other. 

fit ^5), The motion of the centre of gravity of a system of bodies \ 
</ i is never altered by tlm impact or(mutual action of themoveables.y 
This important proposition, the simplest case of which was 
already taken notice of in No. 357, and which can also be 
verified in the impact of soft or perfectly olastic bodies, will be 
demonstrated in all its generality in a subsequent part of this 
treatiso. In order to prove that it obtains in the impact of 
bodies, whether soft or elastic, let x and a/ be the distances at 
the end of the time t y of the centres of m and in* from a fixed 
point on the line along which they move. Likewise, let be 
the distance at this instant of the centre of gravity of m and tnf 
from the same point; we shall have (No. G5) 

(m + mf) Xi zz mas + 771 V. 
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By differentiating, we obtain, 


, . A d® i dx , dx' 
( - m + m ^dt= m di + m dT’ 


(b) 


by meanB of this equation 


dx } 

5 5P 


the velocity of the centre of 


gravity corresponding to the velocities of the two spheres, con 
be determined. Now, before the impact, we have 


dx 


dt 


= v. 



and, consequently, 

dx i _ mv + wV 
dt ““ + ^ 

After the impact, we have 


dx dx' _ 

dt ~~dT ~ 


in the case of soft bodies, and 


dx _ da' 0 . 

it = 2m - u > it =2u ~ * 


in the case of perfectly elastic bodies. By substituting these! 

values successively in equation (b), we shall obtain, by means J 

dx ( 

of equation (a), = u in both cases, which, in virtue of this 

L?C 


dx x 


same equation (a), is the value of before the impact. Con-1 


sequently, in the impact of the two spheres, the motion of their ■ 
centre of gravity is not affected. 

As the velocity of this point is always the sum of thei 
quantities of motion of the bodies divided by the sum of their 
masses, it is evident that in the impact of two spherical bodies, | 
cither soft or elastic, the sum of the quantities of motion is not 
changed, regard being had, in this sum, to the signs of the I 
velocities. 
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If v*, the velocity of m\ be cipher, and if this mass is very 
small relatively to m , the quantity of motion impressed on m*, 
and taken from m, will be, very nearly, m'v or 2m'u, according 
as these bodies aro devoid of elasticity or perfectly elastic (Z). 

365. Heretofore the resistance of fluids has been assimi- 
lated to a series of impacts of the moveable against the mo- 
lecules of the medium “which it traverses; and although, 
according to M. Poisson, the theory of resistance founded on 
this hypothesis should be abandoned, he deems it expedient, 
notwithstanding, briefly to explain it here. 

Let us suppose that the moveable is a right cylinder which 
moves in the direction of its length. Let w be the area of its 
base, perpendicular to this* dimension and to the direction of 
its motion ; likewise let m be the mass of the moveable, and p 
the density of the liquid or aeriform fluid in which it moves. 
At the end of the time t, let v denote its velocity, and x the dis- 
tance of its anterior base from a fixed point, taken on the per- 
pendicular to this plane, so that we may have dx — vdt . In 
the inBtant dt, this base will traverse the space dx, the body 
will therefore strike all the material points of tho fluid comprised 
in a section, of which the base is w, the height dx, and the mass 
f i ptodas* Now, all these points are considered as detached from 
J ) each other, and not acting at all on the surrounding fluid ; and, 
j in drift hypothesis, the diminution of the quantity of motion ex- 

5 erienced by the body during the instant dt t will be the pro- 
uct of its velocity v, and of puck, the mass struck, or the 
ouble of this product, according as this impact is compared to 
that of bodios destitute of all elasticity, or to the impact of per- 
fectly elastic bodies. The value on the first hypothesis, 
namely, up wdx, is that which deviates least from experiment; 
therefore by adopting it, and_ observing that the variation of 
the quantity of motion of m during the instant dt, is nidv, we 
shall have 


■i 


mdv “ - vpwdx ; 
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and if for dx its value v dt be substituted, there results, by di- 
viding by dt 9 



which expresses the motive force, arising from the resistance 
exerted on a plane surface, perpendicular to the direction of 
the motion. 

It appears from inspection of the above expression, that 
this resistance is proportional to the density of the fluid, to 
the surface on which it acts, and to the square of the velocity 
of the body. Denoting the height through which the body 
should fall freely to acquire this velocity by A, and the gravity 
by g , that is to say, malting v 2 = 2 gh, its value will become y 
Sgpoih) so that it is equal to the weight of a cylinder of the 
fluid, the base of which is the surface perpendicular to the di- 
rection of the velocity, and the height is equal to twice that 
through which a heavy body should fall in a vacuo, to acquire 
this same velocity. 

If the direction of the motion is not perpendicular to the 
plane Burface which experiences the resistance, the velocity of 
the body should be resolved into two others, tlie one perpen- 
dicular, the other parallel to this plane ; we suppose that the ve- 
locity parallel to the plane gives rise only to a friction, which wc\ 
will not now take into account, so that the resistance properly so ,1 
called, is the same as if the normal velocity solely existed; tliisjf 
is the reason why this component is substituted for the velocity! 
v in the preceding value of the resistance, which then becomes 1 
porticos**, i being the angle which the normal to the Burface 1 
(i) makes with the direction of the velocity v. 

366. This result being admitted, and extended to the infi- 
nitely small elements of curved surfaces, the resistance expe- 
rienced by a solid body of any form whatever, maybe obtained 
in the following manner : 

Let us suppose, for greater simplicity, that the question 
related to a solid of revolution, all the points of which de- 
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scribed lilies parallel to the axis of its figure, with a velocity v . 
Let this axis, represented by ab (fig. l),bc that of the abscissas, 
and amb its generating curve ; and let x and y denote the 
abscissa cp and ordinate pm of m any point of this curve. 
Let us suppose that the greatest section of the solid, perpen- 
dicular to the axis of the figure, is that which belongs to the 
point c, the origin of the coordinates, and that, consequently, 
cd is the greatest ordinate of the curve mab. As the motion 
is directed from b to a, the portion of the surface which expe- 
riences the resistance of the medium will be that which be- 
longs to the part dma of this curve ; ds being the differential 
element of this curve at any point whatever m, we Bhall have 


cos 


i~ d ± 

l ~ds' 


which is the value of the cosine of the angle that the normal 
at this point, makes with the axis of x t that is to say, with the 
direction of the motion ; and this angle will be the same in 
the entire extent of the zone generated by the revolution of ds 
about ad, the surface of which zone is equal, as we know, to 
hryds. Therefore each of the plane elements of this zone will 
experience a normal resistance equal to the product of this 
element multiplied by pv 2 cos 3 £. If this force be resolved into 
two others, one perpendicular, and the other parallel to ab, it 
is evident that the components perpendicular to ab will de- 
stroy each other's cffectB, two by two ; and the value of each 
component parallel to ab will be equal to the resistance which 
is perpendicular to the zone, multiplied by cost ; consequently 
the sum of these components for the entire zone will be equal 
to the product of the surface ^iryds by ptreos 3 ^, and by cost, 

which, by substituting for cob* its value, is equal to Ivpvhj 


Hence, if we denote the entire resistance experienced by the 
solid in a direction contrary to that of its motion, by a, and 
moke ca == a, we shall have 
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for tlie value of this motive force. 

If the body be a sphere, its centre 'will be at the point c, 
and its radius will be equal to r. Denoting the angle mca by 
0, we shall have 

yr=asin0, dy zz a cos0d0, ds ~ add ; 
from which there results (?ri) 

n “ 2 7T pv^a* cos 3 0 sin 0 . dO = £ irpaV ; | 

which shews that the resistance 'experienced by a sphere is 
the half of that which the circumscribed cylinder, whose base 
7 to 2 is perpendicular to the direction of the motion, experiences. 

367. It is Newton to whom we are indebted for this first 
essay on the resistance of fluids ; he it was also who first deter- 
mined the motion of bodies subject to the action of n force 
depending on their velocity. From a comparison of the result 
of his computation, with the observed time of descent of a 
sphere, which falls in the air, from a great height, he observed 
that it was necessary, in order to make them agree together, 
to reduce the preceding value of n to the one-half. 

From other experiments instituted by Borda, it would ap- 
pear that this value should be only reduced to ^hree-fiftlify 
which gives 

R = -fo TT/OaV*. 

d denoting the density of the sphere, its mass will be ; 

and if R be divided by this mass, and if the accelerating force 
resulting from this division be denoted by <j> 9 we shall obtain 

9pv* '' 

which is, in fact, the expression for the resistance most gene- 
rally adopted by authors who have written on the Ballistic 
pendulum, and which has been already cited in No. 21G. 
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In virtue of formula (c), the determination of the solid of 
* revolution which experiences the least resistance in its passage 
through a fluid, consists in finding the generating curve of this 

Solid, for which the integral ^ y is a minimum ; this pro- 

' blem can be easily solved by the ruleB of the calculus of va- 
riations. Newton gave the solution long before other geometers 
occupied themselves with this description of questions, how- 
ever he did not point out the method that he followed in 
arriving at this result (w). 

The preceding theory of resistance is founded, as we have 
I seen, on a vague comparison of the action of a fluid with the 
impact of bodies, and on the inadmissible supposition that in 
this impact the molecules of the fluid act solely on the body, 
and not at all on each other. It is contradicted by observa- 
tion, inasmuch os the absolute magnitude assigned by the 
calculus is double, of that which results from experiment ; it is 
jalso at j[£uiance with observation as to the law of the resistance 
in a function of the velocity, which, according to this theory, 
should be always proportional to the square of the velocity, 
while it results from the observed decrease of amplitudes in 
very small oscillations of the pendulum (No. 187), that this 
force is only proportional to the first power of the very small 
velocities. The resistance which a liquid or aeriform fluid 
opposes to tlie motion of a solid body, is made up of a 
friction against tho surface, and of the resultant of the pressures 
which thiB fluid exerts against the entire of this surface. In 
order to determine this second part, which is the resistance 
properly so called, we should consider at the same time the 
motions of the body and of the fluid, as M. Poisson did in the 
memoir already cited (No. 191). This force may be diffe- 
,/rent in oscillatory and progressive motion, in liquids and in 
gases ; and in these last, it may depend on their temperature, 
and not on their density solely, a point which it would be of 
consequence to verify by experience. 



CHAPTER II. 


DETERMINATION OP MOMENTS OP INERTIA AND OF PRINCIPAL 

AXES. 

368. In the subsequent chapters of this book, the different 
cases of the motion of a solid body will be considered. In order 
to obtain more readily the equations of its motion, we shall sup- 
pose each body to be divided into parts, which though insen- 
sible, arenevertheleasof a finite magnitude, comprifling immense 
numbers of molecules. (.Even though this body Bhould con- 
sist of detached molecules, the sums relative to its insensible 
parts may still, without appreciable error, he changed, as in 
No. 98, into definite integrals;) so that in the following dis- 
cussions, the parts in question may be treated as infinitely 
small. 

The equations of motion of a solid body will contain nine '* 
definite integrals, namely, 

$ xdm, lydnt , $zdm , 

Iccydbn, l xzdm , \yzdm 9 , 
la?dm ; ; 

dm denotes the differential element of that point of the mass, 
whose coordinates axe x , y, z, and the integrals are supposed 
to extend to the entire moss of the body, which we shall desig- 
nate by m. The three first depend on the position of the centre 
of gravity ; and if its three coordinates be x t , y x , , we shall 
have (No. 91) 

\xdm = Mai] , lydm = My l5 $zdm = m Zj ; 

bo that when this point is taken for the origin of the coofdi-! 
nates, each of these three integrals will be cipher. 
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It will be proved farther on, that wherever this origin may 
/ | be, we con always determine the direction of the three axes in 

v- / , | such a manner, that we may have 

; Ixydm = 0, ^xzdm - 0, lyssdm = 0. 

The three rectangular axes relatively to which these three 
integrals vanish, are termed principal axes. 

With respect to the three last of the nine integrals, wo 
shall express them by means of three others denoted by a,b, c, 
which will be respectively 

A = f) dm, d = l(z 2 + x a ) dm, c = $(3 2 + y 2 ) dm j 

from which we can obtain 

i 2^dm = a + b — c, 

J 2 tyfdm = c + a — b, 

2 lx*dm = b + c — a. 

In general, tlie sum of the elements of the mass of a 
body, multiplied by the squares of their respective distances 
from any line, is termed the moment of inertia of the body 
with respect to this line. Thus, a, b, c, will ho the mo- 
ments of inertia of the body, with respect to the axes of 
Vi z \ because, for example, y 2 -|- s 2 is the square of the dis- 
tance of dm from the axis of x . When these lines are 
principal axes, a, b, c, are termed the principal moments of 
inertia. 

By placing the origin of the coordinates at the centre of 
gravity, and by making the principal axes, the axes of tho 
coordinates, the equations of motion are simplified, because 
some of their terms by this means disappear; this point and 
these axes possess, moreover, other important properties in 
dynamics, which we sliall advert to in the sequel. s 

369, The determination of the moments of inertia is a 
problem of the integral calculus, which may bo always solved 
either exactly, or by the method of quadratures. 
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The simplest example is the calculation of the moment of 
inertia of a homogeneous rectangular parallellopiped., with 
respect to one of its sides. Let its three adjacent sides be 
taken for the axes of x, y , z , and let their lengths be denoted 
by a, b, c ; then if each of these three lines be divided into an 
infinite number of infinitely small parts, by drawing through 
all the points of division, planes parallel to the faces of the 
parallellopiped, these three series of planeB will divide it into 
elements which are infinitely small in their three dimensions. 
The volume of the element whose three coordinates are 
x, 2/, z , will be evidently dxdydzi therefore, its mass will be 

dm = pdxdydz ; 

p being the density of the parallellopiped, which is supposed 
to be constant. Consequently, c the moment of inertia with 
respect to the side which is taken for the axis of z , and whose 
length is c, will be 

c = pSSS (aP+lftdxdydz. 

This triple integral should be extended to all the elements 
of the given parallellopiped, and then integrated, in any 
order we please, from x = 0, y = 0, z 0, to x = a, y zz b t 
z = c ; from this there results, without any difficulty, 



or, what comes to the same tliing(a), 

m being the mass of the body, and, consequently, equal to 
p(abc). In the same manner, it might be shewn that the 
moments of inertia of the same body, with respect to the sides 
whoBe lengths are b and a, will be respectively 

( H = (c 1 + d 2 ), A = (i b 2 + c a ). ) 
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370. For a second example, let it be proposed to determine 
the moment of inertia of a homogeneous ellipsoid with respect 
to one of its three axes of figure. 

Denoting the lengths of its three principal diameters by 
2 a 9 2 b, 2 c, if the directions of the axes of the coordinates 
x, y, z, coincide with these diameters, the equation of the sur- 
face of the ellipsoid will be 



tjut-i 


(a) 


Its moment of inertia, with respect to the axis of z, will be 
expressed by the same triple integral as in the preceding 
problem ; the constant p denoting always the density of the 
body. In order to obtain this triple integral, which should 
be extended to the entire moss of the spheroid, we shall in- 
tegrate first with respect to z, x and y being considered os 
constant j then, with respect to y, x being still considered as 
constant, and finally, with respect to x itself. We may follow 
any order we please in these three successive integrations in 
them the ellipsoid is supposed to be divided into an infinite 
number of elliptic slices parallel to the plane of the axes of y 
and z \ and each slice to be divided in the same manner into 
an infinite number of parallelepipeds parallel to the axes of z , 
and terminated at the surface, and each parallellopiped into 
j elements infinitely small in their three dimensions. The limits 
5 of the integral with respect to z will be the two values of this 
variable which are furnished by equation (a) ; this definite in- 
tegral will express, in a function of x and y, the moment of inertia 
, pf any one of the parallellopipeds. The limits of the integral 
relative to y will be the two values of this variable, which 
belong to the same value of x, in the equation of the section 
of the ellipsoid made by the plane of x and y ; it will express 
the moment of inertia of the section parallel to the piano of 
the axes of y and z, whose distance from this plane is equul 
_to x. Finully, if the integral relative to x be taken from 
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cc rz — a to x = a, it will express the moment of inertia of 
the entire ellipsoid. 

By integrating 1 with respect to z, there results 
(ar*+ y 3 ) zcbtdy + constant. 

The two limits furnished by equation (a) being 

* _ ± c <410. 

Z- V i p a „, 

the definite integral will consequently be 
2 P ca?\/ l-l£ — l ^dxdy+ l 2pcy i \/ 

If, in order to abridge, we make, 

\ d 

the integral relative to y of the first part of the preceding 
formula, will become 




From the equation of the section of the ellipsoid by the 
plane of the axes of x and y, namely, 

4* + o*“ 1 ’ 

it appears that y =: ± r are the two limits of the integral re- 
lative to y ; and as(&) 


S— »• / r i —y 1 dy = Jt rr 1 , 


it follows, by substituting for r 1 its value, that 
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2 pcaftbSl/ 1-f^- ^y = ^(aV-;c 4 )<ia;. 

Therefore, by integrating with respect to a? from x — — a to 
co =: a, we shall obtain 

VS* 1 l/l-g-^4, = 

by merely changing the letters, we shall have, without enter- 
ing on any new calculations, 

VSS? S V / 1 -^-£dxdy = **£^; 

consequently, the value of c the moment of inertia with respect 
to the axis of z, which is the sum of these two last integrals, 
will be 

c = l2*>V +i0 . 

In the same manner, n and a, the moments of inertia with 
rospect to the axoB of x and y, may be obtained. The mass 
of the ellipsoid being denoted by m, we shall have, in con- 
sequence of the value of its volume given in No. 89, 

Anrodbc 
M= 3 ~ ; 

hence it appears, that the three moments of inertia with respect 
to the diameters 2 a, 2 b, 2 c, will be 

iA = } M (&+(?), b=4m (c 2 +a*), c = }m (a’ + JV 

! j These diameters are the three principal axes of the body 
1 which intersect at its centre of gravity ; for if they bo taken 
ns tlie axes of the coordinates of jr, y , z , the three integrals 
$xyd?n, \zxdm, \yzdm, extended to the entire ellipsoid are 
cipher, since each of them consists of elements, which, taken 
two by two, are equal and affected with opposite signs. 

It appears from the preceding values of a, b, c, that the 
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greatest and least of them are those which belong to the least 
and greatest of the three diameters, which indeed is also evi- 
dent, from the definition of moments of inertia. 

371. Since in the case of a sphere, a = b = c, the three 

momenta of inertia become equal to each other, and their 
8 

common value is — pc?) If the radius a be increased by an 

infinitely small quantity, and becomes equal to a + da , the 
corresponding increment of this moment of inertia of the , '> 

sphere, namely, ~ pa^da^ will express the moment of in-ft" 
o * 

ertia of a spherical stratum, whose interior and exterior radii 
are respectively a and a + da(c). Now, if the sphere is not 
homogeneous, but only consists of concentrical homogeneous 
strata, so that r denoting the radius of any stratum whatever, 1 
the density p may be a given function of r, in order to obtain 
the moment of inertia of the entire sphere in this case, that 

of any stratum whatever, namely, ^ pi A dr should be inte- 
grated with respect to r, and the integral then extended to 
the entire radius of the sphere ; therefore, denoting this radius i 
by c, we shall obtain 

for the required moment of inertia. 

It evidently appears from a comparison of this last ex- 
pression, with that of the moment of inertia of a homogeneous 
sphere of the same radius, and whose density is equal to the 
mean density of the sphere which we have been just con- 
sidering, (that it will be greater or less than in the case of the 
homogeneous sphere, according as the density p increases or 
decreases from the centre to the surface, this is also evident 
from the definition of moments of inertia, i 

372. In the case of a homogeneous body terminated by a 
surface of revolution, the determination of its moment of in- 
ertia with respect to the axis of figure, is reduced to one inte- 
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gration depending on the generating cmve. In this case, the 
solid should be decomposed into circular rings, of an infinitely 
small thickness and breadth, each of them having its centre 
in the axis, and being bounded on one part by two planes 
perpendicular to the axis ; and on the other part, by two 
cylindrical surfaces, of which this line is the common axis. 
'Denoting the radius of the interior surface by r, that of the 
exterior surface by r + dr, and the distance of the two planes 
by <£c, the volume of the ring will be tt (r rf- dr) 2 dx — irr*dx 9 
or 2k rdrdx, neglecting an infinitely small term of the tim'd 
order (d). Consequently, if p be the density of the body, its 
mass will he 2irprdrdx , and as all the points of this ring are 
at the same distance r from the axis of the figure, ^Trpr'drdx, 
the product of this mass and of r®, will express its moment of 
inertia with respect to this axis. Therefore, if the linos ad 
and amb (fig. 1) represent this axis and the generating curve, 
and if we make 

ap n a;, pm = y 9 

the moment of inertia of the infinitely slender slice of the 
solid of revolution, perpendicular to ab, and corresponding to 
the point p, will be obtained by integrating ^> wpr^drdx from 
r =s 0 to r = y, the result of which integration is iirpi/dx. 
Hence, therefore, if we denote the length of the axis ab by 
and the moment of inertia of the entire solid by p, the 
value of j± will he obtained by integrating this differential 
from x = 0 to x =: Z, and it will give 

) (b) 

If a and /3 denote given values of x , such that a Z (3 and 
p Z i, it will he sufficient to Integrate from ao zz a to x = J3, 
in order to obtain the moment of inertia of the slice of the solid 
comprised between two planes perpendicular to the axis, the 
distances of these planes from the point A, being a and 
p. If this body is a solid hollowed out, and comprised be- 

; 


) 
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tween two surfaces of revolution, which have the same axis 
ab, its moment of inertia will be obtained, by considering this j 
body as the difference of two solids of revolution, and by 
taking one of their moments of inertia, with respect to the com- 
mon axis, from the other. Finally, if the moment of inertia' 
of a portion of the solid of revolution, comprised between j 
two planes drawn through the axis of the figure, be required;' 
it is evident, that this moment with respect to this axis, will 
be to that of the entire solid as the angle between the two, 
planes is to fouT right anglea(e). 

373. If the generating curve amd be the circumference of 
a circle whoso radius is a, the value of y 1 which should be 
substituted in formula (b), is equal to 2ax — a? 2 ; and if the 
moment of inertia of the spherical segment, of which the sa- 
gitfca iB a, with respect to the diameter perpendicular to its; 
base, be required, we should integrate, in this formula, from 
x = 0 to x — a, from which there results (f) 



In the case of the entire sphere, a n: 2 a, which gives fi 


87rpa 5 

~nr"' 


as before. 

, If amd be a right line passing through the point a, and 1 
making with the axis ab an angle, of which the tangent is 0 , 
we shall have 

y cs Ox. 


If this value be substituted in equation (b), there results, 
by integrating it from x es a to x = j3, 

This expression will be the value of the moment of inertia of a 
truncated cone, with respect to its axis of figure. If a and b 
denote the radii of its two bases, and h its altitude, wo shall > 
have 

Oa = a, 0)3 = b, fi — a ss h ; 
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H2 or moments or inhutia and or i»kinoii»ai« axes. 

and by means of those expressions, the preceding value ol /i 
may be made to assume the fonn(<y) 

ju = -fairph (a* + d'h + aV> 1 + ati' + //■). 

[n the case of an entire cone, h ~ 0; consequently* 

fi = 

and as M the muss of the cone is equal to \irphu l r wo shall 
have 

g - f a Mai 

When b s: a y the truncated cone will become a cylinder, 
therefore, we shall have 

ft = ^7 rpha\ 

ami as m the muss is in this ease equal to irphd\ there will 
result, 

fl n l M « fl . 

r J174. If the moment of inertia of a body with respect to an 
'.axis passing through the eenLre of gravity he known, tin* 
j moment of inertia of the same body, relatively to any other 
f axis parallel to the first may lie easily obtained. 

In fact, if the origin of the coordinates lie at the centre 
of gravity, and the first axis be that of the coordinates nf > % 
a and the coordinates of the point where the second axis 
intersects the plane of the axes of re and //, In which plane it 
is also perpendicular, and if a be the distance of the centre of 
gravity from the second axis, r the distance of thn any ele- 
ment of the body from the first, axis, r 9 the distance of till* 
mime mulerial point from the hcooiuI axis ; the moment of in- 
ertia %r\lm will he known, from which it is proposed to oh- 
tftin llml <if Sr ,a t/m, tin (He integral!, huinjy tmppimcd loin* rrspec- 
tivcly extended to the entire iimhh of tlio solid. Now, us 

S' 1 — (»;-«)* + (?/ — /3)*= a* w -h y a — 2«ia;.-2^// + f ( !, + (f J ; 
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by multiplying by dm> integrating and observing that 


X* + = r 3 , a* + J3 3 = a 3 3 

we shall have 

§r /2 dm = ^r^dm — 2 a\xdm — 2 filydm + a 5 ^ 771 * 


but since the centre of gravity exists on the axis of the or- 
dinates z , the integrals \ydm ore cipher (No. 361); 

moreover, \dm is the mass of the entire body denoted by M ; 
consequently, the preceding equation will be reduced to 

= $ r 2 dm + Ma\ 


Thus, the required moment of inertia will be obtained, by 
adding to the given moment of inertia the mass of the body, ■ 
multiplied by the square of the distance of the centre of gra- 
vity from the new axis. 

By means of this rule, the moment of inertia of a homo- ' 
geneous sphere, or of one composed of concentrical strata, can 
be immediately obtained with respect to any axis whatever, 
since this moment is known for all axes passing through the 
centre of figure, which is also the centre of gravity. 

In anybody whatever, the moment of inertia, with respect 
to an axis passing through its centre of gravity, is less than 
with respect to any other axis parallel to this last. The mo- 
ments of inertia of the same body, with respect to all axes 
parallel to each other, and equally distant from tho centre of 
gravity, are equal to each other ; and their common value will 
increase according as their distance from this point becomes 
greater, ^ 

375. The moment of inertia not only varies with the ab- 
solute position of the axis to which it is referred, it also 
changes with the direction of this line. In order to shew how 
this direction influences the magnitude of the moment of 
inertia of any body whatever, we will investigate an expression 
for that of the mass m with respect to an axis drawn through 


J 
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the origin of the coordinates, and which makes with the axes 
of x, y, z 9 the three given angles a, (3 , y. 

Let p be the perpendicular let fall from the element dm 
on the new axis, n the distance of this material point from the 
origin of the coordinates, £ the angle contained between the 
line d and the new axis. The coordinates of dm being x 9 y, z 9 
the cosines of the angleB which the direction of its radius 
vector d makes with the axes of these coordinates, will be 

^ ; consequently, we Bhall have (No. 9) 

<2Q 01 2 

cosS = - cos a + - cosfl +- cosy. 

Moreover, we have 

pzz d rinS ; p 3 =: d 2 — (d cos 8) 3 ; 

hence there will result, by substituting for d cos S, the pre- 
ceding value of cos 8 multiplied by d, and putting a P + if + z 1 
j for d 2 (A), 

p a — a? sin a a + y 3 sin 3 j3 + nfaiii 2 y 
, — 2aiy cosa.cosj3 — 2ocz coea cosy — 2yz cosj3 cosy ; 

[from which we can obtain 

j Sp B d?» — sin a aSaj 3 djn + sin 2 /3.$?Afrft + Bin a y $ zhlm 
— 2cosa* cosj3.S®yd?« — 2cosacosy$E;zd7ft 
— 2cosj3.cosy$yzGfo7i. 

By means of this formula, the moment of inertia $p 2 </w, re- 
lative to an axis of a given direction, and passing through the 
origin of the coordinates will be obtained, when the six inte- 
grals SarWwt, $y 2 efw*, §&dm 9 %xydm 9 $a izdm, $ yzdm , relative to 
the axes of the coordinates, and which extend to the entire 
mass of the body, are known. If these three linos are principal 
axes, the three lost integrals are cipher (No. 3G8), and the 
preceding formula will be reduced to 

ffidm — sm a aS« a rfm + sin®/3 $y*dm + Bm 2 y lz*dm. 
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But, in conscquonce of the equation 

cos 2 a + cos 2 j3 + cos 2 y = lj 
ein a a =: cos 2 |3 + cos 2 y, ! 
gin 2 /3 = cos 2 ? + cos 2 a, 
sin Q y = cos 2 a + cos s j3 ; \ 

by means of which the value of ffidm may be changed into 
the following, 

$p 2 d?ra = + ^z*dm) cos 2 a, 

+ §z*dm + J a n ?dm) cos 2 /3, 

+ ($£c ^dm + ty^dm) cos a y ; 

hence by combining each couple of integrals into one, and de- 
noting the moments of inertia with respect to the axes of 
tf, y, z by a, n, c, as in No. 368, we shall finally have 

= ACOB S a + B COB a j3 + C C08 a y.) (c) 

Consequently, the moment of inertia corresponding to anyj 
axis whatever, passing through a given point, will be known 
immediately, if the three moments of inertia relative to the 
three principal axes which intersect in this point are given ; 
and, ; by combining this result with that of the preceding ; 
number, it appears that the determination of all moments of'(/ 
inertia of the same body, will depend on the three principal 
moments of inertia of its centre of gravity/ Having deter- 
mined, for example, (No. 370), the values of these three mo- 
ments of inertia, in the case of a homogeneous ellipsoid, the 
moment of inertia of this body with respect to any axis what-j 
ever, may be considered os known. 

376. The groatest and least of tho three principal moments 
of inertia a, b, c, which occur in formula (c), are also the 
greatest and least of all moments of inertia of the same body, * 
with respect to axes passing through the origin of the co- 
ordinates. In fuct, if a bo tho groatest of the three quan- 
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tities a, b, c, by substituting 1 — cos a j3 — cos a y for coa s a in 
equation (c) we shall have 

ffldm — A — (a — b) coa 2 /3 — (a — c) cob 2 ? ; 

hence it follows, that whatever be the values of the angles (j 
and y 9 ffidm is leBS than A. In like manner, c being the least 
of the three quantities a, b, c, if equation (c) be made to as- 
sume the form 

^jpdm = c + (a — c) cos 2 a + (b — c) cos 2 j3, 

it is evident that ffldm is constantly greater than c. 
j In the particular case in which the three quantities A, u, e 
are equal, a is also equal to jjp a dm, whatever be the direction 
of the axes to which the moment of inertia jj p*dm is roferred j 
therefore in this case, the moments of inertia are equal for all 
axes passing through the origin of the coordinates, v This is 
the case of a homogeneous sphere, or of one composed of con- 
centrical strata, when the origin of the coordinates is placed at 
its centre ; it obtains also in the case of the cube, of the re- 
gular octaodron, and of the other regular homogeneous solids, 
the origin of whose coordinates being always supposed to be 
at their centre of figure, the three principal moments of inertia 
cannot differ from each other. 

If we have only a = b, equation (c) will bo reduced to 

= Asia 2 ? + dcfcoB 8 ^ ; 

and aa this value of ^p 2 dm is independent of the angles a and 
]3, the moment of inertia will be the same for all axes drawn 
tlrrough the origin of the coordinates, and which make the 
same angle with the axis of z. ' This is the case of a solid of 
revolution when this right line is its axis of figure) 

It appears from No. 374, that the least of all moments of 
inertia appertaining to the same body, iB that which belongs 
to one of the three principal axes that intersect in its centre 
of gravity. Thus, for example, the least of all moments ol 
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inertia of a homogeneous ellipsoid, is that which belongs to the 
greatest of its three rectangular conjugate diameters. 

377. In what has been stated in the preceding numbers, it 
lias been taken for granted, that in every body three axes exist, 
which possess the properties that have been ascribed to prin- 
cipal axes ; we now proceed to demonstrate their existence, 
and to determine their direction for each point of a body of 
any form whatever ; but for this purpose, it is necessary to ad- 
vert to the general formulas for the transformation of coordi- 
nates, which, moreover, we shall linve occasion to make use of in 
other cases. Let x, y, z, be the three coordinates of any point 
M, referred to the rectangular axes ox , oy, o z (fig. 2), and let 
x it y l9 z x be the coordinates of the same point with respect to 
three other rectangular axes o/r L , oy 15 o z l9 having the same 
origin. From the point m, let the perpendiculars Mr and mr 
be let fall on the axis ox and on the plane of the axes of x x and 
y i9 and from the point k, a perpendicular ku on the axis ox x> 
so that 

or x, OH = KHZ=yi, 

The projection on the axis ox, of the line, which is made upiy 
of MR, Kn, no, will be op ; and as the projections of its res- 
pective parts on, kh, mk, will be equal to these linos, multi-' 
plied by the cosines of the angles which the axes of x l9 y l9 z J9 
make with the axis ox , by taking their sum, we shall have 

x = ajicosojo®! + y l coaxoy l + % x co&xoz x .) 

In the figure these three angles are supposed to be acute, 
and the three coordinates X\ 9 jf\ 9 Z\ 9 to be positive; in which 
case their projections fell on the direction itself of ox, and 
their sum makes up the absolute magnitude of ox ; but it is 
easy to be assured that this equation will subsist in all cases, 
regard being had to the signs of the coordinates x l9 y u z l9 of 
the cosines, and of the abscissa x . For example, it is evident 
that, if the abscissa x x is negative, and the angle rcoajj acute. 
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or if this abscissa is positive, and this angle obtuse, the pro- 
jection of on Avill fall cm the production of oai, and the absolute 
magnitude of this value ought to ho subtracted; and, on the 
oilier hand, it in evident that it ought to he added, when this 
abscissa .i', bring negative, the angle wo#! is, at the same time, 
obtuse; in both cam*, this agrees with the sign of the pro- 
duct ,f| , I'OHtf'lMJf 

iu like manner it is evident that the projections of this 
Maine Hue mude up of mk, Kir, no, on the axes o y and os, or 
on l heir productions, are always equal to y and z. This being 
ho, if we make 

= tty COS&O y x = by COS03O z x := c, 

«mi H j/mv, r= a* 9 ixmyajfi =s ft', cos?/oz L = c', 

coKzo.ri = rt", COHZOI/i = 6", coszoZi = c", 

we shall have 

= ajc { 4- bi/i + c ~i s 

y s= (t'x | + h'y \ + dz \ , ( 1 ) 

z zz + b u y\ Hh v n z \ , 

These nine eoefUidents, <v, ft 5 r, (t\ &c., aro connected together 
hy the six following equations: 

ri< 4. a rl 4* «"* s I , ah + u!V + a"b" = 0, 

ft** 4- 4* V n = 1 , w + + «"e" = 0, > (2) 

^ i: r.\ + ('/ f * — 1, be + ftV + h"c n = 0. 

The first, for example, results from this, that tty dy o!*y are 
the coMiies of the angles which the same line oa;, makes with 
the throe rectangular axes oa?, o y, oz; and the fourth from 
this, that (lie line <nn M and the lino oj/i, are perpendicular to 
eueh oLher. These six equations may likewise be obtained by 
HulmtiLutiiig the values of a?, y 7 z In tlie equation 

® ,J + 'if* + + y? + 

curb member of which is the square of om, and which should 
consequently he identical. 
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Conversely, we can by means of equations (2), deduce 
from equations (l), 

cci — cur + o!y + a " z > 

y x =r bx + b'y + b"z, • (3) 

Z\ — cx + c'y + d'z ; 

and equations (2) may be replaced by the following :(*) 
a 3 + b % + c 2 = 1, aat + bb' + cd — 0, 
d 3 + &' 3 + o' 3 = 1, aa" + bb"+ cc" = 0, \ (4) 

a" 2 + b" 2 + c" 2 = 1 , da" + b'b" + c'c" - 0. 


A comparison of these formulae with those of No. 277^ 
shews clearly the analogy which subsists between the projec- 
tions of right lines and those of plane surfaces, from which}/ 
results the identity of the composition of forces represented by 1 
portions of lines, with the composition of moments represented^ 


by plane areas. 

378. In the transformation of coordinates, six of the nine co- 
efficients, a, b, c, &c., should he therefore considered as functions 
of the three others, which can be determined either by equations 
(2) or (4); /but it will be more convenient to express these 
nine coefficients by means of three new quantities, by formulas 
which will satisfy equations (2) or (4)^5 

For this purpose, let the line non' (fig. 3) be the inter- 
section of the plane of the axes of x y and y l9 with the plane of 
the axes of cc and y, and let 


(NOff — \fj, Noa?j zoz t = 0; 

these three angles yp, 0, 0, will determine, without any ambi- 
guity, the position of the axes of r/j, z x , with respect to 
t.hoso of x , y, z, provided that the direction in which these] 
angles arc measured is previously agreed on. For greater! 
convenience, we shall suppose that the plane of the axes ofi 
x and y is horizontal, and that, consequently, the axis of s is 1 
vertical, and that the positive ordinates relating to this last axis , j >/ 
arc estimated in the direction of gravity. 
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The angle 0 will extend from zero to 180; and according 
ns it is acute or obtuse, the axis o z x will be situated below or 
above the plane of the axes of % and y ; in the case of 0 = 0, 
oz, will coincide with os, and when 0 s= 180°, off t will coin- 
cide with the production of Off. 

In the motion of a solid body about the point o, the axes 
^ o+t, , o y [9 off l5 are supposed to be Jixcdm its interior nnd move- 
able with it, and the axes oa?, oy , 054 are supposed to hojLucd 
in 8pacc> and consequently immovcaltle . The angles \fj and </> 
may then be cither positive or negative, and may comprise 
one or more circumferences ; but, at any instant whatever, we 
shall always have 

( = 2ft7T + U y 0 5= 2 t*7T + 1?, ) 

; (in which 71 and i denote any whole numbers whatever, either 
positive, negative, or cipher, u and v being positive variables 
ileus than 2?r. Now, lot the angle u be measured, reckoning 
from the line 00, in the direction indicated by the sagittal ; so 
that, for oxample, the lino on will coincide with 00 when 
u — 0, with the production of o y when u =. 1)0°, with that of 
oa?, when u = 180°, and with oy when uzz 270°. Lot the 
angle v be measured, reckoning from on, a!>ove the plane of the 
uxes of ai and y, so that the axis ox x may be al>ovo this plane, , 
when v is less than 180°, and below it when v is greater than 
180°, In the case of v = 0, the axis oo7 t will coincide with 
the line on, nnd when v = 180°, with on' the production of 
i on# In all cases, the angle 0, whether acute or obtuse, will 
be equal to the solid angle contained by the planes of the 
axes of x and y and of the axes of x x and y,, and therefore it 
, is equal to the angle whose edge is on, and whose faces me 
| the angles no# and no#*, reduced to their ports u nnd «. In 
the figure tho three angles w, v, 0 are supposed to bo acute. 

This being premised, when the angle ^ is given, let its 
part u bo laid off on the horizontal plane, reckoning from tho 
axis 037, in the direction of the sagitta s ; this will determine 
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the position of the line on. The angle $ being also given, let 
its part v be first laid off on the horizontal plane, reckoning 
from the line on in the direction of the sagitta s', that is to 
say, in an opposite direction from that of s ; then, the plane 
of the angle should be made to revolve about on, in such a 
manner that the part of <j> adjacent to on should be raised 
above the horizontal plane. When this plane shall have de- 
scribed the given angle 0, the other side of the angle <f> will 
be the true position of the axis 0 £E l3 which will be above or 
below the horizontal plane, according as?; Z 180°, or 180 D . 
If the angle v be increased, in its plane, by 90°, we Bholl have 
the position of the axis o y, , and if a perpendicular be erected 
to this plane, it will determine the axis oz l9 the direction of 
which will be below or above the horizontal plane, according 
as the angle 0 is acute or obtuse. 

The three axes oa? l3 o y l9 oz i9 being thus completely deter- 
mined with respect to the axes ox, oy 9 oz , by means of the 
angles <£, 0 , it is requisite that the nine cosines a , b, &c., 
should be functions of these three angles ; and, in fact, if the di- 
rections, which have been just explained, be assigned to these 
angles, there results 

p = cos 9 aim// sin <p + cos \p cos $ , 

\b = cob 6 sin \p cos (p — cos \p sin <£, 
c = sin 0 sin \p 9 

\jf = cos 0 cos tp sin (ji — sin cos </>, 

V = cos 0 cos ip cos <p 4“ sin \p sin <p 9 
ic 7 = sin 0 cos \p 9 
a"== — sin 0 sin <j> 9 
b ,r = — sin 0 cos <£, 
c 11 = cos 0. 

It is easy to verify these values of a, b , &c., by shewing 
that they render equations (3) and (4) identical, and that no 
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rt'lulum between Iho angles ip, <j>, 0, can be deduced from 
t In-in. 

•17 !l. Although Llicso formula! (6) arc generally known, it 
mill may not l.c useless to point out how they may be obtained, 
hi mu a known property of spherical triangles, it is evident 
that it a, fd, y, be its three sides, and a the spherical angle 
opposite to I he side a, then 

a = cos a Bin |3 sin y 4 -* cos j3 cosy. 

Now, il a sphere bo conceived to be described from the 
Jitnnt 4i us centre, and with any radius whatever, there will 
l>e traced on its HUrfcico a triangle formed by the throe arcs 
wliU’h measure ilm angles nou;, no#,, ,mr,, in which the angle 
opposite to the last hide will bo equal to 0 ; therefore, as 
Nu.r i: M 0 and niu*, 0, we shall have 

rns.rtM', ;r a ~ cob 0 sin 0 sin 0 4- cos 0 cos 0. 

Ah lids equation obtains for any values whatever of 0 , and 
0 , il. wuhI olilain when 0 becomes 0 4 . ()() j then, the axis 
nr/, will lake the place nfotti, the angle will become :co 7 / n 
mid w‘e shall have 

ens mi/| u* h -zz cos 0 sin 0 cos 0 — co 80 sin 0 . 

In liUi* manner, hy substituting 0 4 - 90 in place of 0 , in 
Che preceding equation, tlio axis iu’ will be changed into the 
u*is 4 i//, and llic angle .mr,, will become yox l9 so tluttwcshall 
have 

uiN //(hr, n* = cos 0 cos 0 sin 0 — sin 0 cos 0 . 

If we substitute at once, in the preceding equation, 04-!)O° 
and 0 4 - IMP in place of 0 and 0 , the angle ®oa?| will be re- 
placed by the angle jjoffu and there will result 

eos yn//| ^ 2 : t/zz cos 0 cos 0 cos 0 + sin 0 sin 0 . 

In Hke manner, in the case of the Hphovicul triangle, 
the three sides of which measure the angles NO.r, no z ly 
uCi, the angle opposite to the lust side is U 0 °— 0 ; more** 
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over, no£C = t// and no^= 90°. Therefore, by substituting 
90°— 6 for a, ip for j3, 90° for y, and xoz l for a, in the general 
equation, there results 

cos xoz L = c = sin 0 sin 0 ; 
hence likewise we infer, 

cos yoZi =: c' = sin 0 cos \ p 9 

by substituting \p + 90° for ip \ in which case the axis oar is 
changed into oy, and the angle aro Z\ into yo#!. 

Finally, in the spherical triangle, the rides of wliich 
measure the angles no#, Noa? l9 #oar lf the angle opposite to 
this lost side iB equal 0 + 90°, and we have no# rz 90° and 
NORTi = 0. If, therefore, we make a = 90° + 0, j 3 = 90°, 
y zz 0, a = zox! in the general equation, we shall have 

cos ssoXi = a tf ~ — sin 0 sin 0. 

If, in this result, 0 + 90 he substituted in place of 0, the 
axis oxi will he changed into oy! , and the angle zox l into 
zoy t ; consequently, we shall also have 

cos zoy x zz b 1 '— — sin 0 coa 0. 

With rospect to the ninth cosine c", we have evidently 

c" = COS ZOZi = COB 0. 

(^380,1 If we now suppose that the axes of the coordinates 
ffli , yi, z 19 are principal axes, which intersect at the point o ; 
by their definition (No. 368), we shall have 

Imflhdm = 0, faZidm = 0, ly^dm = 0 ; (a) 

and it will he necessary for us to prove that these three equa- 
tions furnish always real values for the angles 0, 0, 0. 

By making, in order to abridge, 

x = x cos 0 — y sin 0, 
x = x cos 0 sin ip + y cos 0 cos 0 — a rin 0, 

and substituting formulae (5) in equations (3), wo shall havc(A) 
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xi = y sin (p + x cos (p , 
y x = y cos <p — x sin 0, 
z x = x sin 0 sin -p + y sin 0 cos p + z cos 0. 

By means of these values, the first equation (a) assumes 
the form 

sin2<jb$(x s — y 2 ) dm = 2cos Zp^xydm, (b) 

and the two last "become 

cos^$YZidm — sin = 0, 

sin z x dm + cos p\xz^dm = 0. 

If these last equations be multiplied by cos p and sin p, or 
by — sin ip and cos p , and then added, they will be replaced 
by the following, namely, 


S yz, dm = 0, J xz x dm = 0, 

which do not contain the angle p. By substituting for x, y, z, , 
their respective values, and making 

SaftJm =j£ ly*dm = g, $z*dm = A, 

\yzdm =/*, \zxdm = </, ^xydm = /a'; 

these six integrals being supposed to extend to the entire mass 
of the body in question, there resulta(Z) 


(/sin 8 ^ + 2 A' sin p cos p + g cos *p — A) sin 0 cos 0 
+ (jf wip +/ v cos (cos 3 0 — sin 2 0) = 0, 

[hf (cos 2 — sin 3 p) + (/— g) sin p cos i/>] ain 0 
+ (0'cos^ — jTsini//) cos0 = 0 ; 


now, if we moke(m) 

tan Jj z: u , simA =: — t==» 
^ l/l-t-M* 


sim// =z 




the second of these two equations will give 
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and the first will assume the form 

tone: 0 

[ff- h) w 8 + 2 h'u + ff- A] -j== 

/1 + r 

+ & 1 * +f= +/) tan g a #• 


By substituting for tang 0 its value, it becomes 
[(/— A) m* + 2 h'u + £?—/*] C/'m — <?') 


its first member is the same tiling as 


[hg'-fff+fh'- ( hf -ff- <JN) u\ (1 + w s ) ; 
consequently, we shall have finally, 

9 l -n'+W-ff+9'hW m~K*)+(f~g)u] 1 A 

+ (g t u+f){fu-g f y-Q. J 

Thus, equations (a) are replaced by equations (b), (c), (d). 

Now, as this last is of the third degree, it will have at least 
one real root; there will be, therefore, one real value of u 
or tang 0, to which will correspond an angle 0 leas than 
and another equal to the first increased by 7r, which will 
appertain respectively to on and on', the two parts of the 
intersection of the unknown plane of the axeB of and y l9 
with the given plane of the axes of x and y. By reason of the 
radical \/l + u a , equation (c) will then give two values of^ 
tang 0, that are equal but of opposite signs, which appertain 
to an acute angle and its supplement, and, consequently, to the 
axis os l9 and to its production. Finally, from equation (b). 
there results a real value of tang 20, to which two values of 0 
will correspond, one of which will be less than £tt, and the' 
other will be equal to tlic first increased by ^7r. The first! 
being taken for the value of the angle Noa^, the second will 
he that of Noy L ; aud, in fact, every thing being sirnilnr with 
respect to the axes oa,^ and oy 15 they ought to be determined | 
by the same equation. 
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Thus it appears, that the three roots of equation (d) must 
be real, and that they will represent the tangents of the angles 
comprised between the axis ox and the three lines, which are 
the intersections of the planes of the axeB of the coordinates 
\x l9 y u z i with the plane of the coordinates x andy; for these 
' three tangents must he furnished by the same equation, since 
in the calculation there is no difference iu the manner in which 
■/^the three principal axes, the position of which is Bought, are 
(expressed. 

From the preceding analysis it follows, that for a given 
point o there always exist three principal rectangular axes, 
which intersect in this point, and that in general this system of 
[principal axes is unique. In order that there should be several 
.'such systems, the degree of equation (d) Bliould be higher 
than the third, and it should have three times as many real 
roots ns there are systems; however, in certain cases, the 
ji \ equations on which the values of \p, <£, 0 depend, become idea- 
'(Itical, and then the number of the principal axes is infinite, 
i These particular coses might be determined by a particular 
, discussion of the equations in question, but they can be ol> 
tained with greater facility by means of the following con- 
* siclerations. 

381. By formulae (1) and equations (a), which characterize 
the principal axes o& l5 oy, oz x , we have evidently 

$xydm = actf^dm + bb'lyfdm + cc'^z^dm, 

$zxdm = aa'^xfdm + W'lyfdm + cc'^zfdm, 
lyzdm = a'a'^xfdm + + c'c'^dm. 

Now, if the three integrals iyfdmj^^dw lire 

/ these values of ^xydm, \zxdm , \yzdm become zero, in 

virtue of equations (4) ; consequently, in this case, the linos 
oa;, oj/, 02 constitute a second system of principal axes ; and 
as their direction with respect to the axes oa?u ot/j 9 o z is en- 
tirely undetermined, it follows that all systems of rectangular 
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axes’ which can be drawn through the point o, are principal 
axes. In this case the three principal moments of inertia aTe 
equal, for, since 

^xfdm = ^y\dm =: ^zfdm, 

it follows that 

$ (*i* + yi) dm - S (xi 1 + z?) dm -l (z/i 2 + Zi a ) dm. 

If only two of three principal moments of inertia are equal,' J 
for example, those which refer to the axes OE| and ot^, so 
that 

l(y?+z l »)dm = Ux l * + zVdm i 
there will still exist an infinite number of systems of principal I 
axes, which will have all one axis in common, namely, o z x . 

In fact, in this case, the two integrals lyfdm and ^x?dm will ^ 
be equal ; and, in vii’tue of the last equations (4), the values of 
$ xydm , \zxdm^ \yzdm may be made to assume the form(n) 

f ^xydm = cc'ftzfdm — \x\dm), 

| \zxdm = cc"§z*dm — Sa^Zwi), 
l $ yzdm = c f c"§z?dm — 

Now, if the fl-xis o z be supposed to coincide with the prin- v 
cipal axis o a l9 the angles xoz x and yoz x will be right, and we 
shall have c = 0, c' = 0, consequently 

l xydm = 0, § zxdm zz 0, \yzdm = 0. 

Therefore, in this case, every system which consists of the 
axis oz x and of two other rectangular axes drawn arbitrarily 
through the point o, in the plane y v ox v , will be a system of 
principal axes. 

Finally, when the three principal moments of inertia are •;/ 
unequal, we may be certain that there is only one system of 
principal axes : for a, being die greatest of these three unequal 
moments, if there was a second system of principal axes, and 
if a' be the greatest of the three moments which refer to it, 
by theorem of No, 376, we should have, at the same time, 

vol. ir. 


i 
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Ha>a' and a'>a, which is impossible; consequently, the 
! supposition of a second system of principal axes is inad- 
missible. 

382. Those points of a body, for which the three principal 
^ moments of inertia (when there are such) and, consequently, 
J all moments of inertia, are equal, possess, as will be seen in 
the sequel, a remarkable property with respect to the rotation 
of this body ; it will therefore be useful to determine them, 
which can be effected in the following manner. 

Let the origin of the coordinates x, y , z bo placed at the 
centre of gravity of the body, and let these coordinates be re- 
ferred to the three principal axes which intersect at this point; 
^ if a, n, c denote the moments of inertia relative to the axes of 
a?, y 7 z 9 we shall have (No. 3G8) 

Ixdm = 0, JJ ydm = 0, ^zdm — 0, 
lyzdm = 0 3 $ zxdm = 0, \xydm = 0, 

S(z/ a + $(#* -(- 7 ?)dm =s h, $(# 9 + y x ) dmzz c ; 

in all these expressions the integrals are supposed to extend 
to the entires mass of the body. 

n, /3, y being the unknown coordinates of ono of tbo re- 
quired points referred to the axes of x , y, z, so that for this 
particular point x = a, y = /3, z =z y, if the origin of the 
coordinates bo transferred thither, without changing their 
direction, then the coordinates of dm will become x — «, 
j 2/ — j3, z — 7. But if tbe moments of inertia relative to all 
j | right lines which pass through this new origin be equal, all 
1 these lines must be principal axes, for, by the preceding num- 
j ber, one of these conditions is a necessary consequence of the 
I other. Therefore, the axes of the coordinates x — a, y — / 3, 

; z — 7, being principal axes, we shall haye 

, $ (a; — a) (y— fi)dm = [xydm—alydm—fllxdm + aj3$dw:=0, 

' J (2—7) (#— a) dm = \xzdm— y^xdm — a^adm + 7 a^dvi = 0, 

1 S(y — / 3 ) (z—y)dm = lyzdm—Plzdm—ylydm + (iy^dm = 0; 
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which, in virtue of the preceding equations, are reduced to 
«/3_== 0 j jya = 0, fiiy = 0. 

Now, in order to satisfy these equations, two of the threei 
quantities a, /3, y, should be cipher. If, therefore, the re- 
quired point exists, it must be found on one of the axes of the 
coordinates gc, y , 2 , that is to say, on one of the three principal} / 
axes which intersect in the centre of gravity. 

If we suppose /3 = 0, y = 0, which implies that the re- 
quired point exists on the axis of x 9 at a distance a from this 
centre, then the moments of inertia relative to this point, will 
be a with respect to the axis of x , and, in virtue of theorem of 1 , 
No. 374, b + Ma s and c + Ma a , with respect to parallels to the I 
axes of y and z, , m denoting, as before, the mass of the body. J 
Consequently, by the condition of the problem, we shall have 

B + M a 2 = c + Ma 3 = A ; 

but in order that these equations may be possible, we must 
have b = c ;_and when these two quantities are in point of 
fact equal, we Bholl have 

m« 4 = a — c ; 

therefore, in order that the quantity a may be real, we must 
have a > c ; if this be the case, a will have two real values, 
equal and affected with contrary signs, namely, 



consequently, there ore two points which possess the required 
property, and they will be situated on the axis of at equal 
distances on opposite sides from the centre of gravity. 

Thus it appears that when a, b, c, the three moments of 
inertia of a body, relative to the principal axes which intersect 
in the centre of gravity, are equal, there is no other point off 1 
the body for which all the moments of inertia ore equal; but 
if two of these three moments arc equal, and if the unequal 
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moment is the greatest of the three, there exists, on the axis 
t ! of the greatest moment, two points, for which all moments of 
inertia are equal, and the position of these points is determined 
by formula (e). 

383. If these results be applied to the homogeneous ellip- 
, soid, it will appear at once, that in the case of an ellipsoid, 

| the principal diameters of which are unequal, there is no point, 

; either within or without this body, with respect to which 
; all the moments of inertia are equal ; ( "but if the body bo 
an ellipsoid of revolution generated by the revolution of an 
,J ellipse about its lesser axis,, there are two points on this axis 
or on its production, which possess the property in question ; 
for, in this case, two of the three moments relative to the prin- 
cipal diameters will be equal, and as tho unequal moment 
corresponds to the least diameter, it will be the greatest of the 
three. 

If a and b denote the semiaxes of the generating ellipse, 
and if a bo less than J, so that a may be the semiaxis of re- 
volution, we shall liave(o) 

a =: f M& a , n = c =z ( d 2 + 

If in the formulae of No, 370 we suppose b ~ c, then w 
sliall have by formula (e) 



for tho distance of the required points from tho centre of the 
( ellipsoid. According as & 3 >6a a , or 6 a Z (ia a , those points 
! will be found without the body on the production of the axis 
of revolution, or within this body on the axis itself; in the 
case of h 3 = 6a 3 , these two points will be found on the surface, 
and they will coincide with the poles of the ollipsoid. 

The principal axes of a rectangular parallelopiped, which 
intersoct at its centre of gravity, are evidently parallel to its 
sides. Therefore, if a, ft, c denote respectively half the lengths 
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of its three adjacent sides, the moments of inertia relative to 
these axes may be deduced from those of No. 369, which refer 
to its sides, by substituting in them 2 a, 2&, 2 c, in place of 1 / 
a, i, c, and then, by the theorem of No. 374, subtracting from 
them the products m (ft 8 + c a ), m (c a + a a ), m (a 3 + i 2 ). By 
this means, we shall have 

A5=|M(i a + c 3 ), bs:|m(c !I + a a ), c = ^M(o a + i a ); , 

M denoting always the mass of the parallelopiped, the volume 
of which is 8 abc* Therefore, if in order to render the mo- 
ments of inertia b and c equal, we suppose bz=LC y and, more- 
over, a A 6, in order that a may be greater than n ore, equa- 
tion (e) will then give j 



and according as ft>2a, bz=:2a y or b£ 2a, the two re- j 
quired points will be situated without the body, at its surface, 
or in its interior(/>). 



CHAPTER III. 


OF THE MOTION OF A SOLID BODY ABOUT A FIXED AXIS. 

I. Uniform Motion of Rotation. 

384. When a system of material points, connected toge- 
ther in an invariable manner* turns about a fixed axis, to which 
they are also invariably attached, they describe circles perpen- 
dicular to this axis, the centres of which exist on this line. 
The arcs described in the same time by two different points, 
are similar and contain the same number of degrees; their 
absolute velocities are to each other us their distances from 
n this axis ; and, by the angular velocity of the system, is meant 
the absolute velocity of those points, whose distance from the 
| axis is unity. If it be denoted by w, and the distance of any 
point whatever from the axis of rotation by the absolute 
velocity of thi6 point will be ra > . This quantity o>, that is 
common to all the points, will vary with tbc time, when the 
/ points of the system are acted on by motive forces, which will 
produce a variable motion ; it will remain constant in the cose 
I* of uniform motion, produced by percussions simultaneously 
made on different parts of the system, and which is then aban- 
doned to itself. It is this last case which wc propose first to 

dlBOUBS, 

386. Let m 9 vn', m", &c., be the masses of tlio material 
points which ai*e considered, and r, r\ r", &c. their distances 
from the axis of rotation. Then, if simultaneous percussions 
be made on all these points, (each of them should bo decom- 
if posed into two others, one parallel to the axis, the other act- 
ing in the direction of a plane perpendicular to this line;) us 
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the effect of the first will be destroyed by the resistance of the 
fixed axis, it is not necessary to take it into account. Let 
v 9 v' 9 v ", &c., l e the velocities in the directions of planes per- 
pendicular to the fixed axis, which would be impressod on 
m, m f , m” 9 &c., if those material points were entirely free. If 
the angular velocity of the system, which results from their 
connexion, be denoted by these points will be actuated \>y 
the velocities rw, &c., whose directions are perpen- 

dicular to the axis and to the radii r , r 1 , r", & c. ; and then, by the 
principle of No. 353, there will be an equilibrium between the 
quantities of motion mv, fltV, m"v" 9 & c., estimated in their 
respective directions, and the quantities of motion mru, mV*? 9 
& c., taken in a direction opposite to that of the actual 
motion of the system. 

In order to obtain the equation of this equilibrium, let the 
points m y m ", &c., and the directions of the velocities which 
are considered, be projected on a plane perpendicular to the 
fixed axis. Let oz be this axis (fig. 4), and let the plane of 
projection pass through the point o ; likewise, let I 1 be the 
projection of m on this plane, pa the projection of the velocity 1 
v, fn that of the velocity rw, which, by supposition, is per- 
pendicular to the radius r or on. Likewise let of, the per- 1 
pendicular lot tall from o on the line pa, be demoted by p ; the ■ 
moments of the forces mv and mnu, projected in tho directions I 
of pa and pn, will be mvp and ; and if p\ p n , &c., denote 1 
in the same manner the perpendiculars let fall from o on the - 
projections of tho other velocities xt &c., (by No. 2(37) the ! 
required equation of equilibrium will be 

mr*u) + m f r n w + + &c. 

= mvp + rn'i/p* + m'Wp" + &c. 

When some of the simultaneous percussions tend to make 
the system to turn in one direction, and others in an opposite 
direction, the moments of oacli of these must be affected with 
contrary signs in the second member of this equation. The 
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h' 


system will turn in the direction of the forces, which, inde- 
pendently of the consideration of the sign, will furnish the 
greatest sum of moments. If the sum, whether positive or 
negative, of all these moments affected with suitable signs, 
be denoted by l, we shall obtain, by means of the preceding 
equation, 



l \ 


in which S indicates a sum that extends to all the points of 
the system. 

)' If nil the velocities n, u 7 , «/', &c., are equal, l will be the 
i product of their common value v and of the sum mp + m f p f 
I + m r, p N + &c. ; if, besides, all these velocities Jire parallel to 
' each other, and if through the axis 03, a plane is drawn pa- 
rallel to their common direction, p 9 p / 9 p", &c., will be the dis- 
tances of the points m , m f > in f \ &e., from tJiis plane ; and, with 
regard to the signs with which the terms of l arc affected, these 
perpendiculars must be considered to be positivo or negative, 
according os the points m , ?n" 9 &c., are situated on the one 

or other side of this plane. Hence if the sum of the masses 
m, mf 9 w &" 3 &c., bo denoted by m, and if the distance of its cen- 
tre of gravity from this plane (which may be cither positive 
or negative) be denoted by 7, we shall have (No. 65) 

mp + m*pf + th'W + &c. = Mq ; 
consequently l = M vq 9 and the value of w will become 


m vq 

c 0 s: — ^ 

If the velocity v is only impressed on some of the points of 
the system, and if no velocity is directly communicated to the 
other points, we shall have, in the same manner, 

' _ wf 
lw = w/ 

p being the sum of the masses actuated by the velocity u, and 
/the distance of tlm ppn tva - r ' ■ n *’ 
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tern, from the plane drawn through the fixed axis, parallel to 
the direction of v. 

386. If the ByBtcm of points tn 9 m', m" 9 & o., be supposed 
to constitute a solid body, it is then sufficient, in the preceding 
formula, to change the mass m of any point wbntever, into 
the differential element of the mass of the body, (which, as 
usual, we shall denote by dm) 9 and the sum 2 into an integral. 
Henoe the quantity Siflf 3 will become the integral 
extended to the entire mass of the body, and it will express its 
moment of inertia with respect to tho axis of rotation; conse- 
quently, the last formula will be changed into the following ; 


_ wf\ 


0 ) 


(') 


This formula is applicable to tbe case of a solid body retained] 
by a fixed axis, and struck by another body, which after the 
impact attaches itself to the first, bo that then the two bodies 
constitute only one, turning about the fixed axis with an an- 
gular velocity oj. The mass of the striking body is /i, its ve- ' 
locity before the impact, which is common to oil .its points, 
and perpendicular to the directiou of the fixed axis, is v 9 and/* 
expresses the distance of its centre of gravity from a plauo par 
rallel to the direction of this velocity, and passing through 
the axis of rotation. Tho integral ^r*dm should be extended 
to tbe two masses which are united together after the impact. 
If tho striking body does not remain attached to tho other after 
the impact, tho determination of tho angular velocity of this 
last is a difforent problem, the solution of which will be given 
in a subsequent chapter. 

When the body retained by a fixed axis is struck simul- 
taneously by Bevcrol masses, such as p, & o., actuated 

by the velocities v, e', v f, 9 See., whose directions are perpen- 
dicular to that of the axis, and which are unitod to this body 
after the impact, the expression for a, the resulting angular 
velocity, will be 
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nvf+y!v'f'+n"v"f 
w ’ lr*dm 5 

In which expression, the integral must be extended to the 
i total mass, and &c., denote the distances of the cen- 

rtres of gravity of /a> fjf, /a", &c . 5 from planes drawn through 
'.the axis of dotation, parallel to the directions of the velocities 
t/y v", &c. If the first term of the numerator of this for- 
mula be affected with the sign +, the other terms should he 
affected with the signs + or — , according a9 the correspond- 
ing percussions tend to produce a revolution, in the direction 
of that which corresponds to the first term, or in a contrary di- 
rection. "When w rz 0 , the system will remain at rest, and a, 11 
the percussions will constitute an equilibrium. ' If the percus- 
sions, instead of being simultaneous, were successive, the 
value of u) 9 after all the impacts had ceased, would be still fuv- 
f nished by the preceding formula ;)for after the first impact the 
/ motion is the same at each instant, as if this impact took plsuic 
then; consequently, we may suppose that it took place at the 
instant of the second impact, in order to determine the angular 
velocity after the second percussion ; and so on in succession . 

387. When the rotatory motion commences about a jfLvctl 
axis, this line experiences percussions which it is important to 
determine 3 they are due to the quantities of motion that arc 
lost, at each epoch, by the different points of the body, which 
quantities of motion, (as they constitute an equilibriuxn hy 
means of the fixed axis, must consequently be reduced to per- 
cussions, whose directions either meet this axis, or arc parallel 
to it.) The parallel percussions may be immediately determined ; 
they are the components, in this direction, of the quantities of 
motion which have been impressed on the body ; os has been 
stated in No. 386, we shall not take them into account ; and 
we shall suppose that the rotatory motion has boon proiluei'd 
by an impact perpendicular to the direction of the fixed axis* 
to which formula ( 1 ) referB. Let the point r be the cumvi* 
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of gravity of /u, the line pa the direction of its velocity before 
the impact, so that or, the distance of this line from the axis 
oz, may be denoted by f. In the plane perpendicular to this 
fixed axis, and comprising the line pa, let there be drawn 
through the point o of this axis, two other rectangular axes 
ox and o y. Let cc 9 y , z be the three rectangular coordinates 
of dm 9 referred to the axes ox 9 o y, o z ; as rw, the velocity of 
this material point, is perpendicular to the radius r 9 and pa- 
rallel to the plane of the axeB of x and y, it is easy to perceive 
that the cosines of the angles which it makes with theBe three 


?/ 37 

axes are — and zero, the rotation being supposed to have 


place in the direction of the sagittas; it may consequently 
be decomposed into two velocities — ym and parallel to the 
axes ox and oy(a). Hence the components of the quantities 
of motion of all the points of the body along these directions will 
be — a>^ydm and or what comes to the same thing, 

— and in which m denotes, as before, the entire 

mass after the impact, and and y v the values of x and y, 
which belong to its centre of gravity. The sums of the mo- 
ments of all these quantities of motion, with respect to the 
plane of the axesofaand y, will bv—io^ysdm and w^xzdm\ by 
No. 54, they should be equal to the moments of the total forces 

— u^ydin and with respect to the same plane, that is 

to say, to — o)uy l z / and wMr,/, z'and ^'denoting the distances 
of these two forces from this plane ; consequently we shall 
have 

m = \yzdm,^x,d[^^xzdm^ ( 2 ) 

by means of which, these two quantities z 1 and z n (which 
may be either positive or negative) can he determined. 

This being established, the quantities of motion lost by all 
the points of the mass m, and which constitute an equilibrium 
by means of the fixed axis, may be replaced by a force uM y, , 
parallel to the axis of oj, and situated at the distance from 
the plane of the axes of x and y, by a force — tuMa;,, parallel 
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to the axiB of y , and situated at the distance z" from this 
plane, and by the force /ifl, which retains its proper direction, 
namely, from the point p towards the point a. These three 
forces can be at Jeast reduced to two, which will meet the 
fixed axis, and they express the percussions that it experiences, 
perpendicularly to its length. When these three forces are 
reducible to one, the axis will experience an unique percussion, 
and it is sufficient, in order that the axis may resist it, that 
l , the point where it will be met by this force, should be sup- 
posed fixed. 

388. If the line o z be one of the three principal axeB ofM, 
which intersect in die point o, we shall have 

$xzdm zn 0, J yzdrn ~ 0. 

Hence in this case the distan ce s_z f a .ndz" are cipher, ancl the 
forces ufM7/ l , — , and also the force /Lit’, will all exist in the 

plane of the axes of a? and y, in consequence of which, the 
unique percussion to which they will be reduced, will pass 
^ through the point o. In order to determine its magnitude 
and position, if n be this force, a and b the angleB that it 
makes with the axes of x and y } a and j3 the angles which the 
line pa makes with parallels to these axes, drawn through the 
point f, we shall have 

( rtcosa = /ivcoHa + wMy,, 

ncosi zz /uy cob/3 — wmxi ; 

and ns the value of w is given by formula (1), and x x and y,, 
the coordinates of the centre of gravity of m, are also known, 

I every thing is known in these values of the two components 
of the force n. 

Since this resultant must pass through the point o, the 
Bum of the moments of its three components, with respect to 
this point, must be equal to cipher ; now if x 9 and y' bo the 
distances of the forces wary, and — cum®, from the axes ox and 
on. respectively parallel to these lines, there will result, re- 
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gard being had to the direction in which these two forces and 
the percussion fiv tend to make the body to turn about the 
point o, 

fivf = 0 ; 

f denoting, as before, or the perpendicular let fall from the 
point o on the line pa. In fact, it is easy to verify this result ; 
for, considering the moments, with respect to the planes of the 
axes of x and £, and of y and of all the quantities of motion 
parallel to these planes, the sums of which are — wMy, and 
w m#, , we shall have 


m y x y* = zz $x*d?n ; 

and these values, combined with those of cu, render the pre- 
ceding equation identical(&). 

In order that the fixed axis may not experience any per- 
cussion, it is easy to perceive that the distances zf and zf f 
should in the first place be cipher, and in virtue of equation 
(2), this cannot be the case, unless the line o z be one of tho 
principal axes which intersect in the point o, as we have sup- 
posed. This condition being satisfied, it is moreover neces- 
sary that the force a should be cipher ; this implies that 

^cosa“ — cijMy, , /a T cosj3 =: coMa-v 


From which there results 


a?, cos a 

WoSj3 



this equation shews that the line pa must be perpendicular to , 
the plane passing through the fixed axis and through tha 
centre of gravity of m, Moreover, if denotes the distance 
of this point from this axis, the preceding equations will give 

pV = + y?) =: ; 

and by substituting for to its value furnished by equation (l), 
there will result 

^r 2 dm 
* ~~ Mr, - * 
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w]ii*n UMiliil body retained by ft fixed axis, is struck 
by a MTMiirl hotly, (ho mass of which remains attached to this 
IhhI. in lhat (tin fixed axis may experience no percufision, 

it \h netvusury, first, flint Che direction of the shock be in the 
plum« id dm 1 wo linns, which, with the fixed axis, constitute a 
HM rui^nhu syMcm of principal axes of the body made up of 
tin 1 hn> maws imilcd t ngutlu'v ; secondly, that its direction 
I«t7 prin lie til nr tn (he plane passing through the centre of 

Utntiry (Iih hotly ami the fixed axis; thirdly, that this db 
ui'tinu rv should meet tins plane in a point of which, f tlio 
■ ti'ti.iutv tifim the ax in of rotation, is furnished by the preceding 
tni turtle. This point is what is termed the centre ofprr- 


i llfffi. 


psp. While u stolid body turns about iv fixed axis, the 
ri'3itntu-*ul torn** c»l* Its different points produce on this axis 
whit’ll we now proceed to determine; they are tin* 
♦uih pie*. ■.»««** I hist have plitee when tins motion is uniform, in 
whirls viiw tin* points of 1 lus body arts not solicited by any 
niutiu’ Ihist’s. 

U' tbs* prs'eed'mg* nohitimiH l»« retained, rtiPthn will express 
ihr * . niritupol ftsm< of lln* eleineiit dm which describes n eir- 
vh , wliu«»n nidi n* is /\ wills n velocity ?/.» ; anil as this force nets 
iss lb.* •tin'i'lioii of the prod suil ion of r , the cosines of tins 

Ul , : 3. „ vvbiids il nmhe*s wills the axes of x, ?/, r, will be 


If, therefore' il be transferred to the point whore its 
, U'«I to. .*1*. tlse axis o;, il. may be replaced by two forces 
ri ., HP !i,nl in i hr plane* «.c and ?/<>-, respectively parallel to 
rW ,.tr. .... iso.l on, mill e.pmlto otw'dm, yu'thn. As the 

,bi„ u ..biistOH for oil iho other elements of the body, it 

thsil Ihr »xis will he urged ldo..ff those directions, 
wbt.w values nr ««•$«*»», 'AlM'"’ <>r, 'vl.at ss the 
r ^,W^. ns evident from the preceding 

It appear** ■!** »lmt d and z", the distances of 
total pressures, from the plane of iho axes ot c and 

v , 4J e h by the 
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= \xzdm 9 M y^ f = jj yzdm> (3) 

which are the inverse of equations (2) that are relative to the 
percuasions(c). 

When z* = z", the two pressures o) 2 ^x l and w s M y x will be v 
applied to the some point of the axis o z, they can then be re- 
duced to one force perpendicular to this line, which acts in 
the direction of a plane that comprises the centre of gravity 
of the body, and its value will be a^Mr, ; ?*, denoting the dis- 
tance of this centre from the fixed axis* 

This will always be the case when oz is one of the prin-i 
cipal axes that intersect in the point o ; for then the second, 
members of equations (3) will be cipher, and we shall have . 1 
z f ~ 0 and z " = 0. The unique pressure, which, during the 
rotatory motion, the axis experiences, will therefore pass 
through the point o ; hence, in order that the pressure may be 
destroyed, and that the axis may be immoveable, it will be 
sufficient if this point is fixed. Therefore for every point o 
belonging to a solid body, or invariably connected with it, 
there are always three rectangular axes passing through this 
point, about which the body can turn, without these axes 
undergoing any displacement, just as if they were entirely 
fixed. 

Such is the property relative to the uniform motion of ro- 
tation, which the lines that have been termed principal axes 
possess. It belongs to them exclusively ; for if the body turns 
about a line oz, which is not one of the principal axes relative 
to the fixed point o, the two pressures w 2 Mx i and w i My l will, 
in general, be irreducible to one ; or if they are reducible to ) 
one, because z! = z", this unique pressure will pass through a - f 
point different from o ; consequently, in order that the pres-j 
sures due to the centrifugal forces may be destroyed, and that 1 
the axis of rotation be not displaced during the motion, it ifl 
necessary that a second point be supposed fixed, but this 
implies that the entire axis is fixed. When a body retained 
by a fixed point o, and not acted on by any motive force, com- 
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mences to turn about one of these axes which intersect in this 
point, the motion will continue indefinitely about this line. 
This will be the case, for example, when the body is put in 
motion by an impact, the direction of which is in the plane 
passing through the other two principal axes relative to this 
point o, for then it appears, by what has been established in 
the preceding number, that the percussions which the axis 
experiences, the first instant, will be reduced to one which, 
passing through this fixed point, will he destroyed by its re- 
iBistunce. If o be one of the particular points, for which all 
moments of inertia are equal, the axis about which the body 
will begin to turn, will be necessarily a principal axis ; and in 
lohatevcr manner the body is set in motion about this fixed 
point, the axis of rotation will remain immoveable. Thus, an 
ellipsoid of revolution, or a parallellopiped retained by one of 
the points, the position of which has been determined already 
in No. 383, will always turn about a fixed axis. This will 
also be the case with respect to a sphere when its centre is 
fixed, or a cube retained by the point situated at the inter- 
section of its three diagonals; and, (moreover, in tlieso two 
'last coses, the fixed point being the centre of gravity, tlic axiB 
i of rotation will remain immoveable, although the body should 
supposed to be acted on by gravity.] In general, the mo- 
an*^ forces that act on the body, will, like the centrifugal 
and P Toc ^ uce P rQS9UreB on the axis of rotation, which will 
direct ^“plfuse it, when they are not reducible to one sole 
comi e , passing through the fixed point. 

^ 390. If the line oz i3 one of the three principal axes which 

intersect at G, the centre of gravity of the body that is consi- 
dered, it will be also one of the three principal axes of this 
same body for any point whatever of its direction. In fact, if 
og, the distance of this centre from the point o, be denoted 
by y, and if, without changing the preceding direction of tlie 
coordinates x, z, their origin be transferred to the point g, 
of rhn anv element whatever will become x, y, z — y, 
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jjic ( z — y) dm zz J xzdm — y^xdm zzz 0, 

\y(z— y)dm = §yzdm — y$ydm zz 0. 

Moreover, as the point a is on the axis of the ordinate 
z s we have §xdm zz 0, and lydm = 0 ; consequently, we 
shall have \yzdm iz 0, = 0, from which it appears, 

that o z is one of the three principal axes that intersect at the 
point o. 

The direction of the two other principal axes, in the 1 
plane of the axes of x and y , can be determined by the trans- 
formation of the coordinates. Let x f and y* be those of dm 
with respect to these two other axes, we must have 

\x'y'dm = 0, \rfzdm = 0, \y f zdm = 0 ; 

and if 0 be the angle contained between the axis of ccf and that 
of re, we shall have 

x* z x cos 0 — y sin 0, y l = x sin 0 + y cos 0 ; 

now, if these values be substituted in the preceding equations, 
the two last must disappear, because \xzdmz=. 0, and ^yzdm = 0 ; 
the first becomes 


(cob 8 0 — sin 8 0) \xydm + sin 6 cos 0 ($x*dm — $y*dm) = 0, 

from which the value of 0 may be obtained. The values of 
the integrals which this equation contains, may change with 
the position of the point o ; so that the direction of one of 
the principal iixcs being supposed to be that of the axis o z 9 
the directions of the two others will not, in general, always 
remain parallel to themselves. 

As the four equations 


li 


$xdm = 0, ^xzdm = 0, \ydm n 0, %yzdm _ 0, 

obtain simultaneously, it follows from the two first, that the 
parallel pressures existing in the plane of the axes of x and z 9 
which arise from the centrifugal forces, may be reduced to 
two equal and directly opposite forces; and in virtue of the 

VOIm II. Im 
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two lost equations, the same thing is true with respect to the 
components existing in the plane of the axes of y and z. 
(Consequently, when the body turns about one of the three 
iprincipal axes which intersect in its centre of gravity, the 
centrifugal forces of all its points produce no pressure on the 
axis of rotation, and if the motion commences about such an 
(axis, it will continue indefinitely, although this axis has no 
(fixed point, provided that the body is not acted upon by any 
nmtive force.. This result is evident in the case of an ellip- 
soid, which turns about one of its three axes of figure ; for 
every thing being supposed symmetrical about each of these 
lines, there is no reason why it should experience a pressure 
in one direction rather than in the opposite. 

II. VaHoliU Motion of Rotation . 

39 1 . Let the element of the mass of the body which re- 
volves about the fixed axis o z (fig, 5) he denoted by dm, 
through a point o taken arbitrarily on this line, let two other 
fixed axes oa; and oy be drawn perpendicular to each other 
and to the axis o z ; and at the end of t any time whatever, 
let a 1 , y , z , denote the three coordinates of dm referred to these 
axes ox , oy , oz. At the same instant, the components of the 

velocity parallel to tlieBe lines will be Now, wlmt- 

dt dt dt 

ever be tlie nature of the forces applied to the olement dm, 
they may be decomposed parallel to these same axes ; and, at 
the end of the time t , let the components of the given acce- 
lerating force which acts on this material point, estimated in 
the positive directions of x , y , z, be x, y, z, respectively. If 
the components of the velocity, namely, 
dm dy dz a . 

dt 3 ~dt* ~di y ^ ou he increased by xrff, ydt, zdt, during the 

instant dt (No. 147) ; but these functions of the time 'are 

ically incrqaeedjby their differentials d.^-, d.%, d.~\ con- 

dt dt dt 
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sequently, the velocities lost during the iustant dt, in the 
directions of the coordinates, will be 

xdt—d.^-, — zdt — d 

dt dt dt 

Multiplying them by dm, and then dividing by dt, there 
will result 

( x ( y ~S0^’ ( z ~$) dm> 

which will be the values of the components of the force lost by 
the element dm, during this instant dt, in consequence of its 
connexion with the other points of the body and with the axis 
of rotation. Therefore, in virtue of the principle of No. 3503 
an equilibrium must obtain about this fixed axis, between simi- 
lar forces applied to all the points of the body. 

In order to obtain the equation of this equilibrium, it will be 
sufficient to substitute the two first of the three preceding forces 
in the place of p cos a and p cosj3, in the first term of equation 
(5) of No. 266, and then to put equal to cipher, the sum of 
the values of this quantity for all the points of the body, which 
sum will be an integral extended to the entire mass. If the 
differentials be placed in the first member, and the given 
forces in the second member of this equation, the required v 
equation will be 

^( x r y ^ dm= l( x *-v x ) dm ' o> , 

which will be that of the motion of rotation about the axis 
of the ordinate z* 

392. Let the aqgular velocity at the end of the time t be 
denoted by o>, which we shall consider to be positive or nega- 
tive, according as the motion of rotation is in the direction of 
the sagitta s, or in the opposite direction ; likewise, let r be 
the radius of the circle described by chn, or the perpendicular 
let fall from tliis point on the axis os \ t'u will be equal to 
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the absolute velocity, and the values of its two components in 
the direction of x and y will be 


dx 

dt 


— y<*> 



In fact, if p be the projection of dm on the plane of the 
'axes of a: and y, and if the radius or be drawn, and also qvv', 
'perpendic ular to or, it will intersect the axes oaj and o y in q 
fcand q', and we shall have 

or — r, cos x q.7 — — cosyo'v'— — ; 


now as the direction of the velocity ru is parallel to the line 
Qpr', it must be multiplied by these cosines, in order to obtain 

dx ,dy 

the value of its components and . 

From the equation a? + y 1 = ^ we obtain (d) 

xdy — ydx =: r^wdt, 00 

If this last be differenced with respect to t, there will result, 
because the radius r is constant, 


xd*y — ijcPe =s r^d^dt ; 

and os dw is a quantity common to all the points of the body, 
it must be considered as constant in the integration relative 
to dm, consequently, equation (l) becomes 

~ ^dm := $ (®y — »/x) dm ; ( 3 ) 

by means of which, the value of dw, corresponding to a given 
position of die body, can be determined. 

Let the accelerating force which acts on dm be decom- 
posed into two others, one parallel to the axis os, and the 
other comprised in a plane perpendicular to this line ; as the 
first does not contribute to produce the motion of rotation, it is 
not necessary to take it into account] and the second, which we 
shall denote by </>, will be the resultant of the forces x and y. 
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If x, y, 0, be projected on the plane of the axes of x and y, 
and if pc be the direction of 0 thus projected ; and A the per- 
pendicular oh, let fall from o on pc or on its production ; by 
considering 1 the moments with respect to the point o, we shall 
have (No. 46) 

xy — yx = ± htp, 


the sign of the second member of this equation will be + or 
— 3 according as the force 0 tends to make the body to turn 
in the direction of the sagitta s, or in the opposite direction. 

If we denote by 8 the angle q'pc which the line pc makes , 
with pq' the perpendicular to the radius or, and drawn in the* 7 
direction indicated by the sagitta 5, this angle will be acute or 
obtuse, according as the Becond member of the preceding 
equation is affected with the upperor lower sign ; and as opzr r , 
we shall, therefore, have always 

± hzz r cos S; 

by means of these values, equation (3) will become 
^ ^r*dm =: $r0 cos 8dm. 


Now, if the given forces act on the body only during a 
very short interval of time, and if notwithstanding, they are 
capable of producing in this short interval, given velocities i . 
which are of a finite magnitude, and moreover, if during this f r 
same time, neither the directions of these forces, nor the po- 
sitions of the points of the body are Bensibly changed, we 
shall obtain by integrating the two members of this equation 
with respect to t , 

a> $ cosSdm; 


v being the integral of during the continuance of the 
action of the forces, that is to say, the velocity which the 
percussion exerted on dm would impress on this material point, 
if it was entirely free. This equation is that of uniform 
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motion of rotation, and the formulae given in No. 386 may be 
obtained from it, without any difficulty. 

In the case of variable motion, equation (3) becomes a 
j' differential equation of the second order, on which the position 
of the body at each instant, and its velocity in a function of 
the timo, depends, as we shall see immediately by an ex- 
ample } but it is expedient to determine previously the pres- 
sures which the Jixis of rotation experiences during the con- 
tinuance of the motion. 

393. We shall only consider the pressures perpendicular 
to this axis oz } which are due to the components, parallel to 
the axes ox and o of the forces lost by all the points of the 
body, the resultants of which must intersect the fixed axis. 

Denoting tho sums of till these forces by u and v, we Bhnll 
have, by No. 301, 

' , = S( X -$)‘ !m ’ * = $(*-§)*■! 

and if it mid v be the distances of the total forces u and v from 
the plane of the axes of so and y, we shall likewise have 
(No. 54) 

= $(*-£)-'*“- v ° = S( y -^) s *»- 

From the preceding values of ^ and we obtain 


<Px (Jin dy d(D 

& ~ ~ V di ~ w dt ~ ~ y dt ~ Xt0 * 


sit' 1 

sPy 

dt? : 


dii) da 

: x — + Ci >— — 

dt dt 


dio 
' dt 


- y 


If ~ be eliminated by means of equation (3), and if the 

values of x and y, which refer to the centre of gravity of the 
body, be denoted by and y M and its mass by m, ho that wc 
may have 

jja dm zz $ydm n m //, ; 
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then by substituting tbe values of ^ and ^ in thepreceding 


formula, they will become (c) 


d F 


o = M»,«* + Ss*I 

™ = »> W + Szidm- + 

« = ^S*— + s«*. - 


r*> t iv ' L y 
«' j t > 


When the angular velocity to is known, these equations will! 
determine u and v, the pressures parallel to the axes ox and | 
oy, which the axis o z sustains i and also u and v the distances! 
comprised between the point o and the points of application of ^ 
u and v on this axis. When the forces x and r are cipher, 
these results coincide with those of No. 389. When the line 
o# passes through the centre of gravity of the body, x x = 0, 
and y x n 0, consequently 


u = Jxcfon, v = $ y dm ; 

bo that the total pressure on the fixed axis is the same as in[ ( 1 
the state of equilibrium ; but, in general, it is differently dis-i 
tributed. If the fixed axis is, besides, one of the principal) 
axes which intersect in the centre of gravity, we have likewise 1 
^xzdrn zz 0 and lyzdm = 0 ; consequently 

u u = J zxdm, vy ~ ^ZYdm ; j 

and the pressure on the axis is then found to be distributed , } 
in the state of motion, as in the state of equilibrium. 

394. Let us now apply equation (3) to the case of a heavy 
body, revolving about on horizontal axis. 

If the force of gravity be denoted by and if the axis o y 
be supposed to be vertical, and to be drawn in the direction of 
this force, we shall have 
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and, because $ xdm = Ma?,, equation (3) will be reduced to 

— (4) 

If 0 denotes the angle which, at the end of the time t , the 
moveable plane that passes through the centre of gravity of 
the body makes with the fixed plane of the oxcb of y and s, 
which angle will be considered as positive or negative, accord- 
ing as the moveable plane exists, relatively to the fixed plane, 
on the side of the axis of the positive aw, or on the opposite 
side; and if a he the constant distance of the centre of gravity 
from the axis qz, we shall have 

= a sin0 ; 

and, according to the direction of the velocity w, whether po- 
sitive or negative, we shall likewise have 

d0 

dt l 

I which may also he deduced horn equation (2), applied to the 
| centre of gravity, that is to say, to the values asinfl, «cosO, a , 
of a?, ?/, r . Finally, let m* 9 be the moment of inertia of the 
body with respect to an axis passing through its centre of gra- 
vity, and parallel to ox \ h will be a line of a given magnitude, 
and by the theorem of No. 3f 4, we shall have 

= m (a 9 + A 9 ) 

for the value of the moment of inertia with respect to the axis 
of rotation. 

By means of these values of x l9 to, jj r x dm 9 oquatiou (4) 
becomes 

(PO __ ganinQ 

3 ? ““ a* + k r 


Henco, multiplying by 2 d0 9 and integrating, wc shall have ' 

dff 3 2^racos0_ 
dF~ a a + h r ~ c> 
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c being an arbitrary constant. If, at the commencement of the 
motion, 

0 ~ ° 3 A “ " ° ? 
tbe value of this constant will be 


cr fl a - 


2^tfcosa 


a 3 + A 2 ’ 

and therefore, at any instant whatever, we shall have 

dO 2 ( 2 ^# (cos a *- cos 6) _ ^ 
dP + T? “ ' 


This equation is that of the motion, of a pendulum of any 
form whatever, turning about an horizontal axis. In its Btute 
of equilibrium, the plane passing through its centre of gravity 
and through the fixed axis is vertical, and we have a a 0, 
Q = 0, 0 = 0. If the body is made to deviate from this po- 
sition, so that these two planes may comprise a given angle a, 
and if then it is remitted to itself, wc shall have £2 = 0; if, 
on the contrary, the body experiences a percussion at the 
commencement of its motion, the initial velocity £2 must bei 
determined by the rules of No. 380, or given in some other 
manner; and, in all cases, equation (a) will make known the 
angular velocity of the body at any instant whatever, whan 
the position of its centre of gravity is known. If this equa-| 
tion bo resolved with respect to dt , and then integrated, the] 
value of t in a function of 0 will be obtained, mid conversely, ( 
this will determine the variable position of this centre, und,i 
consequently, that of the body ut each instant. 

395. If this heavy body is reduced to a materhd point, 
attached to the axis oz by on inextensible and inflexible 
thread, destitute of weight, and whose direction is perpen- 
dicular to oc, we shall have the case of die simple pendulum, 
as is evident from its definition given in No. 1 79. If its 
length be denoted by I, wc shall have a — l ; m will be the 
von. n. 


M 
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mass of the material point; and tlie moment of inertia 
m (a 1 + k T ) must be reduced to the product of this irmsH, and 
■of the square of l its distance from the fixed axis. Conse- 
quently, we Bhall have k ~ 0, and equation (a) applied to this 
particular case, will become 

+ Y C0B (“ ~ co80 ) = ; ('*) 


/ and, in fact, it is easy to shew that it agrees with equation (1) 
of No. 180, relative to the motion of the simple pendulum. It 
appears from a comparison of equations (u) and (1>), that this 
motion will coincide with that of any pendulum whatever, 

whenever the coefficients ^ and hy which those 

two equations differ, are equal, that is to say, when 


A u 

It is, therefore, hy this formula that wo determine, uh hits been 
stated in No. 179, the length of tlie simple pendulum, whose 
time of vibration is equal to that of a given pendulum ; when 
the form of this compound pendulum is known, the two quan- 
tities a and h can be determined hy tlie known rules, either 
accurately, or by approximation. 

When this pendulum makes very small oscillations, I he 
same will be the caso with respect to the corresponding simple 
pendulum. Therefore, if the duration of an entire osuilluticm 
be denoted by t, we shall have (No. 182) 


’="Vp »=£ ' 

If the number of oscillations which tlie compound pendu- 
lum performs during a considerable timo bo reckoned, the 
value of t will be bad by dividing tho entire time by this 
number; and by substituting it in this lost formula, tlu: mea- 
sure of the gravity <j will be obtained with great accuracy, 
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when the length of l corresponding to the pendulum that 
is employed is known, as has been already explained in 
No. 192. As the lengths of simple pendulums are to each 
other us the squares of the times in which very small oscil- 
lations are performed, if the length of the pendulum which 
vibrates seconds be denoted by X, we shall obtain (the second 
being taken as the unit of time) 


A = ~, 

V T 


by means of which equation, the value of A can be determined 
when those of l and t are known. 

396. If in the interior of the compound pendulum, a line 
be traced below its centre of gravity, in the plane passing 
through this centre and the axis of rotation, parallel to this 
axis, and at the distance l from this same axis, the motion ofj 
the points of this parallel will neither be accelerated or re - 1 
tarded by their connexion with the other points of the body.^ 
Among all the points of this line, that is properly termed the { 
centre of oscillation , which exists on the same perpendicular r 
to the axis as the centre of gravity. 

Let add (fig. 6) be the section of the pendulum perpen- 
dicular to the axis of rotation, and passing through its centre 
of gravity, g this centre, and c the point where this section is 
cut by the axis ; let the line cg be produced to o, so that we 
may have (< 7 ) 

k 2 

cg = a, 


and, consequently, 


Go = — , 

a 


h* 


co =: a H — « L 
a 


The point o will be the centre of oscillation ; and if, after 
having caused the given pendulum to oscillate about the axis 
perpendicular to the section add, and passing through the 
point c, wc them reverse it, and cause it to oscillate about the 
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axis pussing through the point o, and perpendicular to this 
same section* the point c will bocome tho centre of oscillation* 
This Ihoorem is commonly expressed by stating tlmt the 
centres of oscillation and suspension are reciprocal, so that 
when the centre of oscillation is made the centre of suspension, 
tho lattor becomes the centre of oscillation. 

In fact, in each case, the moment of inertia mP is the 
same, since it always respects the axis perpendicular to abb, 
and passing through the point a ; so that the quantity k will 
not ho changed. Moreover, if o' be the point of the produc- 
tion of oo, which is the centre of oscillation, when o becomes 
tho centre of suspension, and if the distance oo'be denoted by/', 
its value can be deduced from formula (e), by substituting og- 

in place of cc;, that is to say, — in place of «; therefore we 

ct 

slmll Iinvo 

V ~ - + a = l, oo' = co ; 

and, consequently, the point o' will coincide with the point c. 

3i)7, Thu duration of very small oscillations about two 
axes perpendicular to Aim, and passing through the points c 

and o, is the same, and equal to 7 r \/L‘, l being always the 

(j 

distance co. Conversely, if the duration of very . small oscil- 
1 lftlloiiH is the same about two parallel axes, the plane of which 
j contains tho centre of gravity o, and which are not equally 
distant from it, their mutual distance will he equal to l, the 
length of the simple pendulum which also oscillates in the 
, same time. 

In fact, let n and «' lie the unequal distances of the centre 
of gravity from these two parallel lines, and, consequently, • 
a + «' their mutual distance ; likewise let mF lie the moment 
of merlin with respect to the parallel axis passing through the 
centre of gravity, since the duration of the oscillations about 
the two lines is the same, we must have 
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hence we obtain 




Of Zl Of 



therefore, as by supposition the first value of a! must be re- 
jected, we shall have 


a + a' = a + 


P 
a ' 


Consequently, if a + a', the distance betwoon the two syn- 
chronous axes be measured, the length of the simple pen- 
dulum which oscillates in the same time as ooch of them will 
be obtained. 

This method, which has the advantage of not requiring any 
computation relative to the form of the compound pendulum 
to bo mode, has been successfully employed in England, to 
determine the length of the compound pendulum (A). 

398. There are an infinite number of different axes about 
which the duration of small oscillations of the same body uro 
equal. 

Iu the first place, it is evident that the voluo of l and the 
duration of tho oscillations will bo the same for nil axes of 
suspension parallel to each other, and equally distant from the ^ 
centre of gravity, since, for all theeo axes, tho quantities h and 
a, which occur in equation (o), do not vary. 

The direction of these axos, and their distance from tho * 
centre of gravity, may also bo changed without the value of 
l undergoing any change ; for if the angles, that tho puniUel 
to tho axis of suspension, drawn through the centre of gra- 
vity, makes with the throe principal axes, whioh intersect in 
this point, be denoted by a, /3, y, and if a, n, c be tho mo- 
ments of inertia relative to these axes, nnd if uP be* as bo- 
fbro, tliut which refers to this pamllol, by equation (c) of No. 
375, wo shall have 
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M A 3 = A COS 2 a + BCOS 2 /3 + C COS a y, 

1 and, consequently, 

f 7 , Acos 2 a + bco 8 2 /3 + ccoa 2 ^ 

: lzza-i 1 — i, 

m a 


[ Now, it is evident that we can assign to a 3 a s j3, 7, an 
] infinite number of different values, for which this value of l 
' will remain the some. 

I If it be proposed to determine when tliiB function l is a 
| minimum with respect to the variables a 3 a, j3, 7, it follows 
‘ from its form, that a being supposed to be the least of the 
" three constant quantities a, b, c, we must have a = 0, )3 r: 90°, 
i 7 = 90°, and, consequently, 


M d x + A _ 

via 9 


for 


from which, by the common rule there results 
the value of a that corresponds to the minimum , and the 


a zz AA 

M 


actual value of this minimum is l 


- 2 t 

M 


CO- 


309. It whs demonstrated in No. 190, tlmt the resistance 
of n medium does not influence the duration of small oscilla- 
tions of a pendulum of a given length ; hut it is also acces- 
sary to prove, that this force does not change the kmjth of the 


simple pendulum, whose motion is tho same in the air its that 
of a given pendulum, in this sumo fluid. Now, in order to 
determine this motion, to tin 1 forces xdm and vdm, which 
compose the second member of equation (3), and which act 
on all the points of the body, there must he joined the com- 
ponents of tho resistance of the air, which only act on the 
elements of its surface. Let, therefore, this resistance be 
supposed to he expressed, generally, by tho sum of scvurid 
powers of the velocity, so that for v any particular velocity 
whatever, its action on the unit of surface may ho denoted 
by 

\v a 4- aV' + \"o" H 4- &c. ; 
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a, a', a", &c., a, a', &c., being given constants. Let p 

be the distance of m, a point of the surface of the pendulum 
from the axis of rotation; its velocity at the end of the 
time f, will bo pu, tu denoting as before the angular velocity 
at this instant* If * be the angle that its direction makes 
with the interior part of the normal at this point, then pw coa*i 
will be its component in the direction of this line ; and by \ . 
what has been already stated (No. 3 65), it is this normal com-, 
ponent that should be employed in place of the velocity r, in 
the expression of the resistance at the point H. Therefore, if 
the differential element of the surface at this same point, be 
denoted by da, and the resistance exerted on this element by 
uda, we shall have 


R = Ap* w° COB a t + Ap ° , y n, COB a> i_+. &C . v 

If p and v be the angles which the part of the normal at 
the point m, that falls within the body, makes with lines 
drawn through this point, parallel to the axes of x and y, the 
components of the resistance in tho direction of these linos 
will bu n cos pda and a cos vda \ and if a / and y 1 bo the values 
of x and y at the point m, then 

a/n cos vda — j^r cob pda , 

will bo the part of the second member of equation (3), that isj 
relative to the elemont da ; consequently, if tho integral of; 
this quantity for the entire portion of tho surface of the body, 1 
which experiences tho resistance of tho medium, bo takon, the 
quantity that should be added to the second momber, when 
this resistance is taken into account, will be obtained. Lot,! 
in order to abridge, 

tf'cos v — jfooBp =£, « '/ 
and the expression of this quantity will be 

AW* Jfp* COB* tda + AV^W'fi* + &0. 

It is evident that £ is the shortest distance between tho-/ 
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axis of suspension and the direction of pu the velocity of the 
point m, comprised in a plane perpendicular to this axis ; there- 
fore, Z does not depend on the time, no more than the angle t 
or the radius p ; consequently, if we make 

$£p a C0S a tda rz y, SS/o^cos^ecfcr = »/, &C., 

these integrals will be constants depending on the form of 
the hody, their values may however he different in two suc- 
cessive oscillations. In order to determine their limits, let 
there be circumscribed about the body, in its position of equi- 
librium, a cylinder porpendicular to the vertical plane passing 
through the fixed axis ; the curve of contact of this cylinder 
with the surface of the body will divide this surface into two 
parts, one of which will experience the resistance of the air, 
while the hody moves in one direction, and the other, while it 
moves in the opposite direction $ these integrals must, there- 
fore, bo extended to one of theso two ports for ono entire 
oscillation, and to the other pivrt for the following ; and when 
those two parts are different, the values of y, y', y", &c, y will 
be so also in two consecutive oscillations. When the body 
performs an entire revolution about the axis theso values will 
not change. Tins being established, after having added the 
prucoding quantity to the second member of equation (11), or 
what comes to the same thing, after having subtracted thin 
quantity divided by n (a 2 + k*) 9 the moment of inertia, from 
cPO 

the value of given in No. 3i)4, wo shall have 

fpo _ ffftsinQ _ a 7 *V , , 

(/? a' J + P M(« a -|-A !S ) M («'■'+ A a ) * 

for the equation of the motion of any pendulum whatever in a 
resisting medium. In like manner, we shall have 

d 2 Q g . n / » o 

— = — y sm 0 — uo> a — ]i / w a — &e.j 
at i 


c +1 '*‘ ntiiidulum, the 
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length of which is l; b, b', b", &c., denoting constant coef- 
ficients. 

The initial velocity and positions of the two bodies being 
supposed to be the same, in order that their motions may be 
so also, it will be sufficient and it is necessary to assume 


9 

l 


a 1 + A” B ~ ii (a 8 + ft 5 ) ' 




A V 


m (a a + A a ) 


, &c. ; 


by means of which the value of l can be determined, (which 
will be the same as in formula (c),) and likewise those of 
B, b ; , b", &c., for the entire duration of each oscillation. 

Thus, whatever be the form of a pendulum, and the law) 
of the resistance of the medium in which it moves, it appears, ( 
that there is always a simple pendulum, the motion of which is , 
the same as that of the given pendulum ; likewise, that the 
resistance of the medium in which the Bimple pendulum should ! 
move, maj^be Teduced^ from that of the given medium, and| 
from the form of the compound pendulum; and, finally, that, 
the length of the simple pendulum depends altogether on this j 
form , and not at all on the resistance, 

However, it does not follow that the length of this pen- 
dulum, which is isochronous with the given pendulum, is the 
same in the medium and in a vacuo ; the loss of weight that 
the compound pendulum sustains in the medium, and which 
is uot the same in a state of motion and repose, influences the 
length of the isochronous simple pendulum that vibrateB in a 
vacuum, as has been already stated (No. 191). 

400. In order to determine the motion of the axle in the 
wheel, and of its two weights, suspended the one to the wheel 
and the other to the cylinder, the sum of the forces lost by 
all the points of the machine should be taken as in No. 391, 
then to this sum there should be added the moments of the 
forces lost in the same instant by these two weights ; and the 
sum total of all these moments should he put equal to cipher. 
Now, if a chord be wrapped round the wheel, and attached 
vox,. II. N 
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at one extremity to a point of its circumference, and if m lie 
the mass of the body which is vertically suspended at the 
other extremity, likewise, if m / be the mass of the body which 
is vertically suspended to the extremity of a second cord 
wrapped round the cylinder and attached to its surface at its 
other extremity, and if u and u 9 are distances of the centres of 
gravity of m and m' from the horizontal plane passing through 
the axis of the machine, at the end of the time the forces lost 


by these masses during the instant dt , will be m 




and their moments with respect to the axis of 


tho machine will be obtained by multiplying the first by the 
radius of the wheel, which wo shall denote by c, and the 
second by the radius of the cylinder, which wc shall denote 
by now, since these forces tend to make the parts of the 
machine to turn in opposite directions, the moment of one 
of them must bo affected with the sign -(-> and that of the 
other with the sign — . For greater clearness, we shall sup- 
pose that the first force tends to make the machine to turn 
in the direction in which it actually turns, or, in other words, 
that it is the mass m which descends and the muss m' which 
ascends ; it follows from this that the second member of equa- 
tion (3), will be increased by gmc—gm'c', and its first member by 

d^u (Pis/ 

7ffi C ~~ m0T00VCT > ^ IC integral which contains the 

second membor will be cipher, since it must extend to all die 
points of the machine, whose centre of gravity exists on the 
axis of rotation ; wo shall, therefore, have 


4™ , (Pu , .<ZV 

Tt ^d,n + mc --j -mV- r/T 


tie 


<ie 


tj ( me — mV) ; 


for tho equation of the motiou of the machine uiid of the hm 
masses m and m f , 

During the entire continuance of this motion, the ve- 
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locity of m is equal to cw the velocity of the point of the wheel 
where the cord commences to detach itself from its circum- 
ference, the radius of which point is horizontal ; in the same 

manner, — the velocity of m l is equal and contrary to c'w, 
du 

the velocity of the point of the surface of the cylinder, whose 
radius is also horizontal and situated on the other Bide of the 
axis, hence we have constantly, 


du 


dt 


~ cu ), 


du* 

dt 


= — c / o> ; 


by means of which, the preceding equation becomes(/) 

(m/£ 2 + wc a + rn'c* 2 ) (me — m’c ') , , 

“fr S* i‘ . I / 

0 j 

in which equation m denotes the mass of the machine, and 
mk 3 its moment of inertia with respect to the axis of rotation. 
If, for greater simplicity, the initial velocities of the machine, 
and of the mosses m and mf be supposed to be cipher, we shall 
have, at any instant whatever, 

__ (me — rn’c 1 ) gt 

m &» + mc ir +m / c« ! 

from which it appears at once, that the motion of the machine 
is uniformly accelerated. 

The tensions of the cords to which the masses m and m* 
are attached, are measured by the forces lost by these masses ; 
therefore, if they be denoted by t and t', we shall have 


T = 



(Pu\ 

w 



and, if the weights of these bodies, and of the machine, be 
denoted by p , p', r, respectively, so that 

p = mg, p' = m'g, v = , 

it follows from the preceding equations, that 
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O -p'fQpc (pc-p'cQ/c' 

* vk* + pc* + pfd* 9 “ viz* 4 - pc 1 + p'c ** " 

i Since by supposition the weight p descends, pc is greater 
i than j/& 9 consequently, the tension t is less than this weight, 
(’which will ho its value in tlie state of equilibrium, and for 
jthc same reason, the tension t' is greater than p f . 

Tlie pressures exerted on the axis of the machine by the 
centrifugal forces of its different points, are evidently destroyed 
two by two, in consequence of the symmetrical arrangement 
of the parts of the machine about this axis. Therefore, the 
weight of the machine anti the tensions t and t ' make 
up the entire pressure, which the axis sustains during the 
motion, so that if this vertical force ho denoted by rr, we 
ahull have 

ti = r + t + t', 


and by substituting for t and t' their values, there will result 


11 r= x» 


+ P + 


(pc-p'cy ^ 
+ pC* -J- 2) f C n 5 


from which it appears, that this pressure is always less than 
in the state of equilibrium, in which ease it is equal to 
* + P+ P f - 

401, If we make c c* 9 in these different formula), we 
shall have the ease of the inuchinc invented by Atwood, and 
thus by means of them all the circumstances of the motion of 
two unequal weights p and one of which ascends and the 
oilier descends, will be known* 

If, for example, h bo the hoiglit through which the weight 
descends in a given time, such as tho value of It will he 
obtained by integrating that of du or of cwdt, from t = 0 tc 
/ = 0 ; which gives 

i. _ h(P'-p’)*W 

v/t? + {p + j/)c“ p 


T " *U«, nvnvnuuAH frhn wolnrlitR r. ft* 7)\ 01 id ulbO tllC nullU 
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of the wheel are given; the quantity A 2 can be calculated 
from knowing the form of the wheel ; and the height h con be ' 
measured ; consequently, if the time 0 is given by observation, 
this formula will make known the value of g. But, however 
carefully this experiment is made, it can never be susceptible 
of the same degree of precision as observations on the pendu- 
lum, for in this last, the duration of each oscillation is ob- 
tained, by dividing the time during which the pendulum 
oscillates, by the number of oscillations that it makes, and as 
this number is very great, the error to he apprehended, in the 
duration of one sole oscillation, must be much less than the in- 
evitable error which is committed in the measurement of the 
time 0, in the machine of Atwood. 

The mass of the thread to which the two weights p and p ' j 
are suspended, is not considered in the preceding expression, 
however it would be easy to take it into account, in the same 
manner as in the problem of No. 356 ; but then the law of 
the motion would be extremely complicated. The resistance ,, 
which the air opposes to the motions of the two weights p 
and p' is also neglected ; in order to diminish, as much as 
possible, this effect, and also that we may be enabled to 
measure the time 0 with greater facility, these motions are 
rendered very slow, by diminishing the excess of one of these 
weights above the other. 

402. The pendulum has also been employed to determine 
the velocity of projectiles in gunnery. This machine is called 
the pendulum of Robins , from the name of the enginoer who 
first invented it ; it consists of a very considerable mass, that 
vibrates about a fixed horizontal axis firmly fixed. The ball, 
whose velocity is required to be known, penetrates into this 
mass without passing through it, and by this means causes the 
pendulum to vibrate ; the magnitude of the arc which a de- 
terminate point of the total mass describes is then moasured ; 
from which its quantity of motion may be easily obtained, 
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and, cormoqnontly, the velocity of tlio bullot. at the instant it 
HtrikcH the pendulum. 

In fuel., lot akue (fig.7) bo a section of the pendulum made 
by si plane passing through the centre of gravity, and perpon- 
< lid 1 1 nr Lo the fixed axis, a its centre of gravity, o the centre 
of oscillation, (Mo. c the point where this section cuts 

tin' avis, ho that, in the state of equilibrium, coo is a vortical 
line. Likewise, let n bo the point where the production of 
lids line meets the inferior surfiice of the pendulum, nn' the 
live, of the circle llmt is described by this point n, and of which 
r is llm centre, k flus centre of the circular aperture that the 
ball makes at the surface of the pendulum, or, more generally, 
llio projection of this point on the plane of the section akiu\ 
Let ^ denote I he mass of the ball, v its velocity, at the instant 
of (be impact, /’the perpendicular let full from the point c on 
(he di reel ion of i> projected on the pliuus of ah jut, M the mass of 
the pendulum and of the ball, a the distance of the centre, of 
gravity of w from the fixed axis, m(u A -p 4 ,,J ) its moment of 
inertia with respect to this axis, we shall have (No. 380) 


~ fig£ 

M (ri J + (iff 


for the value of LI that should ho substituted in equation (a) of 
No. HIM, in which we should likewise make a = 0, since tin; 
pendulum sols out from its position of equilibrium. It will 
nmliuuc U) deviate from ibis position until the angular velo- 
city is cipher, consequently, if the angle nun' be denoted by 
[h we shall have, by this equation (a), 




■ com/ 1 }) ; 


in which </ denotes the measure of the force of gravity. If the 
coni of the are n»' lie denoted by b, and tho radius on by r, 

we shall linvu(A) 

cos/J = l — yp- 
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By substituting this value in the preceding equation, there 
results 

in this equation n denotes the ratio of m to fx, which will be 
always a very great given number. 

All the other quantities contained in this formula will be 
also known. The distance c can be immediately measured, 
the cord b is given by means of a riband attached to the 
point B, and passing through a ring firmly fixed in the ground, 
the part of this riband that is unrolled, and traverses the ring 
during the ascent of the pendulum, is evidently equal to Z>. 
If the direction is horizontal, the quantity f is the distance of 
the axis of the piece from the axis of rotation; if the direction 
deviates a little from horizontality, in which case, the line 
drawn from the point e to the mouth of the cannon is no 
longer horizontal, it is easy to compute with sufficient accu- 
racy, the quantity which should be added or subtracted from 
the distance of the two axes, in order to obtain the value of 
f. With respect to the quantities a and /i, they may be com- 
puted from knowing the form of the pendulum and the den- 
sity of its parts ; but their values may be determined likewise 
by experiment. 

If a cord attached to the inferior extremity of the pendu- 
lum be made to pass over a fixed bar, situated parallel to the 
axis of the pendulum, and at the same distance from the 
horizon, and if a weight m' attached to the other end of the 
cord raise the pendulum until its centre of gravity is on the 
same level ns the axis and the bar, then, a f being the given 
distance of the bar from the axis, we shall have 

a : a! \ : m' : M, 

by means of which proportion, the value of a can be accurately 
determined. If the pendulum be made to perform very small 
oscillations, and if t denote the duration of one such oscilla- 
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tion, and l the distance of fclie centre of oscillation from the 
axis of suspension, we shall have (No, 395) 


Tn 7T 



d 2 + It 2 

j 


hence we can deduce 


d* + k*=: 


(Tr*a m 

TT* ’ 


by means of which, when the value of a is known, that of k 
can be obtained. 

By substituting this value of a 3 + k\ a simpler expression 
will be obtained for v , the velocity of tlio ball, than that 
already given, namely, 

, ii *' TinTab ) 

\ v = ’ — j-. I 

' K fc 

403, If the mouth of the cannon is not very far from the 
pendulum, the value of v given by this formula will differ very 
little from the velocity of projection of the ball; and if the 
coefficient of the resistance of the air was supposed to be 
known, it would be easy to calculate by means of formula (f>) 
of No. 212, the quantity by which this quantity v should bo 
increased, in order to obtain the velocity of projection. But, 
the magnitude of this last velocity can be obtained immo- 
'diately, by attaching the cannon firmly to the pendulum; the 
quantity of motion impressed on the pendulum, thus consti- 
tuted, will be then equal to the mass of the hall multiplied by 
the velocity which it has at the mouth of the cannon, the 
recoil of which will not, in consequence of tho compressibility 
of the mattor, sensibly commence before the projectile 1ms 
traversed tho length of the piece; consequently, the value of 
v , furnished by formula (a), will bo that of tho velocity of 
projection without any correction, and without the necessity 
of knowing the coefficient of the resistance(7). 

By firing the same cannon, loaded in the same manner, at 
different given distances from the pendulum, bo many values 
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of v will be obtained, the differences between which and that 
which results when the cannon malceB a part of the pendulum, 
will enable us to verify the law of the resistance of the air, on 
which formula (5) of No. 212 is founded, and also to deter- 
mine the coefficient of this resistance. 

A great number of experiments were made in England, 
with Robin’s pendulum, in which the two methods pointed out 
above were employed. One of the most general consequences 
which has been deduced from them consists in this, that every 
thing else being the same, the squares of the velocities of pro- 
jection are very nearly as the weights of the charges, and this 
ratio is so much the more accurate, according as the length of 
the charge is less considerable relative to that of the can- 
non(;w) fc 


VOL. II. 
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CHAPTER IV. 


OF THE MOTION - OP A. SOLID BODY ABOUT A FIXED VOTNT. 

I- Preliminary Formula. 

404- Let us, in tlie first place, consider by itself, and inde- 
pendently of the forces which produce it, tho motion of rotation 
of a solid body of any figure whatever, about a fixed point 
which either appertains to this body, or is invariably attached 
to it. 

Lot o (fig. 3) be this point ; ox, o y, os, three Jixod rect- 
angular axes arbitrarily selected; 0 ^, ot/ 19 oz x three other 
rectangular axes, fixed in the body, and moveable with it about 
the point o. In the sequel, we shall suppose that these last 
lines are the principal axes of the body ; but for the present, 
we shall consider their directions as qnthely arbitrary. Like- 
wise, lot x, y , z he the coordinates of m any point whatever of 
the body referred to the first axes, and X\ 9 y\ 9 z x its coordi- 
nates referred to the axes ox l9 0 y L , 0 If the notations of 
No. 377 be retained, we shall have 

x = aXi + by x + cz l9 
y = a% + b'y { + c’z 1# 
z = a'% + b"y v + c u Z \ ; 

and die nine coefficients a, b , &c., will be connected together 
by equations (2), or by equations (4), of this number. 

Itjto evident tlmt these quantities a, ft, &e., are the same, at 
each instant, for all the points of the hody(«) ; hut they vary 
during the motion, so that they must be considered as func- 
tions o f the time. On the contrary, the coordinates nJ|, j/i, 
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vaiy from one point to another of the body ; but remain con- 
stantly the same for the same point, and do not vary with the 
time. Therefore, if the time be denoted by t, we shall obtain, 
by differentiating with respect to this variable, 


dx 

da 


db 


dc 

dt 

ii 

fci 

+ V\ 

dt +Zl 

dt ’ 

dy 

da' 

+ yi 

db' 

+ * i 

dc' 

dt 

- x 'di 

dt 

dt’ 

dz 

da" 


db" 

+ 3 

dc" 

dt 

= X 'df 

+ V\ 

1 dt 

' dt 


These values of ~ will express, at any instant what- 

at at at 


ever, the components of the velocity of the point m resolved 
parallel to the axes ox, oy 3 o «. If, therefore, it was required 
to lenow those points of the body whose velocity vanishes at 
this instant, they will be determined by equalling these quan- 
tities to cipher, from which there results 


x y da + i/ydb + do = 0, 
Xyda' 4 - y\db f + Zydd — 0 , 
Xyda u + y x db u + z x dd l = 0, 


(i) 


Now, by adding these equations together, after having 
multiplied them by c, c\ c", respectively, then making, in or- 
der to abridge, 

cdb + ddb* 4 * d , db n = pdt , eda + dda* + d'daf* zz — qdt y 

and observing that the equation c 2 + c f2 + c tt% = 1, gives 
ede + c f dd + d f dd r = 0, there results 


py i - < 7^1 = 0 . 

If the same equations (1) be added, after being multiplied by 
ft, ft / , ft" , we obtain 

rx v - pz v = 0„ 

by malting, in order to abridge, 
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bda + b'da! + b u da n = rdt } 

and observing that the equation + i' 2 -f- == 1, gives 

hdb + b W + W = 0 ; 

and that, in consequence of the equation be + Ifc + b n d* = 0 
of No. 377, we have also 

bde + Vdd + b ,/ dc n = — cdh — ddU — d'db" = — pdt* 

Finally, if equations (1) arc multiplied by a, a', d\ re- 
spectively, and then added together, there will result 

qz v - ry v zz 0 ; 

for since d x 4* a /2 + af ri zz 1, ada + a f da f 4- a u da n = 0 ; and, 
moreover, from equations 

ha + l/af + V*a u = 0, and ca + cV + cV 0, 

of the numhor cited above, there results 

adb + a'db ' + a n db u bda- b'da' - b"da” =3 ~ rdt> 
ado 4 - of dd + a zz — v.da — c*da f — c**da* f zz qdt. 

In this manner, in place of equations (1), we shall have 

VV\ - flw i = 0, rap, - pz v = 0, ^ == 0. (2) 

liuch of these equations results from the two othors ; and they 
appertain to a right line passing through o, the origin of the 
coordinates. ^It follows therefore from this analysis, tlmt all 
the points of the body, whoso velocity is cipher at any instant 
wlintover, exist on a light line, passing through the centre of 
rotation^ This line may be considered as immoveable during 
an infinitely short space of time, therefore, during Uuh instant, 
the body turns ubout this line as about a fixed axis ; and tho 
motion of rotation of a solid body about a fixed point, may bo 
represented, as having place at each instant about an axis 
which remains immoveable during an infinitely short inter- 
val of time. In general, tho position of this axis changes 
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from one instant to another, during the motion ; and, for this 
reason 5 it is termed the instantaneous axis of rotation. 

405. Let us suppose that the line ioi' is this axis at the 
end of the time t\ equations (2) will be those of its projections 
on the three planes of the coordinates x l9 y l9 z l9 hence it is 
easy to infer (b) 


COS IQXi = 


cos io^ = 


P 


Vp lJ t-q iJ r »*’ 

<1 

vV+ff 2 * 


COS 10^! = 


s/p*+q*+r* 


(3 


When, therefore, the three quantities p 9 q 9 r, are known, 
the position of the instantaneous axis with respect to the 
moveable axes ox l9 oy x ,oz i9 can be assigned, and when the 
sign of the radical is also given, oi, the part of this line to 
which these formulae appertain, will be completely deter- 
mined ; henceforth, we shall always consider this radical to be 
positive. 

Whenever the quantities p 9 q y r 9 are constant, the axis of * 
rotation will continue fixed in the body, that is to say, it will 
constantly traverse it in the same points. Now, as the points 
of the body, whose velocity is cipher at each instant, arej/s* 
always the same, they will remain immoveable during tlio \ 
entire continuance of the motion, consequently, in this case, | 
the axis of rotation will bo also a right line fixed in Bpace. * 

It follows from equations (2) of No. 9, and the notations 
adopted in No. 377, that 

cos iox = a cos ioxi + b cos ioy x + c cos ioz, , 
cos io y = a! cos iox } + V cos ioy, + c' cos io^ l5 
cos 102 = a n cos 10 ^+ 5" cos ioyi + c//coBIO ~i; 


therefore, in virtue of equations (3), wc ahull have 
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COS lO® = 

cos io y = 

COS 103 = 


np + bq + cr 
V'p'+t f + r*’ 
a’p + b'n + c ' r 
V'p t +q*+r*’ 
a l 'p + b" q_+^r . 
V p 1 4- <f + ,,a 


C'l) 


l>y means of which, the instantaneous axis of rotation ciui lie 
determined, relatively to the ./toed axes o®, ay, oz. It appears 
from these equations, that whon p,q,r, are constant quantities, 
r the numerators of those formula) arc independent of t\ which 
will, in fact, he verified in the sequel (r). 

406. Since at each instant the motion takes place about 
the lino ioi' as about a fixed axis, it follows, tlmt during an 
infinitely short time, all the points of the body have the same 
angular velocity about this axis (No. 384). In order to deter- 
mine its value, let us consider the point of the axw oz,, whose 
distance from the point o is equal to unity, we shall have 
i relatively to this point ®,= 0, y t =s 0, z, s= 1, consequently, 
(its absolute velocity will be 

a Alx 1 , dy 1 ~dz l _ a / <l« l ± tW l H- <fo" 

V 7i i+ 7 /«“ + ~dt* * 


, c < U ( Iff dz 

;ih is evident from tiho vuIuoh ol 


{riven ;il>ovc, anil 


because, ai, = 0, y, = 0, ®, =1 ; now as the distance of this point 
from the axis of rotation is 


sin ioz, 


/ 1 — cos* ioz^ 


= v V +,; / . 

\/p i +q i -\ : i h> 


if the absoluto velocity he divided by this distance, we shall 


obtain 




for the expression of the angular velocity. Hut since 
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— pdt z= bdc + b'dd+ Wdc qdt =2 adc + a'dc' + a^dc", 
wc can obtain, in consequence of the equations of No. 377 (d) 

( p 2 + <7*) d* 2 = dc 1 + dc n + dc ” 3 — (cdc + ddd + c // dc // ) a ; 

which expression is reduced to dc 3 + dc 12 + dc" 2 , because cdc 
+ c'dd + c"dc f, zz 0. Therefore, if the angular velocity at 
the end of the time t be denoted by w } we shall have, by con- 
sidering it as a positive quantity, 

ay — vV* + <l l + f 2 - 

Hence it appears, that this velocity will be constant, when- 
ever the position of the axis of rotation is invariable ; but the 
converse of this proposition is not equally true ; arid it is pos- 
sible that the instantaneous axis may change its position, 
without the value of the angular velocity undergoing any 
change, or, in other words, it is possible that the quantities 
P j r 7 may be variable, at the same time that the value of a> 
remains constant. 

407. p,q>r, are termed the rectangular components ofw 
the velocity of rotation about the axes oa? u oy u os,; and each 
of these three quantities is the angular velocity of the body r 
about the corresponding axis. 

Now, equations (3) can be replaced by 

p = to cos 10 X\ , q = a) cos 10 y x , rzw cos ioz { ; 

and equations (4) may be written in the following form, 

w cos 10# = ap + bq + cr, 
w cos 10 y zr a*p + Vq + dr, 
to cos ioz =: a l! p + b u q + c u r ; 

hence jtjappears, that the decomposition of the velocities of 
rotation are subject to the same laws as that of velocities of . 
translation, the directions of these last being replaced by the fn 
directions of the axes of rotation. 
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As the resultant oj is a positive quantity, when a determi- 
nate part of the line ioi', such os 01 , is taken for the axis to 
which it is referred, the components p , y, r , whose axes are 
art?! , oyi, o z u will be positive or negative, according os these 
lines make acute or obtuse angles with the axis oi; and, 
[generally, the components of w referred to the two parts of the 
same line, or of which the axes will bo the production, the 011 c 
of the other, should be regarded as equal, but affected with 
opposite signB. 

408. The three quantities p t q , ?*, not only enable us to de- 
termine the angular velocity of the body, and the position of 
its axis of rotation with respect to the moveable axes oaj l9 ot/j , 
j i QZ\ j but we can also express injgrms of thesejquantitics, the 
) velocities and accelerating forces of its different points, de- 
composed in the directions of these three axes ; this will enable 
us to find in the most direct manner, the equations of its 
[motion of rotation, as we shall see very soon. 

In fact, the components of the velocity of the point m, 

being refl P ect to axes ore, o ?/, o z, it 

follows that the components of the same velocity with respect 
to the axes oe v , oj/i, o z l9 will be 


dw 

a r,+ 


o' 


f+- 


ds 
It 5 




dz 

Tt ’ 




f \{ t 


,, dt dt ^ dt* 


ob ib evident from tlie notations of No. 377, and because the 
composition o^velocitieB is Bubject to the same laws as tbut of 

fo rces . Now, if the values of of No. 404, be sub- 


stituted in these expressions, and if the reductions already in- 
dicated in this number, be performed, we shall fiml(e) 
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dw ,dy 


,,'dz 


+ = w-nru 

rftc , dy . dz 

b Tt + b/ di + b Tt = rXl ~ pz " 

dw , .dy , ..dz 

c Tt + c Tt + C Tt= m = gzr ’ 


consequently, the three quantities — n/ l5 ra?i — J»«i7 
J>2/i — (7®i, which are cipher for all points of the body that' 
are situated on the instantaneous axis of rotation, express for 
any other point m, the components of its velocity, parallel toj 
the lines oa^, oy Xi o z x * 

From these last equations we deduce, in consequence of 
those of No. 377 (/), 

dx 

Yt~ a — wd+b (™i - P z l) + c (PVi- qx i)> 
dy 

■fa- <*(.qzi—ryi) + V(rx x -pz x ) + ^(p^ — qx x ), 
dz 

-fa = a 11 (qz 1 - ryi) + W (rx x — pz x ) + c" (py x - qx x ) ; 

and by differentiating with respect to t, there results *'• l ’ 
(Px 

fai = a (z\dq — y l dr ) + b (x x <b- — z x dp) + c fadp — x x dq) 
+ (gz i -m)da + (rx x - pz x ) db + (py x — qx t ) dc, 
cPy 

= a' (z x dq — y x dr) + V(x x dr — z x dp) + c'(iy v dp — x x dq) 
+ ((7*i— ry l )da!-\-{rx x -pz x )db l + (j yy x —qx^dc 

^ = a" {z x dq — y x dr) + b" (x x dr — z x dp) + c" (y x dp — x x dq) 
+ (qz i —ry l )daf'+(rxi—pz 1 )db"+ (py l —qx l )dc / \ 


(Px cPy (Pz 

The quantities are the components of the 

accelerating force of the point M, resolved parallel to the fixed 
VOL, II# p 
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axes o#, o y, o z; therefore, if p Xi ?i» **n be the components of 
the some force parallel to the axes ox x , oy x , o#i , we shall have 


<Px - ,(Py . 

W/> + a w72> 


di 1 


ae' 


jtPx u cPy ,„d?z 
!'= b d? + V d? + b "d , ?■ 

d 5 ® .dty , „ C?2! 

r i = c- 5? + c / - 5a +c"- ja . 


di 3 


d* 3 


Now, if the preceding values of 


be substi- 


tuted in theBe values of p u q u r x , and if reductions Bimilar to 
those of No. 404 he made, we Bliall finely) 


! p 1 dt = z 1 dq—y l dr+(py 1 -qx l )qdt + {pZ\— rx^rdt, 

, q\dt = x x dr— Zidp + (g-s, - nj x ) rdt + (qx i — py 0 jwfr, 

i 

li *v dt = 2 /irfp - x x dq + ( rx x -pz x )pdt + (raq - qz x ) qdt ; 


and dividing by dt, the values of p Xi q X9 r l5 expressed by means 
of the variables p , q , r, and of their differentials, will be ob- 
tained. 

409. With respect to the quantities of motion, with which 
all the points of the body are actuated at any instant what- 
ever, their moment relative to each of the three axes ox x , o , 
o*i, may, according to the definition of No. 273, also be ex- 
pressed by means of the quantities p, q> r . 

In order to shew this, let dm he the differential element of 
the mass of the body at the point m, whose coordinates are 
*i j yij^i 5 the components of its quantity of motion parallel 
to the axes oar l5 oy l5 02 l5 will be the products of the velocities 
9 Z \ — Hh j rx i — P z j j Py\ — multiplied by dm ; therefore, 

if the moments w ith respect to the axes oz u oy x , o a?i , of the 
quantities of motiq_D_o f all the points of the body, be denoted 
by l, m, n, we Bhall have, by what has been established in 
No. 274, 
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L = S [(^®i — ■ pz{) %\ - (qz x - nji)y{\ dm , 

M = $ [(<7*1 - ij^) z x — (p|/i - dm, 

n = S [(pyi- — (ra?! — ^pzj) z{] dm ; 

in which expressions, the integrals are supposed to extend to 
the entire mass of the tody. These values will be very much 
simplified, if oa? l9 o y u oz l9 be the three principal axes of the 
body which intersect in the point o ; for then the three in- 
tegrals ^z^dm, ^y x z x dm 9 will be cipher; and if the 

three moments of inertia with respect to these principal axeB 
be denoted by a, b, c, so that 

S(*i *+x*)dm=zn, 
l(xi 2 + y*)dm = c, 
we shall have simply 

l = cr, m — n q, n =: a pi 

therefore, thejuantities r, will have constantly the ! 

same s igns as l, m, n ; consequently, their signs will depend ! 
on the direction in which the body turns about each of the ? 
three principal axes ; for example, uccording as the body \ 
turns parallel to the plane of Xioy x , from ox towards oy 9 or hi 
the opposite direction, the moment l (No. 274), and, conse- 
quently, the velocity r 9 will be positive or negative quantities, 
and, conversely, the sign of r will make known at each instant, 
the direction of rotation about oz y . 

It appears from the theorems of No. 281, that if the prin- 
cipal moment of the quantities of motion which have been 
considered be denoted by g, we shall have 

G a y + + cV a ; 

(this radical being assumed to be a positive quantity) ; if the 
right line o m (fig* 8) be the axis of this motion, its direction 
with respect to the moveable axes o# 15 oy x , o#i, will be de- 
termined by the formulae 
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a p cr 

COS W2 , COSfflO^ = — , COBWlOZi = — l \P) 


and its direction with respect to the fixed axes ox 9 oy, oz, 
will be determined by means of the following equations : 


ocosmoa; = a pa + nqb + crc, 
Gcosfwoy = a pa f + nqb' + c rc% 
Qco&mox zz a pa" 4* b qb" + c rc tf \ 


( 6 ) 


lit is evident that the second members of these equations are 
l the moments of the quantities of motion of the body with re- 
spect to the fixed axes ox 3 oy, oz. 

410, The position of thiB body at each instant, with Te- 
spect to the fixed axes, depends on the three angles <p of 
No, 378; for by mean s of the^angleSj. the thj&e ^e.cfiqnp,of 
t he bo dy which havp b%sn taken for the moveable planes of 
the coordinates are determined in position with re- 

sgec£tqjdiese fixed^planes ; and it is even sufficient to know 
the position of two sections, which ar e not parallel, of a solid 
body, in order that the positions of all the points of this body 
may be entirely known. Moreover, when the angles *p 9 0 , (f> 
are known, the coefficients a, 6, &c., will be known also, and 
consequently, x , y, z , the coordinates of any point whatever of 
the body, will be completely determined. The problem of the 
motion, of rotation about a fixed point will, therefore, even- 
tually resolve itself into the determination of the values of 
& 0, in function s of t he time, 

Now, when the values of p, q 3 r are known, those of these 
three angles depend on three equations of the first order, which 
will be obtained by substituting the values of a, 6, &c. (No. 
378), and those of their differentials, in functions of 0, <p 9 
in the values of pdt 3 qdt , rdt 3 namely, 


pdt — — bde — b r dd — 6 "c?c", 
qdt — adc + a!dd 4 . a rf dcf ( 9 
rdt — bda + b'da ’ + V*da! 
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As the values of c, c', c" do not contain the angle 0, it ' 
follows that those of pdt and qdt will not contain differen- 
tial ; and as the values of b, b f , 6" may he deduced from those 
of a, a', a", by increasing 0 by a right angle, the value of ) 
— pdt may likewise be deduced from that of qdt* The co- } 
efficient of dp will be equal to unity in the value of rdt ; for | 
by the formulae of No. 378, we have(A) 


da 

dtp 



da 11 

dtp 


= i"; 


from which there results 


+ V S + *37 = 6* + &' a + &" a = 1» 


for the value of this coefficient. After all reductions, we 
obtain, by substituting the values of a, b, &c., in those of 
pdt , qdt, rdt(i), 



pdt = smp smQdip — cos0d0, 
qdt = cos0 sin 6d\p + sin pdO, 
rdt — dp — cos Qdip, 


( 7 ) 


It is remarkable, that the angle ip d oes not occur in these for- 1 
mula; and, in fact, as the angle ip, or no#, is reckoned fromi 
the axis ow, which is entirely arbitrary, the value s o£p,q,r \ 
should not undergo any change, when thi s angle i_s increase dj 
or diminish ed Jiy.n const an t quantity . 


Since r is the angular velocity of the body about the axis 
0Z\, it followB that rdt must be the angle described in the 
plane of the axes of x u y x , during the instant dt, by each of 
the axes oa^ and ay x ; this angle would be dp, if the line on, 
from which the angle tp is reckoned in this same plane, was 
immoveable ; but in the instant dt, the angle no# is increased 
by d\p 9 the projection of which on the plane of the axes of X\ 
and y x is cos Qdip, and it is easy to perceive, that, according as 
the angle 0 is acute or obtuse, the differential dp should be 
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increased or diminished by this projection, in order to have the 
displacement of oa?j or oy X9 with respect to a fixed lino, in the 
plane of these axes. Consequently, we shall have in all oases 
rdtj=> dt £ — jeos Od^ as has been obtained above. 

411. There exists between the cosines a, b 9 &c., and the 
quantities p 9 g, r 9 relations which will be useful on several oc- 
casions to know ; they are expressed by the following differen- 
tial equations ; 


dc = (aq—bp)dt 9 dd — (a'q—Vp)dt 9 dd f = ( d f q—V f p)dt , 1 
db = (cp—ar)dt, dd=:(dp—a'r)d6 9 db"= (c"p—a // r)dt, ■ 
da= [br—cq)dt 9 da f = (b'r—dq)dt 9 daf f zz (V'r—d'q^dt. . 


( 8 ) 


If after having multiplied the equations 

adc + a f dd + d'dd* = qdt 9 
bde + b'dd + Wdd r = — p dt 9 
ede + ddd + d*dd f = 0 , 

either by a, 6, c, or by al 9 V 9 d 9 or by a", 6", d\ respectively, 
they be added together, there will result, by taking into ac- 
count what has been established in No. 377(A), the three first 
of equations (8). The three next will be obtained, by ope- 
rating in a similar manner on equations 

cdb + ddd + d'db" =zpdt 9 
adb + afdV + a"db" = — rdt 9 
bdb + b'dd + W = 0 ; 
and by operating in the same manner on equations 
bda + b'daf + Wda" = rdt 9 
eda + ddd + d’dcd = — qdt 9 
ada + ct'da' + ddd' = 0 , 

we ehall obtain the three last of equations (8). 

The following equations also obtain, namely, 
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4 t * 

] pda + qdb 4* rdc = 0, ^ » * ‘ * ' j <1* 

pda! + qdb f + rdc* = 0, ' 

pda" + qdb" + rdd* = 0 ; 

these can be immediately deduced from equations (8), and 
they enable us to verify the invariability of the numerators of ' 
formulae (4), whenp, r are constant quantities (Z). 

VI 1 , 

(' j Ut t $ & ■» * \ '» - , f t ^ 

II. Equations of the Motion of Rotation about a fixed Point . 

412. The preceding preliminary formulae being established, 
let us now suppose that any given motive forces act on all the 
points of the moveable, and taking these forces into account, 
let us investigate the differential equations of its motion about 
the fixed point o. 

Let Xidm, y x dm, z x dm, be the three components parallel 
to the principal axes ox i9 oy, o z x of the motive force of the 
element dm, at the end of t any time whatever. If this mate- 
rial point was free, these forces would impress on it in the 
instant dt , in their respective directions, the velocities x^f, 
y fit, Ti\dU The increments of velocity which it actually re- 
ceives in these directions, are the quantities p x dt , qfU, r x dt, of 
No. 408; consequently, the c ompon ents of the force lost by 
the element dm, during the instant dt, arc 

(xi— Pi)dm 9 (y i-qi)dm, fa-r^dm. 

The body will therefore be in equilibrio (No. 350), on the 
supposition that all its elements are solicited by similar forces. 
Now, the number of equations of equilibrium of a solid body, 
about a fixed point, is three (No. 266), which, relatively to 
these forces, will be 

S [( Y i — - ( x i -P\)y i ] dm = 

S [(x,— p!)z x — (Zi— rOa jJ dm = 0, 

S [(Zi— ^i)?/L — dm = 
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in which the integrals are supposed to extend to the entire 
body. 

The consideration of principal axeB simplifies the terms 
which result from the substitution of the values of p u q u r l9 
under the signs jj. For, as in this case, the integrals dm> 
z x dm 3 ^y\Z v dm are cipher, if the three principal moments of 
inertia be denoted by a, n, c, they represent the some integrals 
as in No. 409, and we have, consequently, 

U^i 3 “ Vi .*)*»= b — A, 

%(z\ — x^)dm =: a — c, 

$(y? -ztydmzzc-v; 

so that the three preceding equations will become (m) 


c dr 4 * (b— a )pqdt = Reft, 
Bdq+(A—c)?'pdi = Qdtj 
Adp+ (c—v)qrdt = p dt 9 

in which, in order to abridge, we make 


(a) 


yiZi)dm — a, 

S0l x l £CiZi) dun zz Q, 

S(yiZi — 

413. As x ls t 1s z l3 are the components of the given forces 
acting in the direction of the moveable axes oa?!, o y Xi o Z\ 9 
their values will depend on the direction of these lines in 
space, or on the three angles 0 /, 0 , 0 ; hence the quantities 
p, q, r will be functions of \p 3 0 , 0 , which will be given in 
each particular case ; consequently, the problem of the motion 
of rotation of a solid body about a fixed point, leads to six 
l differential equations of the first order, between the six un- 
g»_fi A-^ and the variable t 3 namely, 
the three equations (a), joined to the three equations ( 7 ) of 
^o. 410. If, in the first equations, namely (a), the three 
[unknown quantities p, q 3 r be eliminated by means of equa- 
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tions ( 7 ), three differential equations of the^second p^der^ela,- 
tiye to \f>, 0 , <j) } will be obtained, which are the unknown 
quantities that are act ually required to be determined; but it 
is more convenient in practice to retain the six equations of 
the first order. 

The only case which we propose to consider will be that 
in which gravity is the sole force that acts on the points of the 
body. If in this case, the axis 92 be assumed to be vertical, 
and drawn in the direction of this constant force, which, as 
before, we shall denote by g m 9 its three components in the di- 
rection of the axes ox u o y u oz 1# will be 

Xi =: gaf = gU\ z, = gc ", 
because that by No. 377, 

a" = cos*oa? 19 b " == cos^o^, &' = cos^o^j ; 


and if the mass of the body be denoted by m, and the three 
constant coordinates of its centre of gravity, with respect to 
these moveable axes, by a, /3, y, so that we may have 

$a \dm — Ma, $2/ L dm = m/3, S z i dm = M 7 » 


there will result (n) 

n = (aft" — 13 a") My, , 

Q, =2 (y a ff ac")My, 

P = (/3 c" — y&") My. 

Equations (a) will therefore become 

cdr + (b— *)pqdt =: (aV 1 — f3a !, )Mgdt, 

3dq + (a— c )rpdt = (y^"— ac")i&gd£ 9 " (b) 

hdp + (c-3)qrdt = (/3c"- y&") M gdt, 
to which must be joined equations (7), and the following (No. 
378) 

a" = — sind sin 0, b" = — sind cos<£, c " = cosfl. (c) 
414. Equations (b) can be easily integrated, when their 
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second members are cipher; this is the case, when jJic force of 
gravity is not taken into account, or, which comes to the 
same thing, when the fixed point o is the centre of gravity of 
the body, in which case 0, /3 = 0 3 y “ 0. 

Equations (b) ore then reduced to 


I c dr -f (b— a )pqdt = 0, V 
Bdq + (a — c)rpdt = 0, ' 

kdp -j- (c — b) qvdt — 0. 


(d) 


Now, if these be multiplied by r, q , p respectively, and then 
added together, there results 


c rdr + Bqdq + a pdp zz 0, 
and, by integrating, we obtain 

cr 2 + b q* + a zz A, • (e) 

A being an arbitrary constant. If after having multiplied the 
same equations by cr, nq, a p respectively, they bo added 
together, there results - 


c hrdr + b 2 qdq + a *pdp = 0 ; 

from which we obtain, by integrating, 

cV + bV+aV zz A 8 ; (f) 

A a being a second arbitrary constant, which must be positive, 
as well as the preceding. 

From equations (e) and (f ) we can deduce 

a = bA + (b — c) cr* A 2 — aA> (a * — c) c?* 2 

(a— b)a ’ ^ — (b — a) b * 

By substituting these values ofp and q in the first equation (cl), 
there results, by resolving it with respect to dt , 

^ _ ± /ab c dr 

[A 4 — BA-f(B-c)cr*]* x [aA— A a + (c^A.)cr a ]** ^ 

In thiB expression we shall consider the deno min ator as always 
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positive, consequently, the numerator must be affected with, 
the sign + or — , according a a the differential dr is positive or f 
negative, in order that as the time always goes on increasing, j 
its differential may be always positive. 

By integrating this formula (g), the value of t will be ob- 
tained in a function of r, and, conversely, the value of r in a 
function of £, therefore, the values of the three quantities 
p t y, r, may be assumed to be known in functions of this vari- 
able, or at least they will depend on only one integral, which 
may be always reduced to a case of elliptic functions. 

When two of the three moments of inertia a, b, c, are 7 j r 
equal, or when the constant is equal to one of the three quan - 1 
tities a h 9 n A, ch , this integal may be obtained in a finite form,J ' 
without the aid of these functions(o). 

415. If the form of equations (d) be attentively considered, 
other equations, immediately integrable, may be deduced from 
them, by the aid of formulse (8) of No. 411. 

In fact, if equations (d) be multiphedbyc,j>, ^respectively, 
and then added together, there results 

[ cdr + ( aq — bp) rdt\ c + [bdq + ( cp — car) qdt[ u 
+ [ad]) + (hr — cq)pdt\ a = 0, 

or, in consequence of the three first formulee (8)(^), 
c d.cr + b d.bq + a d.ap = 0. 

We shall find in like manner, 


’ (h) 


c d,c*r + b d.b'q + a d.a'p = 0, 
c d.ct'r + Bd , V*q + a d.a lf p = 0 . 

Therefore, by integrating, we shall obtain 
c rc + b qb + a pa = /, 
c rd + b qV + a pa! = Z', 
crc , ’+Bqb"+Apa t '=l'', 

Z, Z", being three arbitrary constants. 
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"These three integrals are not independent of each, other, 
for if their squares be added together, we shall obtain, i n con- 
sequence of the equations of No. 377 

cV 2 + b Y + aV = P + l* + V * ; 

from a comparison of this result with equation (f), it follows 
that there exists between the constants A, Z, Z", the relation 
p + l” + l'* = k\ 

If in these equations (h), there be substituted in place of 
a, 6, &c., their values in functions of 0, <£, (No. 378), there 
will be obtained three equations between the six variables 
\p 9 09 </>) Pi and the arbitrary constants /, l\ Z", which 
must be the integrals of equations (7) of (No. 410); and 
this is, in fact, whatjnay be easily verified. As these three 
int egrals are only e qui val e n t to_t wo equations really distinct, 
it follows that there must be a third integral of equations (7) ; 
ibut previously to investigating it, it is necessary to examine 
l what equations (h) signify. 

416. Agreeably to what lias been observed in No. 409, 
they indicate that the quantities of motion of all the points of 
the body, with respect to the fixed axes ox 9 oy 9 o z 9 are con- 
stant and equal to Z, Z', Z", during the continuance of the mo- 
tion. If they he compared to formulae (6) of this number, 
and if it be observed that in virtue of equation (f), the prin- 
cipal moment a is equal to the constant h regarded as positive, 
we shall have 

Z V V* 

cosmos = cosmoy = cos moz = — , 

by means of w hich , the direction of owi the axis of this mo- 
menVwUch jwill ren^n immoveable^ and also the plane per- 
pendicular t o this line. can be ^etepnned. The position of 
the axis owi with respect to the moveable axes , oy \ , o z x , 
changes every instant, hut it can be found at each instant, by 
means of formulae (6) of 409, in which the quantities p, 7, r , 
may be supposed to be know n. Therefore, we can assign at 
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any instant whatever, the point where this line meets the sur-^ 
face of the body, and the line in which the moveable plane^ 
perpendicular to this axis intersects the surface. 

Hence, when a solid body turnB about a fixed point, in f 
virtue of one or mor q primitive impulsions, if no motive forcefl 
acts on its several points, there exists a plane passing through/ 
the Jixed point, which ^ remains invariable during the motion,* 
and its position can be determined at each instant, with 1 
respect to the moveable planes of the principal axes of the£ 
body. 

We will have occasion, in the sequel, to generalize this 
theorem ; at present, we shall employ it in determining the 
third integral of equations (7). 

417. As the axis o m is immoveable, it may be taken forf 
the fixed axis o z, the direction of which is arbitrary ; we shall jj 
then have 

cos moxi =s cos zox\ = a ", 
cos moi/i = cos zoy l = Z>", 
cos moz v = cos zo z x = c". 


Because g = A, there will result in consequence of the 
formula of 409, 


a 


// 





hence, equations (c) will become 

. a « , A p < n b a « cr 

sintfsin^r: sm0cos</> = — — a, cos 0zz— ; (i) 

by virtue of equation (f), they will agree together, and will ( ) 
enable us to determine the angles (j> and 0, in functions of the 
time, by means of the values of p, q } r, 

Now, if between the two first equations (7) of (No, 410), 
dO be eliminated, we shall obtain 

sin a 8d\fj = sin 0 sin fypdt + sin 0 cos <jiqdt y 

hence there results, in virtue of the preceding equations^*) 
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therefore, in consequence of equation (e), we shall have, 

h— cr a , . 

^=- ¥ zr^p kdt > 


(k) 


and by substituting formula (g) for dt 7 there will result ft value of 
tty, the integration of which is also reducible to elliptic func- 
tions, and which can be obtained in a finite form in the 
same cases as the integral of dt . In this manner, therefore, 
the value of the t hird a ngle jf/^will be known in a function of 
r, and, consequently, in a function of t. As the quantities 
h — cr*, and A a — cV, are positive, in virtue of equations (c) 
and (f), and^a g k j s also a pos itive quantity, it follows that 


the angular v elocity ^ will be always negative and that the 


motion of the line on will always take place in the same di- 
rection* Because the angle xfj is measured in the direction 
indicated by tbe sagitta s (No, 378), this motion will be per- 
formed in the contrary direction, that is to say, from the axis 
loaj towards the axis oy; hence then it appears, that its con- 
stant direction depends on that of the axis oy, which wo shall 
(determine immediately. 

418. The values of the six variables p, q , r , \fj , 0, <p , re- 
sulting from our analysis, will be functions of the time, which 
will contain, besides, four arbitrary constants, namely k and 
A, and tbe two constants introduced by tbe integration of 
formulas (gj ngnd fk) . The complete integrals of equations 
(7) and (d), on which these volueB depend, ought to contain 
six arbitrary constants ; but the selection which wo have 
{ made, of om the axis of the principal moment, for one of the 
^ axes of the coordinates a?, y , z, has caused two of these con- 
stants to disappear ; for as om coincides with oz, the angles 
mox and moy are right, and it follows from the formula; of 
No. 416, that in this case fj= 0 and l n = 0 . Therefore, in 
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order to effect the complete solution of the problem, it is only 
necessary to determine, by means of the initial data of the 
motion, the^four remaining 1 constants, and the parts of the 
lines passing through o, to which, during the continuance of 
the motion, the variable angles refer. 

For this purpose, let the moveable whose rotatory motion 
is considered, be supposed to consist, as in No. 386, of two 
bodies, one of which is at rest, and retained by the fixed point 
o, and the other, being supposed to be actuated by a given 
velocity, impinges on the first, and remains attached to it after 
the impact. Let fi be the mass of the striking body, v the ve- 
locity common to all its points before the impact, fe (fig. 8) the 
initial direction of its centre of gravity, hef a Bection of the 
moveable made by the plane passing through the line fe and the 
point o, and/the length of ol, a perpendicular let fall from 
this point on this line. The percussion which produces the 
motion of rotation, acts in the direction of fe, and is equal to 
fiv. By the principle of No. 353, if the quantities of motion 
of all the points of the moveable, which have place imme- 
diately after the impact, be taken in a direction opposite to that 
in which the bodies actually move, there should be an equili- 
brium between these finite quantities of motion, and the force 
jjlV estimated in its proper direction ; now, in order that this 
equilibrium may obtain, it is necessary (No. 282) thatjq/bjhq 
moment of this force, should be equal to the principal moment 
of these quantities of motion, and that the axes of theBe two 
momenta should be the mutual production of one another. 
Since this principal moment, which has been denoted by g, is 
always equal to h (No. 416), it is immediately evident that the 
value of this positive quantity k is equal to 

Moreover, if through the point o, there be drawn the axis 
of the moment fivf> perpendicular to ehk the given section of 
the moveable, this line will be likewise the axis of the prin- 
cipal moment, which has been assumed to be the axis o z \ the 
directions , oyi 3 oz ^ , of the three principal axes of the move- 
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able, wil^ he. dike wise given at the ^commencement of the mo- 
tion, hence the angles which these lines make with o z will be 1 , 
known ; and, by the preceding number, we Bhall have 

kcO%ZQX x &C09201/, Acoszo^i 

— —• * = ~ IT 1 -' ’■ = —?—• ® 

for the initial values of p, q, r. By substituting them in equa- 
t} tion (e), we shall have the value of the constant A. We are 
at liberty to take for tbe lineB oa^, o^, 0 such portions of 
the principal axes of the moveable that intersect in the point 
0, as we please; hut after having once selected them, and 
fixed the points of the surface of the moveable where these por- 
tions terminate, they should not afterwards be changed during 
the motion. 

The direction of the percussion made on the moveable, 
estimated along fha line re, will determine that of the rotation 
about each of the axes oar l5 oy l9 o Zj , at the commencement of 
the motion, and, consequently, the signs of the initial values of 
p, q 9 r ( No, 409 ). We shall therefore likewise know, by 
means of the preceding equations, whether the angles zoxi , 
zoyi , zozj are acute or obtuse ; and it will be sufficient to 
have regard t o o ne of these angles, whether greater or less 
than 90°, in order to know the part of the perpendicular to 
the plane of the section hek, which should he taken for the 
axis 0 z or om, and which will be, during the continuance of 
the motion, the axis of the principal moment of the quantities 
of motion of all the points of the moveable. 

< , non' the intersection of the plane of the section hek, and 
1 of the plane of the axes oa^ and oy u will be likewise known 
lat the commencement of the motion. In order to know on, 
the part of this line to which the angles \p and constantly 
refer, it will therefore be sufficient to ascertain, if at this epoch, 
or NO#i is an acute angle, or an acute angle increased by 
180°, and as 

cos.?o£i = — sinfl sin^>, votzoyi “ — sin0 cos</>, 
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it will be sufficient to consider the sign of one of these cosines,, 
or the initial value of one of the quantities p or q , The po-, 
sition of the fixed line ox in the plane of the section her is; 
entirely arbitrary. For greater simplicity, we shall suppose 
that it coincides with the initial position of on. By making 
\p = 0, in the values of of, lf 9 & of No. 378, we shall have, at 
the commencement of the motion, 

cosyofl! = cosfl sin^, vo%yoy x = cos0 cos^, cosmos L — sinfl. 

Therefore, if at the commencement of the motion, it be known 
whether the initial values of the angles 0 and tj> 9 are acute or 
obtuse, it will be sufficient to consider the sign of cos^oa?! or 
cosyo?/!, in order to know the part of the perpendicular to ox 
or on, which should be taken for the fixed axis o y 9 and, conse- 
quently, the direction of the velocity which has place ^ 

always from on towards oy 9 and remains unchanged during 
the continuance of the motion. 

Moreover, every thing else being supposed to remain the i 
same, if the direction of the primitive impact be the sole thing 
that is changed, the signs of the initial values of p 9 q 9 r will all j 
three be changed ; if the primitive angles 6 and $ were acute j 
previous to this change, they will become n — 0 and it + <j > ; 
and the lines oz and on will be changed intotheirproductions.J 
By substituting 7 r — 0 and u + 0 in place of 0 and in the 
preceding equations, the initial values of the angles yox l9 
yoy i, yoz X9 will undergo no change. The line o y will there- 
fore remain the same; but as the angular velocity ^ is 

always negative, and directed from ox towards oy 9 the di- 
rection of this velocity will chunge with that of the primitive 
percussion, because oa; now coincides with on'. 

Finally, the arbitrary constants which should be added to ? ' 
the integrals of formulae (g) and (k), will he determined by 
making t = 0 and ifj = 0, at the commencement of the motion, 
that is to say, for the given initial value of r* 

VOL. II. 
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419. We now proceed to take notice of some general pro~ 
perties of the motion which has been determined. 

1st By the formula of No. 408, the expression for the 
square of the velocity of dm the element of the moveable, will 
he 

' (<7*i - ry { y + (r®, - pz,) a -f (jry x - qz x ) a . 

If this quantity be multiplied by dm , the living force of this 
material point will be obtained (No. 361) ; and then, by inte- 
grating throughout the entire extent of the mass of the body, 
the sum of the living forces with which it is actuated at the 
end of the time t will be determined. Now, if the terms mul- 
tiplied by dm, \z x x x dm> $y x Z\dm, be suppressed, because 
the coordinates x u y X9 z x are referred to principal axes, and 
if we take into account the values of the moments of inertia 
a, b, c, we obtain for this sum(s) 

Ap 9 + b q % -f- c?- 2 ; 

lienee it appears that, in virtue of equation (e), the sum of the 
living forces of all the points of the moveable, is constant 
during the continuance of the motion. 

2nd. If 0 denotes the angular velocity about the axis of 
the principal moment, which axis iB supposed always to co- 
incide with o z 9 this component of the velocity w relative to 
the inst antane ous juris, may be obtained from this last, by 
multiplying it by the cosine of the angle which the instan- 
taneous axis makes with the axis o z\ therefore by No. 407, 
we Bhall have 

0 = a ,r p + V f q + d f r ; 

and if there be substituted for a", 6", e", their valueB found in 
No. 417, we shall obtain(tf), by having regard to equation (e). 



Therefore the angular velocity of the moveable, resolved 
parallel to the plane in which the primitive percussion wus 
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made, is constant, and equal to the sum of the living* forces of j 
all the pointB of the body, divided by the moment of this per- 1 ' 
cussion with respect to the fixed centre. 

3rd. If a/, y'y a', be the coordinates of any point whatever 
of the instantaneous axis, referred to the axes ox Li oy u oz l9 
and u the distance of this point from their origin o, then as 

-, -, - are the cosines of the angles which these lines make 

0) (i) (i) 

with the instantaneous axis (No. 407), we shall have 


*= P A y = 

t i ) it) 


5 

10 


if therefore equations (o) and (f) be multiplied by — 5 , they 


will become 


Aar* + b y % + cz* = 


hu * 

or 8 ’ 


iV + ny+cV=^-; 

0 ) 

and by eliminating between these equations, we shall ob- ] 
tain 

a(A 3 — a/a ) a/ a -f- b (A 3 — b/a)^ + c (A* — cfyz** = 0 ; 

hence it follows that the instantaneous axis of rotation exists 
always on the surfimejof a cone _of the ^seegnjd degree, which 
can be traced in the interior of the moveable, when the con- 
stants A and A are known. This cone is changed into a plane, 
when the square of k is equal to one of the products a/a, d/a, , 
c/a; it becomes alright gogg with a circular base, the axis of | 
which is one of the three principal axes relative to this point, | 
when two of the coefficients of the preceding equation are equal. 

4th. om or o z 9 the axis of the principal moment of the 
quantities of motion, being immoveable, the series of lines 
along which it traverses the body during the motion, will 
exist on a cone whose summit is at the point o. Now this cone 
is of the second degree as well as the preceding. In fact, if 
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2 t", y", z!', be the three coordinates of any point whatever of tho 
axis owi referred to the axes 0 X 1 , oz/i, os? , and if the distance 
of this point from the origin o, be denoted by «i , we shall have 

x" — a'% , y" — 6"«i j z" — 


and, consequently, 

he?' ky" hz" 

* P =_, »}=-, «•=-. 

By substituting these values in equations (e) and (f)> there 
results 

*£+*c 


z m + y" 2 4* = ^i a ; 


and by eliminating u* y we obtain 

+ A a --. c/t )^ - 0, 

which is the equation of the surface of the cone in question. 

1 6th. In order that this cone and the preceding bo not 
| imaginary, it is necessary that the three quantities A a — a A, 
— n A, K 2 — cA, should not be affected with the same sign. 
This being the case, if a be the greatest, and c the least of tho 
ithree principal moments of inertia, the two quantities A 9 — aA, 
and A s — cA, must be of opposite signs. Then, according us 
the sign of the third quantity k* — bA is the Bame as that of 
A a — aA or — cA, the sections of these two cones will be 
ellipses perpendicular to the axis of the greatest or to the axis 
of the least moment of inertia. Consequently, during tho 
continuance of the motion, the instantaneous axis of rotation 
will only deviate from one of these two principal axes by finite 
quantities, and, at the same time, this principal axis will not 
deviate except by finite quantities, from o m the axis which 
is perpendicular to the plane passing through the direction of 
the primitive percussion and the point o. 
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420. When oi, the instantaneous axis of rotation (fig. 3), 
deviates very little from one of the three principal axes, for ex- 
ample from the axis ozi, during the entire continuance of the 
motion, its position and that of the moveable at any instant 
whatever, may be determined in a very simple manner, without 
having recourse to elliptic functions. Indeed, this other solu- 
tion of the problem, which we now propose to give, is only an 
approximation, but it may be carried to any degree of accuracy 
we please ; and we advert to it here particularly, as it enables 
us to complete what has been stated in "No. 389, respecting 
the mechanical properties of principal axes. 

We have (No. 406) 


sin ioz k = 


V p % + <f 


and since by hypothesis, the angle io^ is very small, p and 
will be small fractions of r ; and if their product be neglected, 
the first of equations (d) becomes reduced to dr = 0, and gives, 
by integrating, r = «, n being an arbitrary constant, which 
expresses the velocity of rotation of the body, or tbe value of 
y/ p* + <f -f- r*, the Bquares of p and q being also neglected. 
The two other equations (d) will become 

n dxq + (a — c) npdt = 0, 

* ( 1 ) 

a dp + (c — n) nqdt = 0. 

In order to integrate them, let us assume 

p = /3 sin (nft + y), q = j3' cos ( n‘t + y), 

/3, j3', y, being constant quantities. If these values of p and 
q be substituted in equations (1), and if the sine or cosine 
which occurs as a common factor to all their terms, be sup- - 
pressed, there results 

n{3 V — (a — c) fin = 0, a/3 n' — (u — c) (3'n = 0 ; 

hence we obtain(w) 
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„, = „y/£E°Hi=£), 

AB 

j 3 '= a \/ a (a — c) 5 
P = a/B(B-c); 

ujicing a constant, which, as well as y, remains arbitrary. If, 
therefore, in order to abridge, we make 

a/ JT- c) (b - c) 

AB 9 

there will result 

p = a V^b (b — c) ain ($nt + 7), 
q = a \/a (a — c) cos + 7) ; 

these will be the complete integrals of equations (1). 

If the instantaneous axis 01 be projected on the plane of 
the axes of Xi and y u and if the angle which this projection 
makes with the axis of i/j be denoted by we shall have(t?) 

( tang? =|; j 

moreover, the value of Bin io2,,when p a and q* are neglected, 
with respect to »■*, becomes reduced to 

sin ioz, =i V p 1 + q*. 

Consequently, the preceding values of p and q will make 
known immediately, at each instant, the position of the axis of 
rotation in the interior of the moveable. The following con- 
sequences result from what has been just established. 

421 . If at the commencement of the motion, this line coin- 
cides exactly with the axis o then we must have p — 0 mid 
1 = 0> when t = 0 ; in order that this may he the case, it is 
necessary that the constant a should be cipher. We shall 
then always have p = 0, q = 0, and the instantaneous axis 
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oi will coincide, during the continuance of the motion, with 
the axis o z x , which will remain immoveable (No. 405). When, 1 
therefore, a body retained by the fixed point o commences to 
turn about one of the three principal axes which intersect in ; 
this point, it will continue indefinitely to turn about this axis, j 
as if it was entirely fixed; this property has been already) 
established in No, 389 (a;). 

But, if at the commencement of the motion, the axis oi 
deviates ever so little from oz x , the initial values oip and q , and, 
consequently, the constant a, will be only very Bmall. Now, 
in order that the values of p and q may always continue very 
small quantities, the constant 8 muBt be real, for when it is 
imaginary, the sines and cosines contained in equations (2) 
become, by known formulas, real exponentials, and the values 
of j? and </, which result from them, increase indefinitely with 
the time t(y ). The reality of 8 requires that the principal 
moment c, should be the greatest or least of the three moments 
of inertia a, b, c. Therefore, when the instantaneous axis of 
rotation is made to deviate, ever bo little, from the principal . 
axis, which refers to the mean moment of inertia, this deviation 
increases with the time, and does not continue within very narrow 
limits ; and, on the contrary, when it is caused to deviate ever 
so little from the principal axis to which the greatest or least 
moment of inertia refers, its elongation from this axis is always 
a very small quantity, so that it makes only very small ex- 
cursions at each side of it, during the entire continuance of the , 
motion. 

There is, therefore, an essential difference between the 
three principal axes of the moveable which intersect at the 
fixed point o ; if a be the greatest and c the least of the three 
quantities a, d, c, the motion of rotation will be stable about 
the axes OE| and o^i, and only instantaneous about the axis 
o y t . If, for example, the moveable bo n homogeneous cllip- ' 
soid retained by its centre of figure, the motion of rotation is 
stable about the greatost or least of its three principal diame- 
ters, and instable about its mean diameter. 
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422. Iii the case of instable motion, formulae (2) will only 
express the approximate values of p and q during the first 
instants of the motion, and while they are very small, jis ig, 
imp li ed in equations ( 1 )^ from whence they are deduced. In 
order to obtain the values of p, r, at any instant whatever, 
it is then necessary to recur to the rigorous solution of the 
problem. In the case of stability, the approximate values of 
p and q furnished by equations (2), will BubBist during the 
entire continuance of the motion ; those of the three angles 
i/j, 0 , (pi may he determined in the following manner. 

We shall suppose as in No. 418, that the motion has been 
produced by the impact of a mass p> all whose points are 
actuated by a velocity v parallel to the line fb passing through 
the centre of gravity of p, and comprised in the plane of 
the axes of x and y. Equations (i) will constantly obtain, 
and if the distance of this line from the point o be denoted 
always by^ the quantity h which occurs in them, will be still 
equal to pvf the moment of the initial percussion. In conse- 
quence of r =: n and of formulae ( 2 ), these equations (i) will 
become^) 


sin 0 sin 0 = 
sin 0 cos (j> == 


ai/b(b — c) 

1 wT 

B V^A (A — C) 


wf 


cos 0 = 


c n 

) Wf' 


sin (Sn£ -f y), 
cos ( 8 nt + y), 


( 3 ) 


As the angles 0 and are given at the commencement of 
j the motion, the values of the two constants a and y can he 
obtained by making t — 0 in the two first of these equations* 
Then, if, the constant n w ns det ermine d, these two equations 
would make known the values of <j> and 0 at any instant what- 
ever. I t ifi n.ee essary that^ a should b e a very small quantity, 

• m order that the values of p and q furnished by equations ( 2 ), 
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may be very Bmall, as lma been supposed. This being the 
case, 0 jrill Constantly a very small angle, and the principal 
axis o z i9 from which the instantaneous axis deviates very 
little, will itself deviate very little from the axis oz 9 which is 
perpendicular to fb the direction of the primitive percus- 
sion^'). 

If the square of 6 be neglected, the third equation (3), is 
reduced to(fi') 

[jivf— c n ; 

by means of which the constant n will be known, this is very 
nearly equal to the angular velocity of the moveable about 
the instantaneous axis. 

In like manner, the third equation (7) of No. 410 will be 
reduced to 

ndt — d(j) — dip ; 

from which we obtain 

= C + <j> - nt) 

in which c is an arbitrary constant that can be determined from \ 
knowing the initial values of tj> and \p. By means of this last j 
equation, the value of the angle ^ at any instant whatever can J 
be known ; and this completes the solution of the problem. 

423. When the moveable is a solid of revolution, the axis 
of whose figure is oz b n = a; and the first equation (d) be- . 
comes dr = 0 ; r is therefore’ equal to an arbitrary constant 
n ; and all the formula of No. 420, as also equations (3), 
rigorously obtain. 

It is then no longer necessary that the angle 0 should be 1 
very snjaUj but, in virtue of the third equation (3), its value is 
constant during the motion, so that the axis of figure of the 
moveable describes about oz 9 which is perpendicular to fe the 
direction of the primitive impact, a right cone with a circular i 
base. If the constant and given value of this angle 0bede-| 
noted by e, we shall have 

fivf cos e = CM, 


VOL. II. 
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by means of 'which the constant n can be determined. I/do 
wise, from the two first equations (3), we can deduce(r') 


jiV / 3 8m a e = a 2 a 3 (a — c), 


which will enable us to determine the constant a ; and in virMi*« 
of equations (2), o» the angular velocity about theinBtantamuim 
axis will be (No. 406) 



from which it appears, that this velocity will be constant* 
that the moveable will revolve uniformly, as well about th»' 
instantaneous axis, in virtue of this velocity, as about its UM » 
of figure, in virtue of the velocity n. 

From the two first equations (3), we can also obtain 

tang <p = tang (8w£ + 7), $ = + 7- 

The third equation (7) of No. 410 becomes 
ndt = 8 7idt — cos ed\p ; 
from which we obtam(^) 


4 






(1 - 8) nt _ e wf t 

COS E A 9 


in which c denotes an arbitrary constant introduced by the m 
tegration ; consequently, the angles and ip, the first niv.»* 
sured on a plane perpendicular to the axis of figure, and tl»*’ 
second measured on a plane passing through the primitive 
direction of the impact and the point o, vary uniformly. 

424, As the stability of the motion about the priin'i|<H4 
axes of the greatest and least moments of inertia, has been in 
ferred from equations (2), which, strictly speaking, arc mih 
approximations, some doubts may exist ob to the accurun 
ithis conclusion; but the stability in question may bo rijjn 
rously demonstrated by means of (e) and (f), the exact ini* 
j grals of the equations of the motion. 
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In fact, if tlie first multiplied by c be taken from the 
second, we obtain 

a ( a - c) p 2 + b (b - c) = d ; (4) 

in which, for conciseness, the constant A a — cA i9 denoted 
by d. If, therefore the instantaneous axis deviates very 
little from the principal axis 02 ls at the commencement of 
the motion, so that the quantities may be very small at this 
epoch, the ^constant will be likewise very small; hence it 
follows, that /when the signs of the two differences a— c, b — c 
are the same, the values ofp and q must remain very small, 
while the motion continues; for in virtue of equations (4), it 
is necessary that their squares, multiplied by quantities having 
the same sign, and then added together, should give a sum 
which is always a very small quantity. We can also in this 
case, assign limits to the values of p and y, for it is evident that ' 
we shall always have 

P 2 £ r, q £ “7 r. 

But if the differences (a— c) and (u — c.) have contrary signs, 
then, though the constant d may still be supposed to be very 
Bmall, it is easy to conceive that equation (4) may nevertheless 
be satisfied, without the necessity of supposing that the values 
ofp and y continue always very small ; and in fact, it appears 
from the analysis of No. 42$, that then these values cannot be 
supposed to be very small during the entire continuance of 
the motion. 

Finally, the principal axes relative to the fixed point o are 
the only ones which can remain the same in the interior of 
moveable, and continue at rest, when they are not entirely 
fixed, as has been already observed in No. 389. This may, 
in point of fact, be deduced from equations (d). For, in order 
that the position of the instantaneous axis of rotation may re-/ 
main always the same, it is necessary that the three quantities 
/?, y, r should be constant. Therefore we have dp — 0, dq = 
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dr — 0 ; by means of which, equations (d) become reduced 
to 

(b — a )pq — 0, (a — c)rp = 0, (c — l \)qr = 0. 

If the three moments of inertia a, b, c are unequal, two of 
the three quantities/?, 5, r must be equal to cipher, in order to 
satisfy these equations ; and then the instantaneous axis will 
coincide with one of the three axes o# l5 oy u 0£i. If two of 
these three moments of inertia are equal, so that we may have 
u = a, for example, the first equation will disappear, and the 
two others will he satisfied by making r = 0 . Consequently, 
the instantaneous axis will then he situated in the plane ot 
the two axes oel and o y l ; but we know that in such a case, 
all lines existing in this plane, and passing through the point 
o, are principal axes ; therefore the immoveable axis of rota- 
tion will be still a principal axis. Finally, when A zH - C 9 
these three equations are identical, and the values of /?, {/, r 
may be arbitrarily selected ; but, in this particular case, all 
lines which pass through the point o are principal axes ; in all 
cases, therefore, the axis of rotation must, if it remains im- 
moveable, be a principal axis. 

III. Solution of a particular Case of the Motion of Halation 
of a heavy Body . 

425 . When the fixed point o is not the centre of gravity 
of the moveable, we have not hitherto been able, when the 
action of gravity is taken into account, to integrate the system 
of equations (7) and (b), except in the case in which the 
moveable is a solid of revolution, on whose axis the point o 
exists. It is this particular case which we now proceed to 
1 consider. 

Let us suppose that the principal axis os, is the axis of 
figure, and that, consequently, b z= a. Likewise, let us sup- 
pose that g, the centre of gravity of the moveable (fig. {)), 
exists on the axis of the positive z Xsi in which case (No- 
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413), tt=0, |3 =0, and 7 is a given positive quantity, 
that denotes the distance og. As the axis oz is vertical, 
and drawn in the direction in which the force of gravity 
acts, the angle 0 or zozi , will be acute or obtuse according as 
the point g exists below or above the horizontal plane drawn 
through the point o. In these two cases, equations (b) will 
become 

c dr = 0, 

kdq — (c — a) rpdt = ya"Mpd£, (1) 

kdp + (c — a) rqd.t = — 'yb fr Mydt, 

in which the quantities a!* and //' are, by equations (c), equal 
to — sin 0 sin^, — sinGcos^, respectively. The Bection of 
the moveable perpendicular to its axis of figure, and passing 
through the point o, is termed its equator . Let nen'e' be 
this section, and non' the line in which it intersects the hori- 
zontal plane passing through this fixed point. As all lines* 
passing through this poiut and comprised in this section, are 
principal axes, the angle (p may be referred to any one of them 
indifferently ; and, e being a determined point of the moveable, 
the angle noe may be assumed to be equal to 0. The angle 
1 //, the differential of which occurs in the third equation (7), 
will be the angle no# reckoned from the fixed line o:r, drawn > 
arbitrarily in the horizontal plane. Therefore, at any instant 
whatever, we shall have 

zoz x zz 0, noe— </>, no 

and it lias been already sufficiently explained, in No. 378, 
how the position of the moveable can be determined without 
any ambiguity, by means of the three angles 0, 0. 

42G. By the first equation (1), we shall have r = n 9 in 
which u denotes an arbitrary constant. Hence it appears, that 
the motion of rotation, parallel to its equator, will be uniform. 
In order to define the direction of this motion, we Hindi sup- 
pose that the point n is the ascending node of the equator; so 
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that when the point e attains to the point n, its radius eo will 
ascend above the horizontal plane, in virtue of the angular 
velocity w, which will be then a positive quantity. In fact, 
by the third equation (7) of No. 410, we shall have 

(fy n ndt + cos ddxp. (2) 

When the point Bis at n, the angle <p is either cipher or a multiple 
of 27 t, and, in the following instant, it will ascend or descend, 
according as <£ increases or diminishes (No. 378) ; therefore, 
in order that the point e may ascend, as it is supposed to do, 
the motion of the body parallel to its equator being solely 
taken into account, it is necessary that the first term of the 
value of d(p should be positive. 

j i being the case, if its second term is likewise positive, 

1 it will increase the value of which will therefore be greater 
than if the node n was immoveable; consequently, its motion 
| Projected on the equator will be retrograde , or in a direction 
j contrary to that of the motion of thehody parallel to this plane, 
i ■^ le con trary will be the case, and the motion of the node 
will be direct , when the second term of the value of dtp is ne- 
> gative. In this second case, if the Becond term surpasses tlie 
; value of d(p will be negative, and the point 

, e, after having arrived at n, will descend beneath the hori- 
zontal plane, instead of ascending above it ; but this should not 
prevent us from considering the point n os always the ascend- 

,ing node, with respect to the motion of the body about its 
axis of figure. 

Hence then it appears, that the direction of the motion of 
,,the ascending node n, will depend on the sign of the product 
I of cosB and d\p at each instant; and this motion will be direct 
or retrograde, according as eos0 and d\p have contrary or the 
same signs. 

. f 27 * If equations 0) be multiplied by c", b", a", respec- 
tively, and then added together, there results, as in No. 415, 

ctf.rr" + + A rf.pa" = 0 ; 
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hence, as r = », c" = cos 0 , we shall obtain by substituting 
for a" and V 1 their values, and integrating, 

cttcos0— * A(psin0 sin<£ + jsin0cosqE>) = l ; (3) 

l being an arbitrary constant, which expresses, as in the number 
cited above, the moment of the quantities of motion of all the 
points of the body with respect to the axis o z. Therefore, in 
the motion which we are now considering, the moment of these 
quantities of motion is a constant quantity ; however this is 
only the case with respect to the vertical axis, and not with 
respect to all axes passing through the point o. 

If the two last equations ( 1 ) be respectively multiplied by 
q and p y and then added together, we obtain 

a ( pdp + qdq) — y (jpsinfl coa^ — t/sinfl shxfyMgdL 

But it appears from the two first equations (7) of No. 410, 
that 

d9 

p sin 0 cos (j> — (/sin 0 sin (p = — sin 0 — ; 

consequently we shall have 

A ( pdp + qdq) =. — M gy B\n9dQ ; 

and by integrating and denoting the arbitrary constant, in- 
troduced by the integration, by A, there will resul t 

A (p a *4- q 1 ) = 2 cos 0 + A. (4) 

Moreover, by equations (7), cited above, we have(e') 

# , 

p sin 0 sin + <7 sin 0 cos <p = sin 0 ^-, 




by means of which, equations (3) and (4) can be changed into 
the following : 


. o/i d\b 

cncos0 — Asin a 0^- = b 


i (sin a 0^- + = 2 M 0 y cos 0 + A. 
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1 The values of dt 9 d 0, d(j> will be furnished by equations (2) 
and (5), each of them will be of the form f OdO ; therefore, in 
order to obtain the values of t , 0, 0 in functions of 0, it will be 
only necessary to integrate these three differential formula* ; 
andj in all cases, their three integrals are reducible to elliptic 
functions. But without having recourse to these functions % 
we can also obtain approximate values of 0, 0, 0 in functions 
of t, in the examples which will be given farther on, after that 
7i, Z, A, the three arbitrary constants contained in the throe 
preceding equations, shall have been determined. The throe 
new constants which are introduced in those last integrations, 
can be determined by the values of 0, 0, 0, when t = 0 ; thul 
of 0 will be given; and the Initial values of i p and 0 may Ur 
assumed to he, if we please, 0 — 0, 0 := 0. 

428. Whatever the quantities of motion with which the 
points of the body are actuated at the commencement of tin* 
motion may be, their principal moment relative to the point o, 
and the direction of its axis will be known, by means of tin* 
percussions impressed on the moveable at this instant, with 
which these unknown quantities of motion, estimated in a 
direction opposite to that in which they actually move, should 
constitute an equilibrium (No. 353). If by the rule of No* 
281, this principal moment be decomposed into three other 
moments, whose rectangular axes may be the part o Z\ of tin* 
axis of figure, which contains the centre of gravity g, a right 
line perpendicular to o z l9 and comprised in a vortical piano 
passing through o z and oz l9 and a horizontal line perpen- 
dicular to this plane; as these three lines are principal axes 
the value of the moment with respect to oz l5 will be ct or vn 
(No. 409) ; it would therefore make known the value of // ; 
but we, on the contrary, will suppose that this velocity is 
given directly, and assume this moment to be equal to c«. 

If the moments of the forces, with respect to the second 
and third axes, be denoted by ^ and m respectively, then tin* 
initial value of the principal moment will be + + ; 
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and because b zz a. and r zz its square, at any instant what- 
ever, will be a a (p 2 + q a ) + c W (No. 409); therefore if the 
initial value of the angle 0 be denoted by a, we shall have, in 
virtue of equation (4), 

(2m gy cosa + h) a n p* + wi a , 
at the commencement of the motion ; from which we obtain 


As 


fi 2 + m 2 
A 


2 m gy cob a. 


The axis of the moment denoted by fi will make with o z an 
angle equal to a 4- 90 ; and a s the axis of the moment m ' ia 
perpendicular to this vertical, this moment will not affect the 
value of Z, the moment relative to o z ; therefore by the general 
expression of e of No. 281, we shall have simply^') 


l = cncosa — /Ltsina. 

The angle a which occurs in these values of h and Z, will 
be acute or obtuse, according as g, the centre of gravity of 
the moveable, is at the commencement of the motion, below 
or above the horizontal plane passing through the point o. 

429. In order to verify these different formulae, let m, the 
mass of the moveable, be supposed to be condensed into its ' 
centre of gravity, by which means it is changed into a simple 
pendulum the length of which is y. 

In this case, it will not be necessary to consider the angle 
<p 9 and the motion will depend solely on the angles i p and 0. If 
at the commencement, the material point g is actuated by a 
velocity k f perpendicular to go and directed in the plane qoz, 
and by a velocity k perpendicular to this plane, we shall have 

H = My A, m = Myh\ 

We shall likewise have 

c — 0, a := My s ; 


VOL. IT. 


T 



138 


PARTICULAR CASE OP THE MOTION 


from which there will result 

A = (A* A' 3 — 2 r/y cos a) M, / zz — My A sin a ; 

equations (5) will become 

Y8in a 0^ z: Asina, 

r 4 (sm*0 ^ ) = & + + 2^7 (cos 0 - cos a) ; 

and it is easy to make them to coincide with equations (5) and 
(6) of No. 205. 

The fir9t multiplied by ^ydt 9 indicates that the area de- 
scribed about the point o during the instant dt , by the hori- 
zontal projection of go the radius vector of the moveable, is 
constant and equal to its initial value | 'yAsina(<7 / ). The first 
member of the second equation is the square of the velocity of 
this material point at the end of the time t ; and as A a + h n in 
J the square of the velocity at the commencement of the motion, 

» this equation is in fact the formula of No. 159. 

430. In the case of a body which is not reduced to a mate- 
rial point, if the moveable is made to deviate from its position 
of equilibrium, and if after a velocity of rotation is impressed 
on it about its axis of figure, it is then remitted to itself, the 
two quantities n and m will be cipher, and we shall have 


Z=c?ico9a, h = — 2M<7'ycos« ; 


by substituting these values of l and A in equations (5), they 
will become 


. nndll cn . « v 

sm a 0 — (cos 0 — cos a), 

8m ^ dt* a — ( cos ® C0S 


(«) 


It appears from the second, that the difference cos 0 — 
eoa a is always positive, and from the first, that the differential 



OF HOTATION OF A HBAVY BODY. 


139 


d\p is so likewise ; consequently (No. 426), the motion of the 
ascending node N will be direct when cob 6 is negative, which 
implies that a the centre of gravity is above the horizontal 
plane passing through the point o ; and this motion will be 
retrograde, when a is below this plane, in which caBe cob 9 is 
positive. 

When n is cipher, the differential dip , and, consequently, 
the differential d<f> given by equation (2), will be cipher ; 
therefore, the angles ip and 0 will be constant and may be 
assumed to be equal to zero ; the motion will be changed into 
that of the common pendulum about an horizontal axis, rela- 
tively to which the moment of inertia is a ; and in fact, if chp 
be made equal to cipher in the second equation (6), it is re- 
duced to equation (a) of No. 394, when in this last, the initial 
velocity is supposed to be cipher. 

If ^ be eliminated between the two equations (6), there 
results 

sin 2 0 [sin 2 6 — 2 j3 2 (cos 0 — cos a)] (cos 0 — cos a) , (7) 

tit A 

in which, for conciseness, we make(/*') 

My _ 1 c V ^ 4 <yj3 a 

T~a’ "a 5 " = ~T~ ; 

rifl 3 

in this valuo of Bin* 2 0-^, A is the length of the simple pen- 
dulum, which would perform its oscillations in the same time 
i\B the moveable, if the velocity n was cipher. At the same 
time, the first equation (6) will become 



in which /3 must be regarded as a given positive quantity. 

The approximate values of 0 and t which are deduced from 
these equations (7) and (ft), and that of 0 which results from 
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equation (2), may be easily expressed in a finite form, in the 
two cases that have been discussed. 

431. If in the first place, oz l the part of the axis of figure 
which contains g the centre of gravity, is supposed to deviate 
by a veiy small quantity from the vertical o z at the com- 
mencement of the motion, so that the angle a may be very 
Bmall, then the angle 0 will be also very small, for we have 
always cos 0 > cos a ; hence, if the fourth powers of a and 0 
be neglected in the expansions of cos a and cos 0, equations 
(7) and (8) will become(t 7 ) 

It appears from the first of these equations, that 9 , which 
must he always a positive quantity (No. 378), can never he 

greater than a, or less than — ^ a — . By resolving it with 

V" l -h(3 3 ^ & 

respect to dt } we obtain 



^[(l + p 2 )^“i3V](a a -0 4i ) 5 


and as the denominator is to be always regarded as a positive 
quantity, the numerator must be affected with the infeiior or 
superior sign, according as 0 increases or decreases. 

Let us assume, in order to facilitate the integration, 

0 = a sin u, dO = a cos udu ; 

there results by substituting these values in the preceding 
equation, 

sfi-dt - ± d.COHU 

^ V \ — (1 + fit) COB 4 U " 

Therefore, by integrating, we shall have (A') 
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t / 1 + j3 a r: c ± arc (ain = V 1 + j3 a cos u) ; 


c being an arbitrary constant introduced by the integration. 
When t zz 0, we have 0 = a and cos u = 0 ; the angle which 
corresponds to the sine ' cipher, is either cipher or Borne mul- 
tiple of 7 r; therefore, we have c =: tV, in which i denotes an 
integral number either positive, negative, or cipher; by sub- 
stituting in the preceding expression for cos u its value, we 
shall have 

t - V 1 + ]3 2 n in ± arc ^Bin = ^ s/ a 4 — 0 “^ * 


Qa 

As the angle 0 decreases first from 0 = a to 0 s — — — 


Vi+fi 1 ' 

we should take the superior sign in the preceding equation, 
and make % = 0 ; and as it then increases from this last value 
to 0 = a, we should take the inferior sign, and make i = 1 ; aa 

it again decreases from 0 zz a to 0 =: — ? the superior 

sign should be taken and i made = 2, and so on. It is in 
this manner that we should determine the arbitrary constant, 
which should be added to an are of the circle which is sup- 
posed to he a function of its sine, but it is simpler to pass 
from the arc to the sine, previously to this determination. 

We shall have at any instant whatever, by means of the 
preceding equation(f), 


“ a 


1 + /3‘ 


: sin 3 1 


i/ffil+i 2 


Denoting by T the time iu which the angle 0 pusses from 

its greatest value a to the least value that immediately follows 
it, or in which it returns from the least to tho greatest, wo obtain 


T 



A 

*(i+PV 
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By means of this value of that of d\p 9 which is given 
hy the second equation (9), will be(»i / ) 


PVfO+PV* 

/ 3 3 + COB 3 t V 



We obtain by integrating and assuming \p = 0 when tzi 0, 




arc 



pune 

A 

Vi+w 



toy means of this formula, the retrograde motion of the ascend- 
ing node N, on the horizontal plane passing through the point 
o, can toe determined^'). If the constant fi is not cipher, the 
values of the arc comprised iu this formula will toe 


arc (tang = ») = arc (tang = 0) = tt, 
arc (tang = — ») = £*•,& c., 

at the end of the first, second, third, &c., intervals of time t ; 
consequently, the arc described by the point n during t> the 
first interval of time, will be 


i// = iir — 


$ir (3 


l/l + 0 3 ’ 
during the two first intervals t, it will be 


4 > — IT 


tt/3 


at the end of the three first, we shall have 


and so on. 


^ = £ir 


M 

Vl + / 3 i! 


It appeal's from what has been now established, that the 
arcs described toy the node n during the successive intervals 
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Tj will be nil equal to each other, and that their common 
value will be 



(j3 + / 1 + j3 a ) V'l +(3*’ 

which will always he so much smaller, as the constant j3 in a 
greater number. 

With respect to the value of </>, it appears that if the square 
of 0 be neglected in equation (2), and if 0 = 0 when t = 0, 
we shall have 

<p ” fit + \ 

the value of (p being thus known, the position of the move- 
able at any instant whatever, will be completely determined. 

432, Whatever be the magnitude of the angle a, let ub Bup- 
poso that the angle 0 continues very nearly constant, and, 
consequently, that it differs very little from a during the mo- 
tion ; then if we make 

0 zz. a — ■ M, dO — ^ du ; 


the angle u must be considered as a very small variable. By 
neglecting all powers of u higher than the square, we shall 
have (o') 

sin 2 0 = sin 2 a — u sin 2a + u 2 cos 2a, 
cos 0 — cosa = Msina — cos a\ 


and at this degree of approximation, equation (7) gives 

- ^ =: 2u sin ct — u* (cos a + 4/3 2 ) ; 

9 d? 

hence we obtain (p') 



du 

V^2 u sin a — u 2 (cos a + 4/3 a ) ’ 


By integrating, and observing that u = 0 when t = 0, 
there results^') 
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t V ^ (cos a + 4j3 a ) =: fire [^cos = ^1 — U ^ ^ 


and, consequently. 


«= ~T7 02 F 1 ^ co *t\/ 1 (cosa + 4)3 a )l. 

cos a + 4 [3 3 L X v J 

In order that the variable u may be always ft very small 
quantity, as has been supposed, it is necessary that j3 should 
be very great, and this, in general, requires that there be 
impressed on the moveable a very great rotatory velocity 
about its axis of figure. We can then substitute 4j3 2 for 
cos a + 4J3 2 , and we shall have more simply^), 



If in equation (8), a — u be substituted in place 0, we shall 
obtain, by neglecting the square of m, and assuming that the 
angle a is not cipher, in which case the factor sin 3 a, common 
to both members, may be suppressed(^), 



We shall have at the same time, in virtue of equation (2), 
and by assuming that the angles <J> and ^ are cipher at the 
commencement of the motion, 

^ = nt + $ cos a; 

and thus the position of the moveable, at any instant whatever, 
will be completely determined. 

From the equation 0 — a — w, and from this value of t //, it 
may be inferred, 1st, that when the moveable on which a very 
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considerable rotatory motion has been impressed about its arig 
of figure, is made to deviate from the vertical direction, the 
inclination of its equator on the horizontal plane passing 
through the point o, remains very nearly constant, during the 
entire continuance of the motion which results ; 2ndly, that 
at the same time the intersection of these two planes acquires a 
motion very nearly uniform, and very slow relatively to the ro- 
tation of the moveable, which, as has been stated in No. 430, 
is direct or retrograde, according as the centre of gravity of 
the body is above or below the horizontal plane. Unless in 
the case when the angle a is cipher, the angle \fj and the mo- 
tion of the node are independent of its magnitude ; u the in- 
equality of the inclination of the equator, and the inequality 
which has place in the motion of the node, are always less sen- 
sible, as the rotation is more rapid, and the quantity J3 more 
considerable. 

Most of the lecture rooms of natural philosophers, are now 
furnished with the machine invented by Bohnenberger, by 
moans of which the various circumstances of this motion of 
rotation are accurately represented, in like manner as all 
the phenomena of the motion of heavy bodies are exhibited 
by Atwood’s machine. The rotatory motion is produced by 
means of a thread wrapped round the equator of the moveable, 
and attached to one of its points, which iB rapidly unrolled, 
as when a humming top is made to spin. 

It may be remarked that when a is cipher, 0 is so likewise, 
this renders equation (8) an identical one, and the angle ^ in- 
determinate ; in this case, the angle <p — ip, that is equal to 
nt, represents the motion of the body about its axis of figure, 
which continues always vertical. 


VOL. II. 
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CHAPTER V. 


OP THE MOTION OP A SOLID BODY ENTIRELY PRISE. 

433. In order that the motion of a solid body in space 
may be more easily understood* philosophers substitute two 
other motions for it, one of rotation about n c>7ie of t he points of 
the moveable, and the other of translation , in which all its 
points participate. This is evidently the same thing, ns if, 
iat any instant whatever, the velocity of each point was con- 
sidered to he the resultant of two other velocities, one of 
which is equal and parallel to that of the point which lms 
,been taken as the centre of the motion of rotation, and of 
Jwhich the other is peculiar to each point of the moveable ; by 
Imeans of these particular velocities, the body turns about llio 
centre, as about a fixed point; and, in virtue of the common 
velocity, all its points are transferred in space, with u motion 
,in which they all participate, but which does not in any man- 
‘ner-affect the motion of rotation. 

The motion of translation may be in point of feet one of 
revolution about another body, which last may he either itself 
fat reBt or in motion, (if a given face or section of the move - 
able remains constantly parallel to itself, the body has no mo- 
tion, .of rotation if the moveable presents always the sumo 
‘ face towards the central body, the rotation is performed in tins 
some time as the revolution about this central body. Tliirt 
second case obtains in the motion of the satellites about their 
Respective primary planets. The moon presents always the sumo 

i p! the r*’ S ° ^ ^ radhs Tector drawn from the contie 
1 1 ,5^ * 1110 of 1116 moon > ^eets the surface of 

e satellite always in the same point (No. 141)(a) ; hence it 
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follows, tliat the rotation of the moon on its axis, and its re- 
volution about the earth, are performed in the same time, 
namely, 27 rf , 32166. It is demonstrated in the Mechanique 
Celeste , that this equality between the two motions will always 
subsist, although the motion of revolution should be accele- 
rated from one century to another (No. 244); so that the 
motion of rotation must participate in this acceleration, the j 
cause of which has been assigned by Laplace. 

If it be merely proposed to decompose the motion of a 
body into two motions which are simpler and more easily 
conceived, the centre of the motion of rotation may be as- 
sumed to be any point we please ; but when our object is to 
determine each of these two motions in particular, we should 
assume this point to be the centre of gravity of the moveable, 
because then, in the first instant, these two motions may be j 
determined independently of each other, and in several in- 
stances, this will be also the case, during the entire continu- 
ance of the motion ; the selection of this point, os the centre 
of rotation, will always render the differential equations of 
the two motions much simpler, as wo now proceed to show. 

434. Let the centre of gravity of the body be denoted by 
g, its mass by m, and any element whatever of m by dm. Let 
x 3 2 /, z be the three rectangular coordinates of this material 
point at the end of the time which is supposed to be ,req- 
koned from the commencement of the motion, and a? ls y i9 
those of the point a with respect to the same axes ; we shall 
have 

Mai] = l&dm, M£/i = lydm, m^i = \zdm^ 

in which the integration is supposed to oxtend to the entire 
mass. If theso equations be differenced with respect^to £, the 
operation can be effected uuder the signs^jj. By this means, 
wo shall have 


" w ' = $ !*”■ M ar=S t im ’ <‘> 


f /M f / * 
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and, in order to obtain the components of the initial velocity 
of the centre of gravity, it will be sufficient to know tlia values 
of these last integrals at the commencement of the motion. 

For this purpose, let us suppose that at this epoch, 

&c«, the constituent parts of m, are actuated by tho vidocitieft 
v, t/, 1 /', &c., and that these velocities aro the sonic for nil 
the points of which each of these parts consists, so that they 
! would acquire the quantities of motion pv 9 pV, p'V', if 
they were free. By the principle of No. 353, thcro should ho 
an equilibrium between these quantities of motion, estimated 
In a direction opposite to that in which tho motion takes place, 
and those which all the points of the moveable actually acquire 
in the first moment, which taken in a direction parallel to the 
axes of x , y, z respectively, will be, relatively to dw, tho 

dz 

initial values of dt ^ df ^ m * ^ ow s 118 

of the velocities v, i/ s j/\ &c. are given, wo can resolve tins 
quantities of motion which correspond to them, in a direction 
parallel to those axes. Hence if the sums of these compo- 
nents, taken in the directions of the positive yn 9 za y he 
denoted by p, q, h, we shall have, in order to the equilibrium 
in question, as the motion Is supposed to be entirely free, 

$!*■=«. $§*■=». 


for the particular v alue f a 0. Therefore, at the conunoiicc- 
ment of the motion, equations (1) will become 





b; 


00 


from these equations it appears, that the initial velocity of the 
centre of gravity will be the same, in magnitude and direction, 
as if u, the entire mass of the moveable, was condensed into 
it, and all the quantities of motion p.v t M V, p"v", &c., nr 

their components r, q, h, were applied to it, paraUel to their 
respective directions. 
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435. We may suppose that fi 9 jz", &c. denote tlie masses 
of bodies, which, actuated by the velocities v , v\ u", &c.,* im- 
pinge simultaneously on another body at rest, and that they 
then remain attached to it, so as to constitute a total mass m, 
of which a the centre of gravity has acquired a velocity, the 


values of whose three components, namely, 


dx x dy x dz x 
dt 3 dt 9 dt 5 


are 


furnished by equations (2). 

The problem would be different if the impinging bodies do 
not remain attached to the struck body after the impact. Let 
a mass m at rest, be struck by another body in motion, which 
touches m in only one point e of its surface (fig. 10), then if the 
bodies d o not slid e on each other, during the continuance of 
the shock, or at least, if they only do so to a small extent, it 
is not necessary to take into account the inconsiderable friction 
to which it can give rise (No. 353) ; and if, finally, we suppose 
that ef is the normal to the surface of m at the point e, and 
comprised in the interior of this body, it will be shown in afol-j 
lowing chapter, that the motion of m will be the same, as if jz, aj 
certain part of its mass, whose centre of gravity is situated on | 
ef, should receive in this direction a certain velocity v com-j 
TOonJojdJ its points. Hence it follows, that ef is the direc- 
tion of the impact, and its intensity, that is to say, the quantity 
of motion pv will he determined, in that chapter, when the 
motion of the impinging body, and the form of the two bodies, 
whether elastic or non-elastic, arc given. 

This being agreed on, if v be the velocity with which a 
the centre of gravity of m is actuated, its direction will be 
along the line on, parallel to ef, and its value will be equal to 
fiv divided by m, so that we shall have 


MV = pV . 

Conversely, if v the velocity of the centre of gravity is 
given by observation, the quantity of motion impressed on 
the struck body, in the direction of the interior part of the 
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normal to the surface erected at e, the point where the impact 
is made, will he obtained, by multiplying v by m ; this pro- 
J perty belongs exclusively to a the centre of gravity, and in 
! general, will not have place for the velocity with which the 
[ point s or any other point of M, situated or not on the direction 
. of the line of impact, is actuated. 

436. In order that we may more clearly perceive how the* 
motion of rotation of a body is simplified, when it is referred to 
its centre of gravity, let us first suppose that it is proposed to 
determine this motion about c, a determinate point (fig. 1 1) of 
this body, which we will then cause to coincide with g, ita 
centre of gravity. 

Let ca denote the velocity o£ the point c, in magnitude 
and direction, and bd that of b any other point whatever of 
the moveable. Through the point b, let the line be be drawn 
equal and parallel to ca, and let the pnrallellogram bed it bo 
completed. We can substitute for the velocity bd its com- 
ponents be and bf, and if the velocity of all the points of the 
moveable be decomposed in the same manner, they will nil 
have a common velocity, equal and parallel to ca, and each of 
them will have, besides, a velocity peculiar to itself. Now, if 
a velocity equal, parallel, and contrary to ca, be impressed on 
the point b and all the other points of the body, the point cj 
will be reduced to a state of rest, without any change being 
produced in the motion of rotation about this point, which 
arises frqmjie jparticulaT_ velocities of the other points, for 
example, bf for the point b. Therefore, in order to determine 
this motion, we may consider the point c as fixed, after having 
impressed on all the elements of the body, quantities of mo- 
tion equal to the product of their masses and of the velocity 
ca, estimated in a direction contrary to ca. But aa these 
forces are p aralle l and p roportional Jjo jtheir reappp-ri yp masses, 
their resultant will be equal to their sum, and will pass through 
the centre of gravity, like the resultant offerees which arifsc 
from gravity; consequently, if we denote the velocity ca by 
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u, and the mass of the moveable by M as before, it 'will be 
sufficient to add to the given quantities of motion impressed 
simultaneously on the different parts of m, another quantity of 
motion, namely, mu acting in the direction of the line ga', 
parallel and contrary to ca. The motion of rotation about 
the point c, can then be determined by the rules of the pre- 
ceding chapter, as if c was a fixed point. This determinations 
therefore requires that we should know u the velocity of the [ 
point c 5 but if the centre of gravity coincided with this point, , 
it is evident that when the quantity of motion mu, the direc- 
tion of which passes through the point g, is applied to it, we 
need not take it into account, for any force whatever which 
passes through the centre of the motion of rotation, cannot 
influence in any manner this motion, since it cannot make thei 
body Jo turn about this point, ip, one dirQcUon ? rather than in' 
the contrary. 

It follows, therefore, that when quantities of motion given 
in magnitude and direction, are simultaneously impressed on 
different ports of any solid body, the moveable will commence 
to turn about the centre of gravity, as about a fixed point, and 
without our being obliged to add any other quantity of motion, 
to those which are given. 

437. By combining this theorem with that which pre- 
cedes, we can completely determine t he initia l m ot ion of a 
solid body of any form, whatever be the manner in which it 
has been produced. 

For greater clearness, let us suppose that the moveable, 
whoso mass is m, and centre' of gravity G (fig. 10), is struck at 
the point e of its surface by another body, which after the 
impact is detached from it. By taking for its motion of trans- 
lation that of the point a, and having regard to this motion 
solely, all tlio points of the moveable will in the first instant 
describe lines parallel to the normal ef ; we can always, as 
has been just stated, determine their common velocity, which 
will be the entire velocity of the point g ; but, for greater 
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simplicity, we shall suppose that it is given by observation, 
and denote it by v. Independently of this motion of transla- 
t tion, the body will turn about the point o ob if it was fixed, 
and a quantity of motion equal to mv was impressed on a part 
of the mass m 9 the centre of gravity of which was in the line 
1 bf. Consequently, in the first instant, the direction of the 
* instantaneous axis of rotation and the angular motion of the 
body about this axis, will he determined by equations (1) of 
- No* 418, in which we shall make 

lift = mv/v 

denoting the perpendicular gl let fall from the point g on 
the line kf. 

For this purpose, let this angular velocity be denoted by oi, 
and the angles which the instantaneous axis of rotation makes 
with the three principal axes that intersect at the point G, by 
a, J3, y; likewise, let iiek be the section of the moveable 
made by the plane passing through the point g, and the line 
ef ; through a ley^ perpendicular to this plane be drawn, and 
let a, 6, c, be the angles which this Imejmakes with the axes 
towhich the angles a, (3, y, are referred ; by formulae (3) of 
No. 406, and equations (1), we shall have 

A<jcosa z=k cos#, Dwcosj3 = Acoa6, cwcosy =s Acosc; 


in which a, b, c, denote the three moments of inertia of the 
moveable, with respect to the same axeB, By talcing the 
squares of each of these equations, and then adding them to- 
■ gether, we shall obtain, as cos 3 a + cos 2 /3 + cos 2 y zz 1, 


k>< 


t A 2 cos 3 b A a < 
+ ■ + — 


As the values of a, p^jh will he jpvenjhi each particular 
case, the velocity w will be known, and thus, by means of the 
preceding equations, the angles a, j3 9 y, can be determined, 
that is to say, the direction of the instantaneous axis. 
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If the perpendicular to the section hek coincides with one 
of the three principal axes, so that we may have, for example, 
a = 90°, b = 90°, c r Oj there will result a =: 90°, j3 = 90°, 
y = 0, and the instantaneous axis will coincide with the prin- 
cipal axis; hence it follows, that if a body entirely free, is struck 
in the plane of two of the three principal axes relative to ita 
centre of gravity, it will commence to turn about the third 
axis. If we substitute for A its value, that of the initial ve- 
locity of rotation will be, in this case(Z>), 


m yf 1 - y> 

to n • — . ' ; ’ ' 

c . ' 

Conversely, it is easy to show by means of the preceding 
equations, that the moveable cannot commence to turn about 
the perpendicular to the piano of the section her, so that 
a, (j, y, may be equal to the angles a, A, c, or to their supple- 
ments, unless this perpendicular is one of the principal axes 
which intersect at the point a(c'). 

When the moveable is cither a homogeneous sphere, orl 
one composed of concentrical strata, the perpendicular ef will! 
pass through the point o, which will be its centre of figure. 
We shall, therefore, have /= 0, k = 0, to r= 0 ; consequently,! 
the moveable will acquire no motion of rotation by the im-| 
pact. When, as is sometimes the cose, a sphere entirely free, ; 
is made, by the percussion of another body, to turn on itself, ( 
the reason of this is always because the impinging body g l ides! 
more or less on this sphere, and the motion of rotation is then) 
produced by the friction wliich takes place during the conti-| 
nuance of the impact. 

Whatever may be the form of the struck body, if the striking 
body remains attached to it, the preceding formulse will still) 
obtain, by substituting for mv, the quantity of motion which 
the second had before the shock, and by taking for f, the per- 
pendicular let fall from the centre of gravity of the two mosses,, 
on the primitive direction of tho centre of gravity of the second’ 
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body ; a, b, c, will then be the principal moments of inertia of 
the body, composed of the two united masses. 

438. We now proceed to discuss the motion of tho moss m, 
at the e nd of any, time J 9 and for greater clearness, wo Bhnll 
consider, successively, its motions of translation and rotation, 
each of them being referred to its centre of gravity. 

1st. At this instant, let x, Y, z, be tho qomponunts of tho 
given accelerating force, which acts on any element dm 9 re- 
solved parallel to the axes of a?, y, z ; the forcofi lost during 
the instant dt> by this material point will bo (No. 3!)1), when 
estimated in directions parallel to these axes, 

( z 

As the moveable is entirely free, it is necessary, in order to 
the equilibrium of the forces lost by all its elements, that tlio 
integrals of these quantities extended to the entire muss, should 
be equal to cipher ; consequently, we shall have 

$d? dw= $ idm » SS d ' 7,= S Yd,n ’ SS dm= § ssdw * 


B ut differentiating equations (1) a second time, wo obtain 



hence there will result 


M^=§zdm; (3 

' *° m whi f U a PP ean > *“* the continuance of the mo 
tton, a the centre of gravity of the moveable, moves in tli 
Bsme manner, as if the entire mass u was concentrated in it 
and the motive forces which act on all ifo points, or their coin 

ponents, were apphed to it, parallel to their respeotivo cli 
rectLons. r 

^dly. I£ after the initial 


motion of translation is dcH- 
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troyed, ns in No. 436, we suppose that at each instant, there 
is communicated to all its points, infinitely small increments 
of velocity, equal and directly contrary to that by which the 
point g is actuated at the same instant, this point will bo': 
reduced to a state of rest, during the entire continuance of 
the motion ; and the rotation about this point will not be 
altered. But, this is evidently the same thing, as if there 
was applied during the entire continuance of the motion to all 
the elements of the moveable, accelerating forces equal and 
contrary to that of the centre of gravity ; as the corresponding 
motive forces are parallel, and proportional to the masses of 
these material points, their resultant will pass through the 
centre of gravity g, therefore, they need not be taken into 
account, in determining the motion of rotation about this 
centre. Consequently, this motion will be the same at each 
instant, as if g was a fixed point, and the forces which act, at 
this instant, on the moveable, were not changed. 

These two theorems correspond to those of Nos. 434 and 
430, which refer to the commencement of the motion ; but it 
docs not follow, that during its entire continuance, the mo- 1 
tion of translation of the moveable, and its motion of rotation 
about the centre of gravity, are independent of each other, 
suit! can he determined separately, as at this commencement. 
Equations (3) will be those of the motion of translation, and 
equations (7) and (a) of Nos. 410 and 412, those of the mo- 
tion of rotation, the origin of the coordinates in these last, 
beiug supposed to be at g, the centre of gravity. Now, when 
the motive forces applied to the different points of the move- 
able depend on their absolute positions in space, the coordi- 
nates of these points, of which these forces are given functions, 
will occur at the same time in these two Bystems of differential 
equations, which can no longer be integrated separately, and 
the two motions that depend on these equations, will mutually 
influence each other. We cannot, in general, integrate these 
simultaneous differential equations, and determine the two 
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motions of the moveable, except by approximation, never- 
theless, they will be independent of each other in the two par- 
ticular cases which we now proceed to consider. 

439. If the moveable is only subjected to the solo action 
ofjjravity, equations (3) will be those of a heavy material 
point, in a vacuum; whatever be the form of the solid body, 
and its motion about its centre of gravity, this point will 
describe in space a parabola, to which tlio direction of the 
initial velocity is a tangent ; the parameter of this curve de- 
pends on the magnitude of this velocity, and its motion on 
this curve will be the same as that of a detached material 
point (No. 208). On the other hand, as the weight of the 
body is a force co list an tlyap plied tojUs_centre of gravity, it 
will not affect the motion of rotation about this point, which 
is entirely produced by the initial percussions, and is the same, 
aa if the centre of gravity was not displaced. 

Let us suppose, for example, that the body is a homo- 
geneous ellipsoid, struck by another body that touches it at 
the point e of its surface (fig, 10) ; the luie gd, parallel to tin* 
normal ef, willtiej, tangent to the parabola that the point <: 
commences to describe; and this curve can be easily con- 
structed when the initial velocity of the point g, which we 
shall denote by v, is given. Moreover, let iikk, the section 
formed by the plane passing through the point a and fcho line 
EF ; be supposed to comprise two of the axes of figure of the 
ellipsoid, then, if 2a and 26 denote these two axes, c the 
moment of inertia with respect to the third axis, and M tlw 
mass of the body, we shall have (No. 370) 




Now, the moveable must turn about the point a, ns if it wns 
es i e of gravity, and had no motion whatever ; but in this 
ewe, the axis perpendicular to the section h BK should remain 

veW f TT*? 6 (N08> 389 and 43 *) 5 “cl its angular 
elocity of rotation should be furnished by the formula relative 
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to the initial motion of a solid body about a fixed axis. There- 
fore, if we denote it by w as before, we shall have, (gl the per- 
pendicular let fall from the point a on ef being denoted by 
and the quantity of motion impressed on the moveable being 
equivalent to mv,) by formula (1) of No. 386, 



or, by substituting for c its value, 

Bvf 

Thus the two velocities a) and v are connected together, | 
since each of them results from the same percussion. [ 

Hence it appears, that the points of the moveable will de- 
scribe parabolas parallel to the trajectory described by its 
centre of figure ; and, at the same time, the body will turn 
uniformly about the axis perpendicular to the section hek, , 
which remains constantly parallel to itself, while it is trans-j 
ferred in space. 

440. If the moveable is a homogeneous sphere, or one 
composed of concentrical strata, all whose points are attracted, 
or repelled, in the inverse ratio of the square of the distances, 
by points of .other b odies which are either at rest, or in mo- 
tion, the resultant of all these forces will be the same, as if 
tho entire mass of the moveable was condensed in its centre 
of gravity, for each of them will be equal and contrary to the 
reaction of the sphere on the centre from which it emanates.) 
Consequently, llic centre of gravity will move as a detached 
point, subjected to given attractions or repulsions ; and the 
motion of rotation of the moveable will be independent of 
these forces, and the same as if the centre of gravity remained 
at rest, so that in this case, the two motions of rotation and 
translation are independent of each other. 

Therefore, if we do not take into account the circumstance 
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of the earth not being perfectly spherical, it will turn con- 
stantly and uniformly about one of its diameters, which will 
be always the same, and will remain constantly parallel to 
• itself; at the same time, the elliptic motion of its centre of 
gravity about the sun, though deranged by the action of the 
other planets, will be rigorously independent of the motion of 

441. This however is no longer the ease, when the com- 
pression of the terrestrial spheroid is taken into account* For, 
in the first place, if the axis of rotation does not, at the com- 
mencement of the motion, coincide with the a-tir of figure, the 
instantaneous axis of rotation will oscillate about this lino 
(No, 421), and will meet the earth successively in different 
points of its surface. Therefore the poles and equator will be 
displaced on the surface of the globe, so that the geographical 
latitudes of places on the earth will be changed. The ampli- 
tude of these oscillations will be arbitrary, but their duration 
will depend on the differences between the moments of in- 
ertia of the earth; and, from what we know of these diffe- 
rences^, this duration will be a little less than a year. Now, 
in this interval of time, the most precise observations do not 
indicate any variation in the zenitA distance of a determinate 
place on the earth from the point where the production of tho 
axis of rotation meets the concave surface. It follows there- 
fore, that if the oscillations in question were formerly of a 
sensible magnitude, they have now become altogether insen- 
sible ^ so that at present the only forces which nun cause the 
direction of the axis of rotation of the earth to vary, are the 
permanent forces which arise from the attractions of the sun, 
moon, and planets on the terrestrial spheroid. 

Now bb the strata of the earth, though not spherical, differ 
very little from this form, the part of these forces, the direc- 
tion of which does not pass constantly through the centre of 
gravity of the spheroid, is very small, with respect to the at- 
tractions on the entire spheroid. It is thiB part which pro- 
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duces the perturbations of the motion of rotation, namely, the j 
p recession of the equinoxes , and the nutation of the axis of the, 
earth . 

In virtue of the precession, the annual retrogradation of 
the equinoxes on the ecliptic, the position of which was fixed 
at 1800, is about 60", 36482 ; the annual retrogradation on 
the plane of the orbit of the earth, which ib itself in motion in 
consequence of the action of the other planets, that is to say, 
on the true ecliptic, is a little less, and equal to 50", 23427, as 
lias been already stated in a former chapter (No. 219). 

The nutation is an oscillation of the axis of the earth, in 
consequence of which it alternately approaches to and recedeB 
from the perpendicular to the plane of the ecliptic ; it arises s 
from the attraction of the moon, and its period is the same as 
that of the motion of the nodeB of the lunar orbit, or about ! 
eighteen years ; its amplitude amounts to 9", 40 (No. 223), on j 
the supposition that the mass of the moon is equal to a, 
seventy-fifth part of that of the earth. 

The actions of the sun and moon on the terrestrial spheroid 
produce only a vciy slow variation (which will not be sensible! 
except after a long series of years), in the inclination of the, 
equator to the ecliptic ; the annual diminution of the obliquity [ 
of the ecliptic, which at the commencement of the present ' 
century amounted to 0", 457 14, arises from the actions of tho } 
planets, which produce a chongo in the plane of the orbit of! 
tho earth (No. 244), 

IL appears from a careful discussion of the question, that 
the same forces which produce the variations adverted to 
ubove, in the absolute direction of the axis of rotation of the 
earth, or referred to fixed lines, are altogether incapable of 
displacing this axis in the interior of the spheroid, or of pro- 
ducing any variation in its velocity of rotation. Therefore 
the earth turns constantly about the same diameter, which is 
its axis of figure ; and its motion is uniform about this move- 
able line, tho direction of which, in space, is continually 
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changing. Hence the sidereal day is constant , and conse- 
quently, the mean day also (No. Ill), or, at least, it is only 
subject to a variation altogether insensible ; and either of these 
periods may be assumed as the unit of time. 

As the principal results of this important theory con only 
be briefly indicated here, the reader, for their fuller exposition, 
is referred to a memoir of the author on the Motion of tlie 
Earth about its Centre cf Gravity , inserted in the seventh 
volume of the Memoirs of the Academy of Sciences . 

442. The invariability of the day is confirmed by the most 
ancient observations, from which it appears that its duration 
has not altered the one-hundredth part of a Becond, for ex- 
ample, for the last 2500 years, as we now proceed to show. 

If the duration of the day was variable, the longitudes and 
latitudes of the sun, the moon, and the other celestial bodies, 
computed on the supposition that it was constant, would 
not agree with the observed longitudes and latitudes ; the 
motion of the moon about the earth would, in consequence of 
its rapidity, be the fittest to throw light on this point ; and, if 
the variation of the day was progressive, the differences be- 
tween the results of computation and observation would be bo 
much the greater, as the epochs at which the observations 
were made, were moTe remote from the present day. 

This being agreed on, let l and V be the true longitudes of 
^the sun and moon at a determined epoch, then if an eclipse of 
the sun or moon is recorded to have occurred at this epoch, 

^ their difference l — l 1 must differ from a multiple of 180°, 
!by a quantity less thau the semisum of the diameters of the 
|sun and moon; if, therefore, abstracting from the multiple 
of 180°, which this difference may contain, we denote it by S, 
it is evident .that it cannot exceed the mean value of this 
semisum^^e. Jialf a^degree, and that, in general, it must be 
much less than this limi t. Now, in the Connaissance des 
Terns for 1800, the values of S in the case of twenty-sevon 
eclipses observed by the Chaldeans, Greeks, and Arabians, have 
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been computed, and the results which arc in some cases plus, 
and in other minus, are invariably very small. The greatest, 
which amounts to — 27', 41", is in the cose of an eclipse 
observed 382 years before the Christian era; for the most 
ancient eclipse observed by the Chaldeans, 720 years be- 
fore our era, the value of 8 is only 2", This comparison 
evinces at the same time the accuracy of our present lunar 
tables, and also the necessity of the secular inequalities intro- 
duced by Laplace. It likewise proves, that the duration of 
the day which was supposed to be constant in the computation 
of the longitudes of the sun and moon, is not, in fact, subject 
to any progressive variation. But in order to remove eveiy 
doubt on this important point, we will coraputo 'the value of 8 
corresponding to the most ancient observed eclipse, which 
would result from such a variation, if it really existed. 

443. Let the interval of time winch at present constitutes 
the mean day be taken as the unit of time, and let us suppose 
that, from a very remote epoch, this duration has diminished 
from one day to the following, by a constant quuntity a. Let 
n be the mean motion of the moon, that is to say, the number 
of degrees which it describes in each unit of time, abstracting 
from the inequalities of its true motion ; the arcs described in 
the day when n is determined and the preceding ones will be w, 
n(l + «), n(l + 2a), n(l + 3a), &c. ; and tlio arc described 
in a great number of days such as t will be nt + \ 1), or 

nt + £ aiif very nearly ((f). The term nt is already comprised in 
the value of Z, which is computed from the tables, on the sup- 
position that the day is constant ; therefore, in consequence of 
the variation of the day, the true longitude of the moon will 

be increased by at an epoch distant from us by a number 

of days represented by Z. That of the sun at the same epoch 
would be increased by n f denoting the mean diurnal 

motion of tlio sun ; therefore wc shall have at this epoch, if 
the variation of the day he solely considered, 
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= S; 0) 

and, with respect to the eclipse observed 720 years bctore the 
Christian era, this will be the entire value of the difference of 
the longitudes of the sun and moon, since this difference, com- 
puted on the supposition that the day is constant, is only 
or very nearly cipher. 

If t be the number of centuries contained in t days, wi 1 
shall have 

t = (36525) i. 

Likewise let J3 = (3652 5)a, m = (3G525)ti, m! = (30525)#?'; 
then equation (1) will be changed into (e) 8, 

in which (3 will now be the secular diminution of the tiny, anil 
m and m' will represent the secular motions of the huh ami 
moon. From their values determined by modem observations, 
it appears that, neglecting fractions of degrees, 

m - ro' = 445268°. 

Now, if we suppose that the day has diminished a ton 
Jmillioneth part since the moBt ancient eclipse recorded by tin* 
Chaldeans, we shall have |3 i = 0,0000001, i = 25,32, from 
' which there would result 8 = 34', a value of the ditfereneo 
iof longitudes that would render the observed celipHe impos- 
sible^. 

Therefore the duration of the day cannot have diminished 
by this fraction, which is a little less than the hundredth part 
of a second, in au interval of time which is greater than 
twenty-five centuries. If there were any periodic variations 
in the duration of the day, there would result from them illu- 
sions in the measure of time, which would produce apparent, 
inequalities in the motions of the stars. It would be cosy to 
distinguish these inequalities, since they all follow the same law, 
for the sun, the moon, and the planets, and their magnitude's! 
would, in the case of each of these bodies, be proportional to 
t e rapidity of its motion. But astronomers have not rccog’- 
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nized any inequality of this kind in the motions of the hea- 
venly bodies. Thus then it appears that observation agrees j 
with theory in proving that the duration of the mean day is I 
not subject to any variation, either periodic or progressive, j 
the magnitude of which is sensible. 

444. Let us now return to the particular object of this 
chapter. 

When a solid body moves in the air or any other fluid, the 
resistances exerted on all the points of its surface must bo 
transferred, parallel to themselves, together with tho weight of 
the body, to its centre of gravity ; and the motion of this centre 
is that of a heavy material point, in a resisting medium ; tlio; 
mass of this point being that of the body, and its motive force : 
arising from the resistance, which is a force whose components I 
will depend on the form of the moveable, on the velocities of 
the different elements of its surface, and on the condensations 1 
or dilatations of the fluid in contact with these elements. At 
the same time the moveable will turn about its centre of gra- 
vity, as if the velocity of this point was cipher, and the velo- 
cities of the points of its surface were, nevertheless, those 
which really have place at each instant. It follows from this, 
that the resistance of the medium will affect, at once, both the 
motion of translation and the motion of rotation of the move- 
able, and tliul in the case of a body of any form whatever, 
those two motions will mutually depend on each other, and 
cannot be determined separately. 

If the moveable is a homogeneous sphere, or one composed 
of conccntrical strata, on which no velocity of rotation is im- 
pressed at the commencement, then no motion of this kind 
will arise during the continuance of this motion, which will 
be merely one of translation, in which all the points of the 
moveable will be actuated at each instant with equal and pa- 
rallel velocities. In fact, if there be drawn through the centre 
of the sphere, a tangent to the curve which it describes, it is 
evident that every thing will be similar about this line, wiLh 



1G4 OF THE MOTION OF fi SOLID BODY BNTIllBLY FREE. 


respect both to the velocities of the points of its surface, anil 
also to the condensations or dilatations of the surrounding 
fluid. Consequently, the resultant of the resistances exer- 
cised on all the points of the surface, will constantly pass 
through the centre of figure, which is also tho centre of gra- 
vity, so that it cannot produce any motion of rotation. T-hc 
condensations or dilatations of the fluid in contact with tho 


elements of the surface, will depend on the velocity common 
i to all the points of the moveable, and will, moreover, be diffo- 
[rent for the different sections perpendicular to the tangent 
.which we have supposed to be drawn through the centre. 
Consequently, the resultant of the exterior resistances which 
will coincide with this tangent, can only depend on this velocity , 
on the extent of the surface, and on the natural elastic force 


of the fluid ; and the motion of the centre of gravity will ho 
that of a detached material point, whose moss is that of the 
body, and to which is applied the resultant in question, in n 
direction contrary to that of its velocity, and also the weight 
of the body. This has been assumed in No. 210, with respect to 
bodies projected in artillery practice, which are always sup- 
posed to be homogeneous, and perfectly spherical. 

In this case, the centre of the bullet cannot deviate from 
the vertical plane passing through the direction of its initial 
velocity, and relatively to which every thing is alike on all 
rides. But if the projectile deviates a little from the sphoricul 
form, or if it has not the same density throughout its entires 
extent, the resultant of the exterior resistances which nro 
normal to its surface, will not pass constantly through it* 
centre of gravity ; it will consequently produce a motiou til 
rotation ; and if it is not always comprised in the vertical plums 
in which the centre of gravity commences to move, it will cause 
it to deviate from this plane ; so that the trajectory of the pro- 
jectile, referred to its centre of gravity, will no longer be n 
plane curve* It is easy to conceive all this when the projectile 
is neither perfectly spherical or homogeneous ; but it muy In* 
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remarked that, even though the defect of perfect sphericity or 
of non-homogeneity be not taken into account, still if the bul- 
let is actuated by any velocity of rotation at the mouth of the 
cannon, the friction of its surface against the air during the 
motion, may still cause its centre of gravity and of figure to 
deviate from the vertical plane. 

445, In order to show this, let g (fig. 12) be the centre of 
gravity and figure of a spherical homogeneous body, and agb 
the diameter which is a tangent to the trajectory described by 
g. Let us suppose, for greater simplicity, that the axis of 
rotation which passes through the point a, is perpendicular to 
this diameter. Let abde be the section of the moveable, per- 
pendicular to this axis, and dge a diameter of this section, at 
right angles to agb. Likewise let the motion of tlio point g 
be from a to B, in the direction indicated by the sagitta s 9 and 
the motion of rotation in the direction indicated by the sagitta 
placed at a, d, b, e. The friction of each clement of the sur- 
face against the air, which arises from the motion of rotation, 
will be a force acting along the tangent to the surface in a di- 
rection contrary to this motion, On each section parallel to 
adbe, it will vary from one point to another, in consequence of 
the difference of density of the fluid. The fluid will be con- 
densed before the projectile, and it will be dilated behind it; 
consequently, the friction will be greatest on the side of the 
point B, and least on that of the point a. Hence it follows, 
that if all the forces arising from the friction exerted against 
the surface, be transferred parallel to their directions, to the 
point G, there will result a force acting along the part gd of 
the diameter dge. Let this force be denoted by f, the weight 
of the body by r, the resistance of the medium transferred to 
the point g, and acting in the direction of oa, a part of the 
diameter agb, by r. The motive force of the point G will be 
the resultant of the three forces f, r, u, and its accelemting 
force will be equal to this resultant, divided by the mass of 
the projectile. 
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This being established, if the axis of rotation bo vortical, 
and consequently, comprised in the plane of the two forces I* 
and n, gd the direction of the force f will be perpendicular to 
this plane; it will therefore cause the moveable to duviulo 
from this vertical plane, by urging it on the side of the point 
n ; and, in this case, the trajectory of the point ct, will be a 
curve of double curvature. If, on the contrary, the nxiH of 
rotation is horizontal, gd the direction of the force V, will lie 
comprised in the vertical plane of the forces i> and u, which 
will be that of the section adbe, consequently, the point c; will 
not deviate from this plane, and its trajectory will be a plane 
curve. 


446. It appears that in this last case, the vertical compo- 
nent of the force f will increase or diminish the weight n, 
according as the direction of the sagitta a is upwards or dowii- 
naids. 1 he force f will be vertical, and this diminution or 
increase of weight will be a maximum when the direction ah 
is horizontal. Thus, in the horizontal level, if the bullet In* 
supposed to turn about a horizontal axis, perpendicular to tin* 
direction of the level, the friction of the projectile against tho 
air will increase its weight and diminish the range, when tho 
anterior part of this body turns upwards from tho horizon, 
an when this part turns towards the horizon, tho friction will 
dimmish the weight and increase the range. It may even 
happen in this second case, that the trajectory becomes con- 
vex to the horizon, for in order that this should take place, if. 
wou e only necessary for the rotation to be sufficiently 
7 d t0 f force * grater than the weight , ; bu t, 
tlmfm t 6 5? W0U ' d tIie velocity of rotation, 

’when r™" deCrea8e ’ ^eventually become less than v, 

.ground as uS^ ^ beC ° me C0DCaVe toWfU ' <Is llu< 

These considerations, combined with those of the preceding- 
number, show that, independently of the defect of splicrilift 
and homogeneity of the bullet, the friction of 
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against the air, arising from the motion of rotation, which it 
may acquire in moving in the interior of the cannon, may 
affect the accuracy (<j) of the aim, because this friction may 
cause the centre of the bullet to deviate from the vertical 
plane of projection, and also produce on inequality in the 
ranges, as this force may increase or diminish the weight of 
the moveable. However, none of these effects takes place, if 
the buUet_ turns about the diameter ab, in the direction in 
which it moves ; for then the friction is equal and contrary 
for two opposite elements of each section of the surface per- 
pendicular to the axis of rotation ; henco it follows, that the 
forces arising from the friction exercised on all the elements, 
destroy one another two by two, when transferred to its contra 
of gravity ; so that the motion of this point will not ho de- 
ranged by the total friction arising from the rotation. 
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OP THE MOTION OP A HEAVY SOLID BODY ON A GIVEN PLANK. 

I. Case in which the Friction is not taken into Account* 

447. Fon greater simplicity, we sliall suppose that the 
moveable touches the given plane only in one point, which 
we shall denote by k, and which, in general, may vary both on 
its surface and on the plane. As the forces lost in each infi- 
nitely small instant constitute an equilibrium, they must he 
reducible to a single force, passing through the point K, nor- 
mal to the given plane, and so directed, that it may always 
tend to press the moveable against this plane. This resultant 
will be the pressure that the plane sustains, and which will 
be destroyed by its instance denoted by n. If to the weight 
of the body, this force n of an unknown magnitude be joined, 
we need not consider the given plane at all, but regard the 
moveable as entirely free. 

Hence it follows, that the motion of its centre of gravity 
g will be the same as that of an isolated material point, whose 
mass is that of the moveable, and to which there is applied, the 
weight of this body and the force r, parallel to their respective 
directions. At the end of the time*, let x ls yi, Z\ 9 he the co- 
* ordinates of g referred to fixed rectangular axes, and X, f.i, v 9 
the angles which the direction of the force r makes with linen 
drawn parallel to these axes, through the point K. If the 
axis of the positive coordinates of z x , be supposed to be ver- 
tical, and directed upwards from the horizon, we shall have 
for the three differential equations of the motion of the point g. 
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M -jjjj- = n COS A, 


M 


dp — rcob m > 


(Pz { 

M Z= R COB y — MJ7, 


( 1 ) 


ff denoting as usual the gravity, and m the mass of the body. 
If the given plane is fixed, the angles X, v, will be constant 
and given ; if it is in motion, we shall suppose this motion to 
be known, and that it cannot be modified by that of the body ; 
Xj fi) v, will then be given functions of t. As the moveable is 
a heavy body, in order that it may never be detached from 
this plane, whether fixed or in motion, it should be always 
situated above it, consequently, ncos v the vertical component 
of the resistance of the plane will be always positive, and v 
will be always an acute angle ; the other two given angles X 
and fi may be either acute or obtuse. At the same time, the 
body in virtue of the forces n and m^, applied to the points k 
and g, will turn about g as about a fixed point (No. 438) ; 
but as the weight Mg will not influence this motion of rota- 
tion, the differential equations of this motion will depend 
solely on the force n. In order to obtain them, we shall take 
for the second members of equations (a) of No. 412, the mo- 
ments of the force u with respect to the three principal axes 
of the moveable, which intersect at the point g, multiplied 
respectively by dt . Denoting the coordinates of the point k 
referred to these axes, by a, )3, y, and the angles which the 
direction of the force r makes with lines drawn parallel to 
these sumo axes through k, by X', /u', i/, these moments will be 


aRcos jJ — j3ucosX', 
yii cos X' — aR cos v', 
/3 rcosi/ — yit cos ju', 

and equations (a) will become 
von. it. 


z 
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cdt' + (q — a) pqdt = it (a cos p f — )3 cos X 7 ) dt , 

® dq + (a — c) rpdt = it (7 cos X' — a cos v f ) dt , > ( 2 ) 

A^p 4 - (c — b ) qrdt = n (/3 cos 1 / — 7 cos p 7 ) ; . 

in wliicli a, u, c, denote the moments of inertia that refer to 

the same axes respectively, as the angles X', p 7 , v\ andp, < 7 , r , 
the components of the angular velocity of rotation (No. 407)* 

To these we must join equations (7) of No. 410, namely, 

pdt m sin 0 ’sin <pdip — cos <pd0, 

qdt = Bin 0 cos <pd\p + Bin $dQ, - (ft) 

rdt zz d(j> — cos 0 £ty. 

We shall suppose that the nine cosines a 9 6 , &c., whose 
values in functions of fa ip, 0, have been given in No. 378, 
aTe those of the angles which the fixed axes of X\ 9 y\ 9 Z\ 9 the 
coordinates of the point g, make with lines parallel to the 
principal axes relative to this point, drawn through the origin 
of these coordinates ; then it is evident from equation ( 2 ) of 
No. 9, that 

cos X 7 ~ a cos X + d cos p -f- a 11 cos v 9 

cos p! zz b cos X + V cos p + W cos v, * ( 4 ) 

cos V f zz c cos X + c f COB p + c" cos V 9 

will be the values of cos X 7 , cob p 7 , cos 1/, which should he sub- 
stituted in equations ( 2 ). 

The position of the moveable at any instant whatever, with 
reBpect to the fixed planes of the axeB of x i9 Z\ 9 will be com- 
pletely determined hy means of these coordinates and of the 
three angles fa fa 0 , already defined (No. 378); the position 
of the instantaneous axis of rotation in the interior of the 
moveable, and its velocity about this axis will depend, more- 
over, on the thiee quantities p, q , r : the solution of the pro- 
blem will, therefore, consist in our deducing from the nine 
equations (1), (2), (3), the values of these nine unknown 
quantities in functions of t ; but as these equations contain 
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oi'CQ n j and the three coordinates a, j3, y 9 which are also 
own, four more equations arc required, which may be 
i^otl in the following manner. 

Let l be a given function of a, ]3, 7, and let ns re- 
5Ti*t the equation of the surface of the moveable, referred 
i principal axes which pass through the point q, by l = 0. 
e m ate 

ball have (No. 21), 

coaX'rzv^, coa/i'= v^, cosj/=:v^, (5) 

Iricli tlio sign of the quantity v must be such, that the 
Les A', fi\ v\ may respect the interior part of the normal to 
surface of the moveable, which will he the superior part 
bo normal to the give* plane- As one of these equations 
* t>o deduced from the two remaining, by substituting for- 
ce (4), in place of cos V, cos p' 9 cos i/, the resulting cqua- 
s* together with the equation lz 0, will furnish throe 
Lio four required equations. 

If cc 9 y 9 z 9 be the coordinates of any point of the given plane, 
rrod to the same fixed axes as x i9 y X9 z 19 and X, p 9 v 9 the 
lea xvhich the normal to this piano makes with these axes, 
bIiOjII obtain, for its equation, 


x cos X + y cos fi + z cos v = £ ; 


oing a given quantity, which will bo constant when the 
on plane is fixed, and, generally , a given function ot t* 
ireovor, if x 9 y 9 z 9 are the coordinates of the point k, which 
utsa in tills plane, wo shall have, by the formula of No. 1177, 


x = + aa + + c-y, 

y = 0 1 +a'a + 6'0+e'7» 

z=z y + a”a + V'P + c"y. 


m 

> (G) 

. 
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The values of x, y, z, should therefore satisfy the pre- 
ceding equation ; by substituting them in this equation, there 
will result(a) in consequence of formula ( 4 ), 

*i cosA +yi cos/i + Z\ cos v + a cos A' +J3 cos/ + 7 cos v'=?, (t ) 


which will be the fourth equation that is requisite to determine 
the unknown quantities of No. 447 . 

If the moveable be terminated by a point, and always 
touches the given plane with its extremity, a, J 3 , y, the coor- 
dinates of the point x, will be constant, and they oau bo de- 
termined by means of the position of this point on tho surface, 
and its distances from the planes of the principal oxob of tlio 
moveable, which intersect at the point a. But equations (ti ) 
will not obtain in a point of this nature j however, equation 
(7), which expresses that this point appertains to tho given 
plane, will always subsist ; and it is only neoessary to join it 
to. the equations of the preceding number, in order to deter- 
mine the nine unknown quantities of the problem, and the 
magnitude of the foroe a which these equations contnin(J). 

440. When the given plane is fixed and horizontal, by 

““““mg it for that of the coordinates <o and w, tlicro will 
result 

cosAssO, 0, cos v ss 1, £ = 0; 

which will reduce form ula ( 4 ) fo 

COS A' = a", OOSp'rrfi", cos v ' = c". 


JrjT ^ ** equation<l ( 1 )» the horizontal ino- 

nniferni rectilineal , its velocity 

ST P « ^e hovfconuU 

ment of the motion. <aperieaces a* the commcnco- 

The third equation (1) mQ give 
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by means of which the value of r will be known, when that 
of z i shall have been determined. At the same time, equa- 
tions ( 2 ) will become 


c dr + (u — a) pqdt = m -f- g'j ( a b" — /3a") dt, 

Veit] + (a - c) rpdt = m + g'j ( y a" - ac") dt, 

A dp + (c - n) qrdt - M + g) ((3c 11 - yb") dt i 



and equation ( 7 ) will bo changed into the following, viz. : 


z x + a"a + h "[ 3 + c"y = 0 , (9) 


from which the value of z x may be deduced, in order to sub- 
stitute it in the preceding equations. 

Thus, in this case, the probleih will depend on equations 
(3) and ( 8 ), by means of which, q , ?*, <£, 0, can be deter- 
mined in functions of t , as in the motion of solid body about 
a fixed point. If the position of the point k changes on the 
surface of the moveable, the quantities «, / 3 , 7 , should bo eli- 
minated from these equations by means of l == 0 , and formulas 
(5), which will in this case be 


a 


ti 


di 

da 


v — 



( 10 ) 


If, on the contrary, the position of the point k on the sur- 
face of the moveable is always the same, the constant and 
given coordinates of this point should be substituted in equa- 
tions ( 8 ), in place of a, (5, 7 . This second case, is that of the 
motion of a top on a horizontal plane, in which the friction of 
the point k against this plane is not taken into account. 

In the state of equilibrium of a heavy body on a fixed hori- 
zontal plane, the line gk will be vertical ; if this state is stable, 
when the moveable is caused to deviate from it by a smull 
quantity, and is then remitted to itself, it will make very small 
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oscillations, which we may determine to any degree of approxi- 
mation we please, by means of the preceding equations. We 
shall restrict ourselves here to point out this example, as an ex- 
ercise of the calculus. We may BuppOBe, for greater clearness, 
and in order to simplify the question, that the moveable is a 
homogeneous ellipsoid, or a sphere whose centre of gravity 
does not coincide with the centre of figure. 

450. It is easy to obtain the two first integrals of equa- 
tions ( 8 ); for by multiplying them by c", //', ci N > respectively, 
and then adding them together, their second members dis- 
appear, and, if we then integrate, we obtain, as in No. 415, 

a a"p + b V*q + cc"r = l ; 

l being an arbitrary constant, which expresses the sum of tlio 
moments of the quantities of motion of all the points of the 
body, with respect to a vertical axis passing through the 
point g. 

In order to obtain a second integral of these same equa- 
tions ( 8 ), let them be multiplied by r, q 9 p 9 respectively, Mill 
then added together, this gives 

c rdr + b qdq + a pdp = m (—; +g^j [a ( b"r — d f tj) 

+ [ 3 (c"p — a”r) + 7 ( a n q — b n p)\ dt 9 

which, in consequence of the three last equations ( 8 ) of No. 
411, is equal to 

C?’C&* + b qdq + a pdp = m (~± (add' + fidb" + ydc")* 

By differentiating equation ( 9 ) with respect to t 9 we obtain 

dz x + add '+ (3 db" + 7 dc n = — ( a! 1 da + b n dfi + c"dy)* 

Now, when k is always the same point of the surface of 
the moveable, the second member of this equation is cipher, 
because its coordinates a, |3, 7 , are in this case constant. 1 1 
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is also cipher, when k is displaced on this surface , for, in 
virtue of equations (10), we have 

a" da + V'dfi + c"dy = v ^ + jp d P + ^ d r) = ydhi 

which is cipher, because l = 0, during the continuance of the 
motion, and, therefore, dh = 0. Consequently, in these two 
cases, we shall have 

ada! f + fidb" + ydd f — — dz { ; 

hence there results, 

-Jp + 0) d z i— 

and, by integrating, 

cr® + B | f + Ap 9 + m (~ + 2 ffz!j = h ; 

h being an arbitrary constant. 

These two integrals will be sufficient to enable us to re- 
solve the problem, when the question is respecting a homoge- 
neous solid, terminated by a surface of revolution ; this is wluit 
has place, for example, in the case of a top. The axis of figure 
is the right line gk; and if c be the moment of inertia with 
respect to this axis, we shall have 

n = a, a=0, /3 = 0 ; 

y will be the length of gk ; and, from equation (!)) and 
c"= cos Q) we shall have 

Z\ zr — y cos 0 


for the value of the vertical ordinate of the point a. The 
first equation (8) will give r = n, n being an arbitrary con- 
stant, denoting the velocity of rotation of the moveable about 
its axis of figure. But, by the values of a ,f and V 1 (No. 378), 
and the two first equations (3), wo have 


af f p + W*q — — sin B 0 


dip 
dt ’ 


p a + <f = + 


d P' 



176 


MOTION OP A BODY ON A GIVEN PLANE, 


consequently} the two integrals which we have obtained will 
become 


cwcos 0 — Asin 2 0 ^ =: /, 


+ + “(7^1?“ 2 7/ 7 c °8fl) = '*> 

in which — c n* is comprised in the constant quantity h (f/). 

These two last equations will moke known, by means of 
elliptic functions, the values of and t in functions of 0 ; the 
third equation (3) will then give the value of $ ; and the 
problem will be resolved in the same manner as that of No. 
425, the solution of which has been already given in detuil. 

451. The moveable being always a homogeneous solid 
of revolution terminated by a point, and k, the extremity of 
this point, being constantly supposed to touch the given 
plane, let now this plane be in motion, so that the angles 
X, g, v, and the quantity ? may be given functions of £- Tins 
moment of inertia belonging to the axis of figure being* c, the 
two other moments a and b will be equal, the coordinates a 
and p will be cipher, and*y will express the length of Git. The 
first equation will in this case give r = rc, n denoting an arbi- 
trary constant; so that the angular velocity of the moveable 
about the axis of figure will be constant, as in the caBe when 
the plane is fixed. And, in consequence of formultB (4), the 
two other equations (2) will become 

kdq + (a - c) n/rif = R7 (acosX+ a'cos g + a"cos v) dt 7 
hdp — (a— c )nqdt= — Ry(b cosX + &'co8g+&"co9 v) dt. 

In like manner equation (7) will become 

ariCosX + j/icosg + ^cosv + y (ccosX +c'cosg + c"cos v) — ^ ; (l 2) 

and equations (1) and (3) will not undergo any change. The 
system of equations (1), (3), (11), (12) should therefore 
enable us to determine the nine coefficients p> q 9 <p , \f>, 




WHEN FRICTION IS NOT TAKEN INTO ACCOUNT, 177 

ao , f/, r ; but the rigorous integration of these equations is 
impossible in the present state of the science ; and, in order 
to obtain approximate values of the unknown, which are not 
very complicated, we aro obliged to restrict the generality of 
the question by different hypotheses which we will state ac- 
cording as they will be necessary. 

452, We Bhall suppose, in the first place, that the rotation 
of the moveable about its axis of figure is very rapid, and that 
the different motions of the given plane are very slow relatively 
to this rotation] so that if, for example, the perpendicular to the 
given plane erocted at the point K, oscillates on each side of 
the vertical which passes through this point, or turns about 
this line, the duration of each oscillation or each revolution 
may be very great, relatively to a revolution of the moveable 
about the axis kg ; and that the same will be the case, if the 
given plane performs oscillations parallel to itself. 

We shall suppose, secondly, that the angles 0 and \p vary 
very slowly with respect to the angle (j> ; a supposition which 
should he confirmed d posteriori^ by the values which will be 
obtained for these three angles. 

If in a first approximation, the differential dxjj which occurs 
in the third equation (3) be neglected, and if we suppose 
that <j> = 0 when t = 0, we shall have (p = nt 9 at any instant 
whatever. 

By means of the formulae of No. 378, wc shall then have 
rtcosX -j- tt'cosju + a 11 cobv =: l’siiitttf qcob?i£, 
bcosX + ft' cos^it + &"eos v r: pcob?i£ — Qsiuntf ; 

in wliich, for the sake of abridging, wo inake(c) 

v rr cos A cos 0 sin yp + cos /i cos 0 cost// — cosp fimfl, 
cos A eos^ — cos p sin \p j 

and equations (11) will become 

mUj + (a — c )n\Hlt = Hy (r sin nt + Qcos?iif)rfif, 

M lp — (a— c)nqdt = ny(QHi»w/ — rcoKnf)d*. 
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Now, in tlie second hypothesis, the quantities p and q will 
vary very slowly, this will be also the case with respect to u, 
as we shall see immediately ; therefore in the integration of 
these equations, we may consider, in a first approximation, 
that p, q, n are constant quantities, and, consequently, only 
take into account the variation of sinni and cos»£ in their se- 
cond members. If m be a very small fraction of n, and if the 
coefficient of sinn£ contains, for example, a term which has 
coamf for a factor, sin nt should be replaced by £sin(rc + wi) t 
+ £ sin(n— tn) t \ hence as the coefficient of Binn£ is considered 
as constant, mt must be neglected with respect to nt, at least 
in the first approximation(jQ. 

In this manner, the complete integrals of the preceding 
equations will be(^) 

p = d sin COB (~y~) ^ ^ (Q cos nt + v sin nt) , 

S'— d cos ( ^~2 C ) — E sin ~ — (q sin ft i — r cob nt), 

j> and e being two arbitrary constants. In order to determine 
them, let the instantaneous axis of rotation coincide with the 
axis of figure at the commencement of the motion ; we shall 
then have p = 0 and qzi 0, when t =: 0 ; and if v f , Q 7 , n/> be 
the values of r, q, h, at this same epoch, there will result 


E 


^ yH r Q! 

~~ c n ' 


yn'p f 

cn 


Therefore, at any instant whatever, we shall have 


P 


y_ 

cn 


[h' [v 1 sin nt + o ! cos nt 

— K ^paiiiMf + Qcosnf^I 


? 


m [*' (*' 009 (c~r) nt ~ Q/ sin (rr ) nt 

~ R cos nt — q sin 
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If we suppose, that in the two first equations (3), — nt f 

we obtain from them(//) 

sin 6d\p = (p sin nt + q cos nt) dt , 
dO “ ( q sin nt — p cos nt) dt ; 

and by substituting for p and q their values given above, there 
results 

sin Qd\fs = |jr/ ^p 7 cos ~ + q 7 sin — npj, 

dO = ^Fr'/p 7 sin — — q 7 cos — — ^ + rgTL 

Now, if c is not a very small fraction of a, it is neccBBary, 
in ordei that 0 and \p may vary very slowly, as lias been sup- 

cnt cnt 

posed, that the terns depending on sin — and cos — should 

disappear from these formula) ; which condition will be always 
fulfilled, by supposing that at the commencement of the motion, 
RG the axis of figure coincides with the perpendicular to the 
given plane. 

In fact, if at the commencement of the motion, c is the 
angle that the perpendicular to the given plane makes with the 
vertical, and e 7 the angle that its horizontal projection makes 
with the line from which the angle \p is measured; at this 
epoch, we shall have {No. 8), 

cos v = cos £, cos /.t = sin £ cos e 7 , cos X = sin e sin e 7 , 


and, if 1 // and 0' he the initial values of \p and 0, there will 
reault(i) 

p' cos 0' sin e cos (e 7 — \j/) — sin 0 7 cos e, 

= sine sin (e 7 — i//). 

Now, if the axis of figure was perpendicular to the given 
plane, when the motion commenced, we shall have 1 // = c 7 , 
and 0 7 r: e, hence there will result r 7 = 0, q' ~ 0 ; in conse- 
quence of which, the preceding formula* arc reduced to 
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Bin 0# = - HZ* 0 = HI*. (13) 

r cn c n 

453. Now, it is necessary still to suppose that the perpen- 
dicular to the given plane and the axis of figure of the move- 
able, deviate very little from the vertical direction during the 
continuance of the motion, the supplement of the angle 0 will, 
consequently, be constantly very small ; for 0 is the obtuRO 
angle comprised between the vertical drawn through the point 
g upwardfl, and the line drawn from g- towards the point K, 
which is below G. We shall, therefore, neglect the square ot 
sin 0, and assume cos 0 == — 1 (A). The quantities cob X, cos fi y 
will be very Bmall, and if their squares be neglected we shall 
have cos v =: 1 (/). Moreover, we have (No. 378) 

c = sin 0 sin xp, c l zz sin 0 cos \p, c n zz cos 0 = — 1 - 

Hence, if the products sin 0 cos X, Bin 0 cos fi be neglected, 
equation ( 12 ) will give 

= 7 4 - £ — x l cos X — y\ cos /u. 

If, therefore, independently of the smallness of cos X and 
cos fi y the vertical oscillations of the given plane are likewise 
supposed to be very small, the variations of z x will bo so 
likewise; the value of r furnished by the third equation ( 1 ), 
namely 

R = M<7+M~^, 

will differ very little from m g; and if the products of 

and of each of the quantities cos X, cos ju, sin 0, be neglected, 
it will be sufficient to substitute in place of r, in equations 
(13), Also, by substituting the values of p and q, those 
equations will become (?7j) 

sin Qd*p = (ain 0 — cos X sin 0 — cos fi cos \ p) dt 9 
d0 = ^ (cos X cos ^ — cos n sin yp) dt . 
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The two first equations (1) will become, at the same time, 

<Px i . d*y i nA , 

cosX, -^ = g cos fi. (14) 

By differentiating the values of c and d with respect to t , 
and substituting dO in place of rf.sin 0, we obtain 

do = sin p dO + cos p sin Odp, 
ddzzi cos pdO — sin p Bin Odp ; 

and if, in these formulae, there be substituted in place of sin 6 dip 
and dO, their values given above, there results 

dc — dmdt zz — m cos fxdt , 
dd + cmdt zz m cos Xdt, 

in which, for the sake of abridging, we make — -—zzm. Thus 

the question is finally reduced to the integration of these linear 
equations which are of the first order with respect to the un- 
known quantities c and d, and have constant coefficients. It 
may be observed, that it was by employing these same unknown 
quantities, namely, sin 0 sin p and sin 0 cos p, in the problem 
of the motion of the moon about its centre of gravity, that 
Lagrange succeeded in reducing the differential equations of 
this problem to the linear form ; and this enabled him com- 
pletely to explain the phenomenon of libration , which he was 
not able to accomplish in his first investigations on this subject. 

454. By integrating equations (15) in the usual manner, 
vre obtain, by substituting for c and d what those letters de- 
note^), 

sin Qsinp zz It sin mt + k f cos mt 

— m sin mt $ (cos p sin mt— cos X cos mi) dt 
— m , cos m ( cos y cos mt- 1- cos X sin mt) dt, 

sin 0 cob p=k cos mt — kf sin mt 

— m cos $ ( cos fi sin mt — cos X cos mt) dt 
+ m . si n m £ $ ( cos fx cos mt + cos X sin mt) dt, 

in which A, A', denote two arbitrary constants. 
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If the integrals indicated in these formulas be supposed to 
commence with £, and if 8 and \j/ denote, as before, the initial 
values of 9 and ^ we shall obtain, by making tz :0, 

k = sin 9' cost//, bf n sin 0 / aim//, 

for the values of A and k\ which will be cipher, when the axis 
of the figure of the moveable is vertical at the commencement 
of the motion, in which case we shall have 0' = 0. 

When the actual values of cosX and cosjn are given in 
functions of t t by performing the requisite integrations, equa- 
tions (16) will make known the values of 0 and i p 9 and conse- 
quently, the position of the axis of figure^of the moveable at 
any instant whatever. At the same time, we shall have, by 
the third equation (3), 

<t> zznt — ^ + x/j\ 

by making cos0 = — 1, and assuming <f> — 0, when t = 0. 
The two first equations (3), in which $ is made simply equal 
to nr, will give the values of p and q> which, with the equa- 
tion ? «, will enable us to determine the axis of rotation and 

the angular velocity of the moveable about this axis, at any 
instant whatever. Finally, the values of x x and y j in functions 
of r can be obtained by two successive integrations of equa- 
tion (14) x from which those of z ] anti n may be immediately 
deduced. 

Hence then it appears, that approximate values of all tbo 
unknown quantities of the problem can he determined, by 
means of the given values of cos A and cos^u. By means of 

va ^ ue8, ^ 09e of the quantities neglected in 
is first approximation may be computed ; then if in a second 
approximation, the quantities thus computed be taken into ac- 
count, we shall arrive at other values of the unknown quau- 
sues more nccorete than the Srst, and, by proceeding- in this 
nmnner, se .ball obtain, by the general method of successive 
approximations, expressions of the imlnom quantities, to any 
degree of accuracy „ pUss,. Io the precedtag ^ 
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values of these quantities were not determined beyond a first 
approximation, there would be no other difficulty attending a 
second or third approximation, but what arises from their 
length. 

455. n the velocity of rotation, impressed on the moveable 
about its axis of figure, being supposed to be very great, the 
quantity m will be generally very small. It follows therefore 
from formulse (16), that the variations of cosX and cos/i, 
arising from the small oscillations of the normal to the given 
plane on which the moveable presses, will bo vory inconside- 
rable in the value of 0. Consequently, if the moveable is termi- 
nated at its superior part by a plane surface, perpendicular to its 
axis of figure, and if at the commencement of the motion, this 
surface was horizontal, and the axis vertical, which would 
cause the terras multiplied by k and k ' to disappcar(o), this 
surface would sensibly preserve its horizonlality during the 
continuance of the motion, notwithstanding the small oscil- 
lations of the given plane, and this so much the more accu- 
rately, as the velocity of rotation impressed on the moveable 
is more considerable. This is tlio principle of the method 
which has been proposed for obtaining at sea, independently 
of the dipping and rolling of the vessel, an artificial horizon 
which may be used in making astronomical observations. 

Li consequence of the smallness of m, sin mt and cos mt 
may be regarded os constant quantities in the integrals which 
formulae (16) contain. Thus, for example, by integrating by 
parts, wo shall obtain (p) 

$cosX cos midt = cos7?z£$co8Xd£ + mm\mt§uoa\dt 2 -I- &e. ; 

and if the variations of cosX are very rapid relatively to tlioso 
of sum* and cosfflrf, although very slow with respect to the 
rotation of the moveable, this series will be very convergent, 
and may be reduced to its first term ; this comes to consider- 
ing cos mt as constant in the integral $cosX cos mtdt. 

In this way, and by supposing k, h f respectively equal to 
cipher, formulm (16) will be reduced to 
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Bin0Binip — — m^co&fidt, sinO cost// — mJcosXdf. 

Likewise, if the centre of gravity of the moveable has not 
received any horizontal velocity at the commencement of the 

motion, so that — 0, — 0, when t — 0, equations (14) 

will give 

^! = < 7 $ cosA<ft, ^l=< 7 $coS 7 idf; 

in which the integrals commence with ^ as in the preceding 
equations, Therefore by eliminating them, and substituting 
for m its value, we shall have 


sinOsim p =r — 


My (fyi 

c?i dt 5 


sin 0 cob \p 


M'y dx i 
c n dt 


The difference of sign in these two formulae arises from this, 
that as the angle \p is increased by 90°, the axis of the positive 
abscissae falls on the axis of the negative ordinates, and this 
last, on the axis of the positive abscissae (No. 378) \ so that 
by putting ^ +90° forip in the first formula, we must, at the 
same time, change y x into — x x ; which gives the Becond formula. 

By dividing these equations the one by the other, tlieru 
results 

Now, if through the point g a plane be drawn perpendicular 
to gk. the axis of figure, \p is the angle, which the intersection 
of this equator of the moveable, and of the horizontal piano ol 
the axes of arj and y l9 makes with the axis of a?i ; moreover* 
the variables x x and y x are the coordinates of the projection ol 
the point g on this horizontal plane ; it follows therefore that 
this intersection is constantly parallel to the tangent to l ho 
curve described by the horizontal projection of the centre of 
gravity of the moveable. If the horizontal velocity of thin 
point be denoted by a, so that we may have 
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_.a _ dx l + d V? 

U “ dt* ’ 

we shall also have (q) 

, M yti 

sill 0 =r — 
cn 

for the sine of the inclination of the moveable on the horizontal 
plane, which inclination is the supplement of the angle 0 . 

These different formulae, and the consequences which may 
be deduced from them, will subsist as long as n the velocity of 
rotation of the moveable about its axis of figure is very great ; 
but the resistance of the air and the friction of the point K 
against the plane on which the moveable presses, will con- 
tinually diminish this velocity, and when it ceases to be very 
great, the axis gk will deviate more and more from the ver- 
tical direction, and the moveable will at length fall on this 
plane, as in the case of a common spinning top. 

It should likewise be observed, that the vertical oscillations 
of the given plane, from which the reciprocal variations of 
the quantity £ arise, do not affect the variations of the angles 
Tjt and 0. But if the given plane rises or falls vertically with a 
motion uniformly accelerated, the quantity £ which is comprised 
in its equation (No. 448), will contain a term ± in which 
g f denotes a positive constant quantity. The valuo of n made 
use of in No. 453, instead of being M/7, will be then m 
therefore we should substitute (//± </') for < 7 in fclio value of m\ 
so that a motion of this kind will influence the variations of 0 
and 1 p. If the given piano descends, in which ease g f should 
be affected with a negative sign, it is necessary that g 1 should 
be less than //, otherwise the value of u would become nega- 
tive, which implies that tho moveable ceased to press on the 
given plane, which would fall quicker than this heavy body, 
and must consequently be detached from it. 


2 a 


von. ir. 
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II. Case in which the Friction is taken into A crount. 


4A6. In the present state of the science, the laws of the 
friction of bodies in motion, can only be determined by expe- 
riment; therefore, previously to our taking into neeoiml this 
force, which is of a peculiar kind, in the equations of the mo- 
tion of a body which presses on a given plane, it is necobsury 
to Btate the general results, which have beon furnished by 
observation on this subject. 

1st. The -friction of one solid body on another is indepon- 
dent of the velocity of the moveable. 

2ndly, It is also independent of the extent of surface of 
the rubbing body. 

3rdly. It is proportional to the total pressure exerted un 
this surface. 

These two last laws also obtain in a Btate of rest (No. 2GD), 
at the instant that the equilibrium gives way, and when the 
contact of the bodies has continued sufficiently long to cuuhlt 1 
the friction to attain its 

When a fluid flows over a solid body, the laws of it» Fric- 
tion are different. For in this case it appeare from experiment, 
that it is proportional to the velocity of tho fluid and to till 1 
extent of surface, and that it does not depend on the prutwiuv. 
In the^ case of an aeriform fluid, there is reason to suppose (.Ills I. 
the. friction increases or diminiBhea with the density, na him 
been assumed in No. 444; bo that at equal lemporn turns, it 

is found to depend indirectly on the magnitude of tho piv*- 
«ure. 


457. Let us now suppose that a solid body, whoso Ihihu is 
a plane surface of any extent whatever, is laid on a fixed lion- 
r °T Pkae ’ ** ** vertical drawn through its centre or 
parity o (fig. IS) meets the fixed plane within the area of 
thwbaw wMch^eJmowk the condition that ia necessary 
- 4 Jm to M b„ do- 



WHEN THE FRICTION IS TAKEN INTO ACCOUNT. 187 


noted by m, and its weight by r. To any point a of its sur- 
face which is situated in the horizontal piano drawn through 
the point g, let a cord be attached which may pass over the 
fixed pulley b, in such a maimer that BAinay be the production 
of ua. At c the other extremity of this cord, let another body 
whose muss is denoted by m', and weight by x*', he suspended, 
in such a manner that u / its centre of gravity may exist on 
the vertical drawn through the pohit c. 

The equilibrium will subsist as long as the weight p', in- 
creased by the weight of the vertical part of the cord, is less 
than the friction of M on the fixed plane, and of the cord on 
the pulley n ; and if v* be gradually increased, the equilibrium 
will give way, ut tlio instant that p' surpasses the sum of these 
factions, diminished by the weight of the vertical cord. If 
this last quantity he neglected relatively to p', and if the 
frictions of w against the fixed plane, and of the cord ugainst 
the fixed pulley, which obtain immediately before the equili- 
brium gives way, ho denoted by f and f' respectively, wc 
shall have 

“ f + 

As the pressure exerted on the base of m is i* the weight of 
this body, the friction v is proportional to r\ Also, by what 
has been observed in No. 302, the friction f 7 is proportional 
to the force v ; consequently, we lmv$ 

F=/P, 1 fzz/% 

y’audy 7 denoting two fmctiotw independent of the magnitudes 
of v and f. lty meanH of theso values, the preceding equation 
becomes 

v'zzfv+ffi'; 

from which wo obtain 


As the value of the weight P ; , at the instant that the equi- 
librium gives way, can bo known, this equation will determine 
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the value off with respect to the body m and to the horizontal 
plane on which it is laid, when the value of f ( with respect to 
the cord and the throat of the pulley is known. The means 
pointed out in No. 269 will make known this value ofy, inde- 
pendently of any other quantity of the same nature, when the 
angle at which the moveable commences to slide down a plane, 
that is gradually inclined, is known. 

458. At the instant that the weight p', increased by the 
weight of the vertical cord, exceeds ever so little the quantity 
f + f', the equilibrium will give way, and & fortiori when the 
weight p' is still greater. The body m will Blide on the hori- 
zontal plane, and m' will descend vertically. If the friction of 
m against this plane, during the motion, be denoted by H, it 
will be a given fraction of the pressure r. With respect to 
the pulley b, we may either suppose that it is entirely fixed, 
and remains immoveable, or, that it turns about an horizontal 
axis, perpendicular tq the plane of the cord abc. In the first 
case, there will he, during the motion, a certain friction against 
the pulley, which will he different from f', and wliich should 
be added to h ; in the second case, if the cord does not slide 
on the pulley, there will be no friction of the one against the 
other ; but the motion communicated to the pulley, by the 
intervention of the cord, should he taken into account, as if It 
was attached to it. We shall suppose that the second of these 
two cases is the one that has place. 

In order to obtain the equation of motion, let the hori- 
zontal and vertical parts of the cord abc at the end of any 
time £, be denoted by z and zf respectively, and their masses 

by fi and p. The velocities of m and m' at this instant, will 
dz dz* 

be — — and and the resistances of the air exerted against 

their surfaces, may be denoted by a ^2 a ' a a ' 

being two constant quantities, depending on their form ami 
extent. Therefore, if the gravity be denoted by < 7 , the motive 
forces applied to the system will be the Weight (m' + 
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dzP 

diminished by the resistance a! and the horizontal force 

d z a 

iij increased by the resistance a . Their moments with re- 
spect to the axis of the pulley u, should be subtracted the one 
from the other; and if the radius of this circular pulley be de- 
noted by c, their difference will be equal to 

c [( m/ +^“ a, S~ H “ a S‘ 


00 


dV 

The motive forces which actually have place, are (m'-H//) 

in the vertical direction, — (m + jj) ^ in the horizontal di- 
rection, and those of all the points of the pulley. As the mo- 
ments of these last forces with respect to the axis of the pulley, 

must be added to the vertical motive forces(r), and as the 

1 dz f 

augular velocity of the pulley is - — , if we denote its mass 

by and its moment of inertia with respect to this axis by 
it follows, from what has been established in No. 392, 
that the moment of these last forces with respect to this axis, 

is ——— ; consequently, tho sum of the moments of the 

effective forces, with respect to this same axis, will be 

•[(■'*v+7)Sf-<^3a- (b > 

Now, in order that the motive forces applied to the system 
may be in equilibrio, by means of the axis of the pulley, with 
the effective forces taken in a direction opposite to that in 
which they act, it is necessary that the two expressions (a) 
and (b) should be equal to each other; hence there results, 


/ . ?nk 2 \ d*z' , . d 9 - 

[ u + P + — r) — (M + n) d p 




t Ps 
IP 

fpz 


-W+ fl r )g - n -a'- F -a Wt . 
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If tbc cord abc be supposed to bo incxtensible, the sum of 
its parts -will be constant, therefore, if tho entire lougth bu 
denoted by l, we shall have 

<& dz dV <Pz 
z + z=l, ^ =“dt’ ~dF = -J?- 


Let the weight of the entire cord be donotod by w», and the 
weight of m the mass of the pulley by p , we shall likewise 
have 

wz . inz 

= — — gm = p; 


we have also 

^m = p 5 gvL'zi r'; 

and since the friction h is proportional to tho weight V 9 wo 
hare, besides 

h = Ap, 


in which h denotes a constant coefficient independent of i*. 

By meanB of these different values, the equation of motion 
will become(j) 


(p + P' + 10 + ^ = g [Ap_p'_U 7 + 


tos 

l 


+ 



459. It cannot be integrated in a finite form, unless tho 
terms which arise from the resistance of the air bo neglected, 
in which case it is reduced to(f) 

<Pz B 

— fffz + ffa=zO, 

by making, in order to abridge, 

p'—Zip -f to w 

y + p '+» + *£ 0> 7 +^+ w +^~ 

Its complete integral will be then 
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c and c' being two arbitrary constants introduced by the inte- 
gration, and e the base of the Naperian system of logarithms. 

If this value of z be substituted in the terms of the equa- 
tion of motion, which arise from the resistance of the air, and 
if this equation be integrated again, a more exact value of z 
will be obtained ; however, as the preceding is sufficiently ac- 
curate for our purpose, it is not necessary to continue the ap- 
proximation farther ; and, in order to determine the constants 

c and c', if y be the initial value of z 9 we shall have « = y 
dz 

and = 0 when t =: 0 ; hence there results^) 

c + c' + ” Yj c — c'=0; 

from which we obtain 

° = c '=*1'-5j3 i 

and, consequently, 



at any instant whatever. 

If 6 be the time that the weight p takes to reach the pulley 
b, that is to say, to traverse the distance y, we shall have at 
the same time, t = 6 and z = 0 ; hence we infer 

( nJH nVlB\ 

(ai- j3y) (y 1 + fi 1 ) = 2 aU 

When 0 is given by observation, this equation will enable 
us to determine the value of a, and, consequently, that of h 
the coefficient relative to the friction of the weight r, when it 
moves on the horizontal plane. In this experiment, the value of 
p' may he assumed to he what we please, provided it exceeds 
the friction which has place in the state of equilibrium. If the 
weight w is vory small relatively to the weights p and p', /3 
will be a very small fraction, and the exponentials may be tie- 



192 OF THE MOTION OF A. HEAVY BODY ON A PLANE 

veloped into very convergent series, according to the powers of 
(3. In this manner, we shall have(v) 

+$£+*-). 

and if the quantity (3 be entirely neglected, we shall have 

8imply X fla 

which, in fact, we know ought to be the value of 7 , for the 
motion of the weight p is then uniformly accelerated. 

Whatever be the motion of the system under consideration, 
the tension of the horizontal part of the cord abc is constantly 
equal to the least of the two forces which act at its extremities 
(No. 352), that is to say, to the friction h increased by the 
resistance that the air exerts against the surface of m. There- 
fore, if the resistance of the air is not taken into account, it 
is constant, and equal to H or Ap, during the entire continuance 
of the motion ; and its value, measured by the extension of n 
spring placed in the direction of this cord, will enable us to de- 
termine the coefficient A. 

460 .^The values of this coefficient may be determined, as 
has been just observed, either by observing 0 , the time that 
the weight p takes to reach the pulley, or by measuring the 
tension of the cord. They depend in general on the degree of 
smoothness of the surfaces which rub against one another, and 
on the material of which they are composed; they do not 
vary like those of the coefficient /(No. 269), with the time 
during which the bodies have been in contact, before they 
elide the one on the other. When they attain to their maxi - 
munii they always surpass the corresponding values of A ; so 
that, in the state of motion, the friction h is always less than 
the friction denoted by f, that has place at the instant in 
which the equilibrium gives way ; and the tension of the cord, 
when in motion, is also less than that which obtains at the 
last instant of the equilibrium. 
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The weight p being supposed to be at rest, the equilibrium 
subsists as long as the weight p' is less than f ; but it has been 
remarked that if p', although less than f, considerably exceeds 
H, it ia merely sufficient, by means of slight percussions, to 
agitate the horizontal plane a little, in order that the weight p 
may commence to move. 

When the coefficient h is known, it is easy to determine 
the motion of the weight p on an inclined plane. Let t de- 
note the inclination of this plane to the horizon; it must 
always be greater than the angle, at which the equilibrium 
begins to give way, or, in other words, it must be Buch that 
tangi > /(No. 269). p sin i and pcoat will be the components 
of p, respectively parallel and perpendicular to this plane. 
The first diminished by the friction h, will be the motive force 
of the moveable whose mass is m ; therefore if z be the space 
traversed at the end of the time t , we shall have 

<Pz . , 
m — r ss rain i — h. 
of" 


Moreover, as the pressure on this plane is the other compo- 
nent pcost, we shall also have 


a 


h = hv cost; 


and as r rz m g, the preceding equation will consequently be- 
come 


d*z 
dt * 


(1— hcoti)g sin*; 


from which it appears that the motion will be uniformly acce- 
lerated, and the same as if, there being no friction, the sine of 
inclination was diminished in the ratio of 1 — 7t cott to unity. 
This quantity 1— A cott is positive, since by hypothesis, we 
have AZ/ and/cot i Z 1. 

461. As the friction h is proportional to the pressure, and 
independent of the extent of the rubbing surface, it follows 
that, the weights p and p' of No. 467 remaining the same, the 

VOL. ii. 2 c 
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motion of p on the horizontal plane 'will not be changed, what- 
ever be the extent of its base, provided that it always has the 
same degree of smoothness. Thus, if this body is a rect- 
angular parallelopiped, consisting of homogeneous matter, 
all whose faces have the same degree of smoothness, its 
horizontal motion will be always the same, on whichever of its 
laces it is placed, and this will be also the case when tlie 
hody descends down an inclined plane, in which case the 
weight p' is not required to set it in motion. 

Finally, this proposition, that, the friction is independent 
of the extent and contour of the base of p, and simply propor- 
tional to the weight p, implies, that at each point of this base, 
the friction is proportional to the pressure relative to this 
point. In fact, if we denote this base by b , one of its differen- 
tial elements by da 3 and the vertical pressure which this ele- 
ment sustains bypdtr, p being the pressure referred to the 
unit of surface, the resultant of the pressures exerted on all the 
elements of b , should reproduce the weight p, applied to the 
centre of gravity g ; we should therefore have 

Ipdazzp; (a) 

and if through the projection of the point g on the fixed plane, 
two rectangular horizontal axes be drawn, of which one may 
he, for example, the projection of the line gb, and if x be the 
distance of da from this projection, and y its distance from the 
other axis, we should likewise have 

Ixpda = 0, lypda = 0 $ (b) 

in both these equations and also in equation (a), the inte- 
gration must extend to the entire base ft. This being agreed 
on, if we suppose that the friction of the element da on the 
fixed plane, is proportional to pda the pressure which it expe- 
riences, and equal to hpda , h denoting a coefficient indepen- 
dent of p, and relative to the nature of the surface rftr, we shall 
have 


H = \hpda , 
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for the value of tlie entire friction ; and as the frictions of all 
the elements are parallel to gb the direction of the motion, if 
be the distance of h their resultant, from the vertical plane 
passing through the line gb, we shall also have 

Ha?j = $ hxpda . 

Now, if the base of the moveable has the same degree of 
smoothness throughout its entire extent, the coefficient h will 
be constant, and there will result 

H rz Ji^pda = hv 9 H X x = h^xpda = 0 ; 

consequently, the entire friction will depend solely on the 
weight p, whatever may be the extent and contour of its base; 
and since X\ zz 0(ai), the direction of this force must exist in 
the vertical plane passing through the line gb, so that it can- 
not impress any motion of rotation on the moveable, and its 
motion must consequently be parallel to this plane, as we 
have supposed. 

When the centres of gravity of the weight p and of the 
base b are situated on the same perpendicular to this base, as 
in the case of a prism or vertical cylinder, equations (a) and 
(b) may be satisfied by supposing that the pressure p is con- 

p 

stant and equal to — . Conversely, when the value of p is 
constant, equations (b) gi ve(y) 

lxda = 0, Syd(r = 0; 

it iB evident from these equations that the centre of gravity of 
b coincides with the horizontal projection of the point g ; con- 
sequently, when this condition is not satisfied, the pressure p 
necessarily varies from one point to another of the base of the 
moveable. The determination of its value at any point what- 
ever, is then an extremely difficult problem, which cannot he 
resolved without taking into account the flexibility of the 
material of which the moveable consists, and also that of the 
horizontal plane on which it rests, for without this reference, 
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there would be an apparent indetenmnation in the value of 
as in the case of the problem of No. 270* 

If the two centres of gravity bo supposed to exist on tlic 
s ame vertical, we ahull have at once, whatever the coefficient 
h may be(s), 

P=p H = |SAdff, x^hda ~ \luoda. 

Consequently 5 , the base being supposed to remain tlia sumo* 
the entire friction h will be proportional to tlio weight r, just 
as if the degree of smoothness was the some throughout the 
entire extent of this base; hot in general, ns we shall have #i 
no longer equal to cipher, the direction of tho force ii will no 
longer coincide with the horizontal projection of tlio line an, 
so that when the weight p 7 draws the weight p on tho hori- 
zontal plane, the friction will cause the moveable to turn 
about the vertical, which passes through the centre of gra- 
vity G-i 

462. The weight p being supposed to be hud on a flxod hori- 
zontal plane, and the horizontal projection of the point g to coin- 
cide with the centre of gravity of the base 6 , if, by any mem w 
whatever, there be impressed on this body quantities of motion 
parallel to the fixed plane, such, however, as not to detach its 
base from this plane, the moveable will be actuated by two 
horizontal motions, the one of translation, which will bo that 
of its centre of gravity u, and the other of rotation about tlio 
vertical passing through this point. Let us now examine 
how the friction affects these two different motions. 

Let the friction experienced by da the element of b 9 tlio 
direction of which is contrary to that of the velocity of this 

element, be denoted by — da . Let r be its distance from 

1x18 ration, ® and t/ the rectangular coordinates of the 
centre of gravity of b at the end of any time whatever, referred 
to fixed axes drawn arbitrarily in the horizontal plane, and lot 
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0 be the angle which r makes with the production of a?. The 
coordinates of dor at the same instant, will be x + r cosfl and 
y + r sin 0 , and if its velocity be denoted by v , and the angles 
which its direction makes with lines drawn parallel to the 
axes of x and y by a and ) 3 , we shall have 


dx • * d6 
v cos a “ t sin 0 

n dy n d6 

v cos ^3 = -^ + r cos0-^, 


(0 


for the two components of this velocity. Those of the friction 
will be, at the same time, 


AP , /iP Q T 

— — COB ador, r 009 P a<T * 

0 0 


Now, since the motion of the centre of gravity is the same, 
as if, the mass of the moveable being supposed to be concen- 
trated in it, the motive forces of all its points were applied to 
it parallel to their respective directions, we shall have for the 
equations of this motion(a') 




in which, as g denotes the gravity, ^ is equal to the mass h, 
and the coefficient h is supposed to be constant throughout 
the extent of 6 . 

At the name time, the moveable will turn about the vertical 

passing through the point a, as if this line was fixed, and the 
forces which act on this body were not changed. As the 
moment of the friction of da is equal to the difference of the 
moments of its two components, its value will be 


_tocos/3& yco8 0 + 
b 


hv cos ado- 


r, sin 0 , 


b 
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the rotation being supposed to take place in the direction in 
which the angle 0 increases, that is to say, from the axis of 
the positive a;s towards that of the positive ys . This being 
agreed on, if the angular velocity of the moveable at the end 
of the time t be denoted by w, and its moment of inertia with 

respect to the axis of rotation by — , we shall have (No. 392) 
— ~~ ^ $ (cos (3 coa — cos a sin 6) rda, (3) 


which will be the equation of motion about this axis, and 
when the integration is performed, we should make u> 

and extend the integral to b the entire base of the moveable* 
As in these equations (2) and (3), the variables a?, y, 0, are 
not separated, the motions of translation and rotation depend, 
the one on the other, and, in general, can only be determined 
by approximation. There are, however, two cases that can 
he easily resolved, which we now proceed to consider. 

463. If g the centre of gravity is at rest, we shall have 
m dy ^ 

di = ~dt = ® 9 au( ^ equations (1) will give(fc') 

cos a = — sin 6, cos j3 ^ cos 0, 

cit 

and, in order that equations (2) may be satisfied, it is neces- 
sary that the integrals $ sin Qda and $ cos Oda should be cipher ; 
this depends only on the contour of 6, and will be the case, for 
example, when it is symmetrical about the centre of gravity 
of this base. 

Equation (3) will become 


IP— — 
dt 




from which we ob tain (c') 


du) hcg 
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the constant Jrdo- being denoted by c. Therefore, the motion 
of rotation will be uniformly retarded; and if the initial angu- 
lar velocity be denoted by Q, we shall have, at any instant 
whatever, 


oj-a-j Air ; 


from which it appears, that this motion will cease after the 

bk^Q, 

lapse of a time expressed by for which we have o> = 0, 

and the body will be at rest. 

On the other hand, when the velocity of rotation is very 
slow with respect to that of the motion of translation, equa- 

tions (1) will give (the square of being neglected) 


u a = v? — 



if"” 9 ) 


rdO 

~df’ 


in which « denotes the velocity of the point a, and, conse- 
quently, 


dt? + dt •’ 


By means of this and the same equations '(1), wo can 
obtain (d') 

1 1 1 fdx , a dy a \rd6 

v u u 3 \dt dt l dt 

1 dx 1 fdx n dy , n \ dy rd& 

cos a = — -j* 3VT?7 C0S ® + dr sm 8) 

u dt u 3 \dt dt 1 dt dt 

„ 1 dy 1 fdx n , dy , a \ dx rdO 

^ u dt u 3 \dt 1 dt / dt dt 


Moreover, as the origin of the polar coordinates r and 6 is 
at the centre of gravity of the base &, we have 

Jrsin Od<T = 0, Jr co&Qda = 0. 

This being so, if these values of cos a and cos (i be substituted 
in equations (2), they will become, as $d<r == b(e r ), 
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cPx _ hgdx cPy _ hg dy 
dP~~ u dt* di a ~" u dt 


( 4 ) 


For greater simplicity, we shall suppose that the base is 
symmetrically disposed about its centre of gravity, in which 
case 

[ r 2 cos 6 sin 6d<r zz 0, $r 2 sin a Oder zz $r a cos 2 Bda zz by 2 > 

y being a given line; and if, in equation (3) the valueB of cos a , 
cos J3 be substituted, it will be reduced in this case to 


hgy a dO 
1 dp u dt 5 

in which ^ is substituted for its value —Cf)* 

dr dt w 7 

The complete integrals of equations (4) are (g') 
^ = (a — hgt) cose, := (a — hgt) sin e; 


(«) 


a and e being two arbitrary constants. By means of them we 
obtain 

u zz a — hgt i 

from which it appears, that the motion of the point g will be 
uniformly retarded, and that the initial velocity, and the angle 
which its direction makes with the axis of a, are respectively 
denoted by a and e. Equation (5) becomes 

<P0 _ hgy* dd . 
dp ~~ A 8 (a — hgt) dt 3 

its complete integral is therefore (A ; ) 



in which Q denotes the arbitrary constant that expresses the 

initial angular velocity. The values of u and ^ or a>, will be 

dt 

sq much the more accurate, according as the product of £2 
and of the greatest value of r is a smaller fraction of the velo- 
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city u ; it appears from an inspection of them, that the motions 
of translation and rotation terminate together, after the lapse 

of a time equal to 

% 

When a solid body moyea on a fixed plane, which it touches 
in only one point of its surface, a variety of coses may -arise, 
which it is important to distinguish. 

1st. The body may roll, without sliding, on the fixed plane, 
in such a manner, that the two curves traced, on this plane and 
on the surface of the moveable, which are the geometric loci 
of their successive points of contact, may have constantly 
equal lengths. 

2ndly. The moveable may turn on itself, while it con- 
stantly touches the fixed plane, in the same point of this 
plane. 

Srdly. The body may slide without turning, in such a 
manner, that the point of contact may constantly be the same 
point of its surface. 

4thly. Finally, it may slide and turn at the same time. 

In the second and third cases, the friction of the moveable 
against the fixed plane is the same as if the contact was of any 
extent whatever ; its magnitude ia proportional to the pres- 
sure at the point of contact, and its direction is contrary to 
that of the velocity at this point. If it be denoted by h, and 
the pressure by p, we have h = Ap ; the coefficient h being 
the same as in No. 458. This law follows from the circum- 
stance of the friction being independent of the extent of the 
contact; it will be, however, necessary to verify it by direct 
experiment. The force h is what is termed a friction of the 
first species . 

In the first case, the friction of the moveable agninBt the 
fixed plane is termed a friction of the second species . It ap- 
pears from observation that this force is in general very small, 
and may therefore be neglected. 

In the last case, the two kinds of friction obtain at the 

vol. ii, 2 d' 



202 OF THE MOTION OF A HEAVY BODY ON A PLANE 

same time ; that of the second species may be neglected rela- 
tively to the friction of the first species, which, at each instant, 
acts in a direction contrary to that of the velocity of the point 
of contact, and is always proportional to the pressure at this 
point. 

These results do not obtain, in the case in which the point 
of contact is the extremity of a point, or when it appertains to a 
Bharp edge; they will, however, have place when the moveable 
is a cylinder, which touches the fixed plane in a right line ; 
and, as often as its surface has neither points nor sharp edges, 
they will be sufficient to enable us to form the differential 
equations of the motions of translation and rotation, lhe 
following example will show how they ought to be employed 
for this object. 

464. Let the moveable be a homogeneous sphere, plftCL'd 
on a fixed horizontal plane, and let there be impressed on tins 
body a motion of rotation about a horizontal diameter, and on 
its centre a horizontal velocity, perpendicular to this diameter. 

It is evident that the moveable will turn about this diamelor, 
which will be transferred parallel to itself and to the fixed 
plane, and that the centre of figure and gravity will describe a 
horizontal line, in the vertical plane perpendicular to the axis 
of rotation. It is proposed to determine, at any instant what- 
ever, the velocities of these two motions. 

Figure 14 represents a section of the moveable, perpen- 
dicular to its axis of rotation, and passing through its centra 
g. The line akb is the section of the fixed plane; the pa- 
rallel cgd is the line described by the point g, and the contact 
at the end of any time is supposed to take place at the point 

k. At thiB instant, let cg, the distance from the fixed point r, 

doc 

be denoted by the velocity of the point o by and the 

angular velocity of the moveable about its axis of rotation by 
iu ; this last will be regarded as positive or negative, accord- 
ing as the rotation has place in the direction indicated by the 
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sagitta 8 or in the contrary direction. If, at the same instant, 
the absolute velocity of the point k be denoted by v , and gk 
the radius of the sphere by c, we shall have 

dx , 

According as this quantity is positive or negative, the point 
K will advance towards b or towards a ; and the friction which 
has place in this point k in a contrary direction to u, will act 
in the direction ka or kb. When v = 0, the body rolls with- 
out sliding, and the friction is only of the second specieB. 

This being established, let, as before, the weight of the 
body be denoted by p, its gravity by g, the moment of inertia 

with respect to the axis of rotation by — , and the friction at 

the point k by Ap ; then if the velocity v be supposed to be po- 
sitive, and, consequently, the friction to act in the direction 
ka, the differential equations of the motions of translation and 
rotation will he 

a?--*’ *3?=-*** « 

p 

for g the centre of gravity should move os if - the mass of 

Q 

the moveable being concentrated in it, the friction was applied 
to it parallel to its direction \ and the moveable should, at the 
same time, turn about its axis of rotation, as if thi& axis was 
fixed, and the point of application of the friction and the di- 
rection of this force were not changed(i). If the moveable 
was a sphere, we would have also 



and if this body was a solid of revolution, or a right cylinder 
with a circular base, the preceding equations would likewise 
obtain, if, in each case, the body turned about its axis of 
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figure ; however, the value of & a would in these caseB be different 
from what it is in the sphere. 

The coefficient h being supposed to be constant, we obtain 
by integrating equations (a) 

£=— »* o>> 

a and a being two arbitrary constants which denote the initial 

velocities — and We shall have, at the same time, 
at 

v = a + ca- 

The constant quantity a + ca is positive by hypothesis ; 
therefore, the velocity v is so likewise, for 0 an interval of 
time, the value of which is 

A _ (a+ ca)h ? __ f g + ca \ 

~~ (c 2 + k 2 )gh "" V 7 hg / 


in the case of a sphere ; at the end of this time v = 0. During 
this interval, the preceding values of — and o) will subsist, 

(XL 

and the two motions of the moveable will be uniformly res 

fa 

tarded. The value of will be cipher after the lapse of a 

time equal to ^ ; if therefore this time be less than 0 , which 
will be the case if 


* dtJH n 

the velocity of — will become negative beyond t = — , and 

the centre of the sphere will retrograde. This is the case, for 
example, when a billiard ball is struck in such a manner as to 


be made to turn rapidly about a horizontal diam eter, while at 
the same time its centre advances with a less velocity, so that 
the quantities a and a may be both positive, and satisfy the 
preceding inequality. The motion of translation is very soon 
destroyed by the friction against the cloth rbut, as the motion 
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of rotation still subsists, the friction continues to uct in a di- 
rection contrary to this last motion ; and it is this force, which, 
transferred to the centre of gravity, causes it to return towards 
its point of departure. 

If, at the commencement of the motion, the sphere did not 
turn, in which case we would have a z 0, or, more generally, 
if we had 


the velocity ^ would not become cipher before the velocity 


v , and the centre g would not retrograde. But in all cases, as 
k, the point in which the moveable meets the plane, has no 
longer any velocity after the end of the time 0, h? the friction 
of the first species will disappear, the sphere will continue to 

roll without sliding, and it will only produce a friction of the 

(Icg ■ 

second Bpecies. The velocities — and a>will become constant, 
or will only decrease very slowly ; their values will be those of 
formulae (b), when t = 0, namely, 


dx 5a— 2ca _ 2ca — 5a 

dt~ 7 ’ W “ Tc ' 


Thus, the general effect of the ordinary friction, or of that of 
the first species, is to reduce to a state of rest bodies which slide 
without turning, and to reduce solely to a state of uniformity 
and equality, in opposite directions, the two motions of bodies 
which slide and roll at the same time. In a perfect vacuum, the 
rolling of the moveable which results from these two motions, 
will subsist indefinitely, and the friction of the second species 
will maintain the velocity v continually equal to cipher, and 

cause the two velocities and to be always equal and 

contrary. But the resistance of the air deranges this equality ; 
the friction of the first specieB has place again, and the com- 
bined effect of these two forceB eventually reduces the move- 
able to a state of rest. 
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‘ CHAPTER VII. /. ' 

OF THIS IMPACT OF DODIE8 OF ANY FORM WHATEVER. 

466i The position and state of a solid body in motion, arc 
i completely determined at any given instant, when the coord i- 
i n ates of its cen tre of gravity, the components of the volori I y 
j of this point, the djrectiona of the three principal axes which 
! intersect in this same point, and the components of the anguhu 
j velocity of rotation about these three axes, are known at flii* 
I same instant. If this body is met by another moveable, all 
the circumstances of whose state are equally known, tin 1 
.components of their velocities of rotation and translation will 
be changed by the impact, but, both the positions of their 
centres of gravity, and also the directions of their principal 
axes, will be the same as before the impact; for, although I In* 

I shock is not instantaneous, still the duration of this phenome- 
non is always sufficiently Bhort to permit us to neglect tin* 
displacement of the different points of the two moveable, 
while it is taking place, and, consequently, we are justified in 
considering their centres of gravity and the points of the two 
moveables which appertain to their principal axes, as sensibly 
immoveable. Therefore in the problem of the impact of two 
bodies, the object will be to determine in magnitude and <li~ 
rection, their velocities of translation and rotation after I In 1 
i impact, from knowing the values of these same quantities be- 
fore the impact, and also the relaliyejbrina ancLp.Q?itions of tin* 
(moveables. 

We proceed now to give the general solution of this pro- 
blem, in the two extreme cases, in which the moveables arc 
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soft and destitute of elasticity, and in which, on the other 
hand, these bodies are perfectly elastic. 

466, First, let us suppose that there are only two move- 
ables which touch in one Bole point, and that they are entirely 
free. Let m and m' denote their masses, g and g' (fig. 15) 
their centres of gravity, k their point of contact, hkh' the 
normal to their surfaces at this point ; likewise, let a#, g y, az 
be the principal axes of m, and ax 1 , g y f , a z' those of m'. Let 
u,v,tv be the components of the velocity of G in the direction f 
of the axes ax, ay, a z immediately before the impact, at the 1 
same time let the angular velocity of m about the instan- 
taneous axis of rotation passing through the point g, be de- 
noted by <u, and the three components of this velocity about 

the same axes ax, ay, a z, by p , q, r 5 so that — , - may be 

WWW J 

the cosines of the angles which the instantaneous axis makeB 
with these lines (No. 407), and also 

<i) 2 = p* + q 1 + r 

This being agreed on, if x, y , z be the three coordinates of 
any point m referred to the axes ax, ay, az, the components 
of its velocity parallel to these axes, and arising from the mo- 
tion of rotation of the moveable (No. 418), will be 

qz — ry, rx — pz , py '—qx\ 

consequently, we shall have those of its absolute velocity, by 
adding to them respectively u, v , w , the components of the 
velocity of the point g, which ore therefore relatively to the 
axes of x, y , z , 

u + qz - ry, v +rx—pz, w +py — qx. 

Let u u v u w l ,p 1 , q l9 r A denote what u, v, w, p, q, r be- 
come immediately after the impact. Then, as the point, whose 
coordinates aTe x , y , z , does not sensibly change its position 
during the impact, the three preceding components will be- 
come 
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u y + Jis — rtf, Vx + t\x — PiZ, Wi + - q 1 * ; 

and as the axes g#, g^, gs, to which they are parallel, are also 
Bupposed to be immoveable during the impact, the velocities 
lost by this point, estimated in the directions of these axes, 
will be obtained by talcing these last quantities from the pre- 
ceding. If, therefore, the element of the mass m, whose 
coordinates are x , y , z, be denoted by dm, the components 
parallel to the axes gx } Gy, gz , of the quantity of motion lost 
during the continuance of the impact, will be 


[u — Ui+(q — £i)a - (> — r x )y]dm, 
[v - Vi + (r - r { )x- ( p —p\)z]dm, 
\w — w x + (p — p x )y - {q - 


In virtue of the general principle of dynamics (No. 353), 
the quantities of motion thus lost by m and m' ought to be in 
equilibrio ; and, by what has been observed in No. 265, the 
equations of equilibrium of these two solid bodies which press, 
the one against the other, con be formed, by considering each 
of them by itself, when there is added to the forces relative to 
m an unknown force n, acting in the direction kii, and to the 
forces applied to m', the same force n acting at the point k in 
the direction kh 7 * 

j These forces n, acting in the directions kh and kh', will 
\he the quantities of motion impressed by the impact on the 
i masses Mand m 7 ; and, previously to describing the equations 
lof equilibrium, it may be remarked that the effects of the im- 
pact which they will enable us to determine, will be the same 
; for the mass m, for example, as if ju an arbitrary part of this 
,‘mass, having its centre of gravity in the line k.h, was applied 
'to it, actuated by such a velocity ^parallel to kii, that 
, pk = n ; for it is evident that the resultant of the quantities 
1 of motion of p will be equal to n, both in magnitude and di- 
rection ; therefore the percussion exerted on m, in the direction 
iJkh, is always equivalent, as has been stated in No. 435, to 
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equal velocities impressed parallel to this normal K.H, on all 
the points of a part of m, whose centre of gravity exists on 
this line. 

467. This being established, let a, b f c be the three co- 
ordinates of k, referred to the axes ax 9 gj/, gz s and a, /3 } y 9 
the angles which the line rh makes with lines drawn parallel 
to these axes through the point k ; the six equations of equili- 
brium of the quantities of motion lost by all the points of m, 
will be 

N cos a + — «i + (q — q A ) z (r — r^)y\dm — 0 , 

n cosj3 + $[tJ — Vi + (r — r x ) x — (p — pi)z]dmz=: 0, 
n cob y + J [to— u> Y + (p — P\)y — (? — q{)x]dm = 0 , 

n (a cos j3 — 6 cob a) + S [u— — [p—p^z]xdm 

-\lu~u l +(q--g l )z--{r-r l )y']ydmz: 0 9 
N (c cos a — a cos 7) +Hu—u l +(q—q l )z—(r—r i )y\zdm 

— $[w~w l +(j?~p i )y—(q--qi)x']xdm=zO, 
n (6 cos y — c cos / 3 ) + $ [_w~Wi+{p—pi)y-~ (g—qi)x]zdm 

— SL V — — (P — Pi)*] 0, 

in which the integrations are supposed to extend to the entire 
mass m. 

As g is the centre of gravity of m, and g®, g y 9 az 9 are 
principal axes, we have 

$®d»i ss 0, $ydm — 0, $zdm =0, 
lyzdm = 0, ^zxdm = 0, ^ coy dm = 0. 

Moreover, let a, b, c, denote the moments of inertia of m 
with respect to these same axes, so that 

a = ^(y 2 + z % ) dm , b = 5 (3 s + e 9 ) c = $(®* + p 9 ) cZ?n ; 

then as $dm = m, the six preceding equations of equilibrium 
will be reduced to 

2 B 
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N COS a + M (?i — «i) = 0, 

N COS [3 + M (v — V!) = 0, 

N COS y + M (w — Wj) - 0, 

n (a cos /3 — b cos a) + c (r — ?’i) ~ 
N (c cos a — a cos y) + B (<7 — <?i) = 
N (6 cosy — ccosj3) + A(p — Pi) = 


(1) 


j 


With respect to m' and its principal axes ny, h' 1 , 

the quantities which occur in the preceding equations be di‘- 
noted by the same letters, with ft stroke above each ot them, 
so that, for example, a', j 3 ', */, may be the angles which the 
line kh' makes with lines drawn through k parallel to these 
axes, and a\ b\c l 9 may be the coordinates ot this point, re- 
ferred to these same axes. As the magnitude of n must bo the 
same in the case of the two bodies M and m', the equations of 
equilibrium of the quantities of motion lost by m', will bo 


n cos o' + m' (u' — U\) = 0, 
n cos j3' + m' (y* — Vi') = 0, 

N cob y ' -f M' w{) = 0, 

n (a! cos ] 3 '— V cos a') + c' (r f — r/) = 0 , 
n ( c' cos q! — a ' cob y') + b' (q * — < 71 ') = 0 . 
n ( b* cos 7'— c' cos (i r ) 4- k'{p r —P\) = 0. 


(‘i> 


Besides the twelve unknown quantities u x , Vi , t»i , v H*/, 
JPu Ju ^1 j p/) j/, ?V, which these twelve equations (1) ami (54) 
i contain, they also involve the unknown quantity n, const* - 
fquently they are not sufficient to determine these thirteen mi- 
'known quantities; a thirteenth equation must therefore hr 
jjoined to them, which, in the case of bodies destitute of clus 
: ticity , may be obtained by the following consideration. 

468. If the two moveables were considered to he perfectly 
hard, and if the compression which they experience during the 
continuance of the impact, was not taken into account, tlio so- 
lution of the problem would, in point of fact, be indeterminate- 
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But, if tills compression, (however small we may suppose it 
to be), be taken into account, then it may be "conceived to 
®iS?eJron^_thip, namely, that those points in which the two^ 
moveables are in contact, have not the same velocity in tho 1 
direction of the common normal to their surfaces. In conse-l 
quence of the difference of the normal velocities of these two, 
points, the two bodies lean and gradually press the one against' 
the other ; at the same time, this difference diminishes by insen - 1 
sible degrees until it entirely ceases ] and when the two bodies j 
are destitute of elasticity, the phenomenon of the impact is com- 
pleted at the instant in which this difference becomes cipher, and 
these two bodies retain the form which they assume at the in- 
stant ^f their greatest compression. It is this equalityjo f the 
normal velocities of the two points of contact, at the end of the 
impact, which furnishes the thirteenth required equation, and 
which consequently causes the indetermination, that would be 
otherwise in the problem, to disappear. Inasmuch as the 
point k appertains to the body m, its coordinates referred to 
the axes goj, g?/, g z, are a, b, c ; by substituting them in place 
of oj, z , in the formulae of No. 466, we have immediately 
after the impact w v + q — piC, w x -\~P\b — (fra, 
for the values of the components of its velocity parallel to 
those three axes, and os a, j 3 , 7 are the angles, which the line 
kh makes with the directions of these components, the value 
of the final velocity of this point in the direction of this line, 
will be 

(mj + qxc — r! J)coa a + (Ui + r x a — p z c)cos f 3 + (tt>i +Pib — <fr a)cos 7 . 

If the same point k be considered as constituting a part of 
the body m', its velocity after the impact in the direction of 
xn', will be 

(tti'+jiV— rJV) cos a'+ (V+ |J|V) cob/3' 

+ (wi'+Pi'P- ?i'« 0 cos Y'- 

Now, in order that in the two cases, the normal velocity 
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of the point k. may he the same, and have the same direction, 
these two last quantities should be equal and affected with 
contrary signs, or in other words, their sum should he cipher, 
consequently, we shall have 


Oi + q x c — r,6) cos a + (w/+ ji'c'— r^V) cos a' 1 
+ (»i + r x a ~ p x c) cos (3 + (v/ 4 - r{ci— pjc 1 ) cos 
+ (^i+Pi6“?itt)co87+(w;/+p 1 / i / — <7 1 'a / )cosy=0. . 


( 3 ) 


Ab equations (1), (2), (3), are all of the first degree, with 
respect to the unknown quantities n, U\ 9 v x , &c., determiimto 
values of these quantities may be obtained by means of these 
equations, which values will make known the state of the two 
moveables after the impact, and also the equal and opposite 
quantities of motion which are impressed on them by the per- 
cussion imthe direction of the common normal to their sur- 
faces. 

469. If now, the two bodies are elastic, there are three 
^ successive epochs to be distinguished in the phenomenon of 
, the impact ; the first respects the instant at which the two 
' moveables commence to touch at the point k of their surfaces ; 

^ the second will be that of their greatest compression, when 
the normal velocities of the point k will be equal and directed 
0 the same way for the two bodies ; the third will be the termi- 
; nation of the impact, at which instant the two moveables will 
separate, the one from the other, and will exactly resume then* 

1 primitive forms, if they he perfectly elastic. 

From the first to the second epoch, the phenomenon will 
be the same as if the bodies were destitute of elasticity. 
Therefore we can determine by means of the preceding equa- 
tions, the twelve components w u v u &c., of the velocities 
of translation and rotation of the moveables at the instant of 
their greatest compression, and n the quantity of motion which 
will he impressed on each of these bodies in the direction of 
kb for m, and of kh' for m'. From the second to the third 
epoch, these two bodies, in reverting to their original forms. 
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will receive, along these directions, anew quantity of motion, 
which, in the case of perfect elasticity, will be also equal to n. 
Consequently, this second part of the phenomenon ought to* f ' 
be considered as a second percussion identical with the first, | 
but exerted on bodies actuated by the velocities of translation j 
and rotation, which obtain at the end of the firBt part. 

Therefore, by this principle, agreeably to wbat has been 
already explained in No. 360, if, at the third epoch, u,v, w, be 
tbe components of the velocity of the point a in the direction of 
the axes ge, ay, gs, and p, q, n, the components of the angular 
velocity of m, about the same axes, we shall have, in order to 
determine these six unknown quantities, these six equations 
N cos a + m ( ii| — u) = 0, 

N cos /3 + m (u r — v) = 0, 

N COS y + M (iOl — w) = 0, 
n (a cos (3 — b cos a) + c (r, — n) = 0, 
n (c cos a — a cos y) + b (qy- q) = 0, 

N (b COS y — c cos j3) + A p) = 0, 

which are obtained from equations (1), by substituting u, v 9 
w, p, q, r, in place of u l9 v l9 p u q u r l9 also these last 
quantities in place of u 9 v 9 w , p, q } r 9 and retaining the quan- 
tity N. 

If each of these six equations be added to the equation (1) 
which corresponds to it, the intermediate unknown quantities 
Ui,Vi 9 w u pi 9 q l9 r 19 will disappear, and there will result 
2 n cos a + M (u — u) =: 0, 

2n cos J3 + m (u — v) =: 0, 

2 N cos y + M (id — w) ~ 0, 

2n (a cos (3 — b cos a) 4- c(r — n) = 0, 

2n (c cos a — a cos y) + b (g— q) = 0, 

2n (b cosy — c cos j3) + A(p— p) z= 0. 

These equations (4) are those of the equilibiium of the quan- 
tities of motion lost by m during the entire continuance of the 
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impact^ joined to the quantity of motion 2 N, which is im- 
pressed on tills mass, in the direction ich, during this same 
percussion. The value of n, which can be obtained from 
equation (3), after having substituted in it the values of the 
unknown quantities U\ 9 &c., u\ 9 v\ 9 &c., which are fur- 

nished by equations (l) and (2), should be put instead of it in 
this equation (4) ; however, as the general expression of this 
quantity n is extremely complicated, and as its numerical 
value can be calculated without any difficulty, in each particu- 
lar case, we shall not write it down at length. If the two » 

moveables were not perfectly elastic, n will be less in the se- 
cond part of the impact than in the first, we should then assume 
4 for its value in the second part, a certain fraction, such as/ of 
( its value deduced from equations (1), (2), (3), and then sub- 
stitute ^! +/) n in place of 2 n in equations (4). This frac- 
tion/will depend on the degree of elasticity of the two move- 
ables, and can only be determined by means of experiments 
instituted on bodies consisting of the same kind of matter, and 
in the simplest case, with respect to their primitive form and 
initial motion. We shall restrict ourselves to the consideration 
of the case of perfect elasticity, observing, however, at the 
same time, that the concluding remark made in No. 4GG, 
qbtalnB ^equally x whatever be the degree of elasticity. 

With respect to the body ax', »if o', v', w', be the compo- 
nents of the velocity of g' in the direction of the axes o r af 9 
Gy, gV, at the end of the impact, and p', q', n', the compo- ^ 

nents of the angular velocity of m' about these axes, we Bhull 
obtain equations similar to equations (4), namely, 

2 NC09a' + M'(V — o') = 0, 

2 ncos|3' + — v') = 0 , 

2 N CO 87 ' + M f {%& — W 7 ) 0, 

2 N(a'cosf3' — 6'cosaO + c ; (r' — tL') — 0, 

2 N(c'cosa'— a cosy) + B'(q' - q') = 0, 

2 n (ft'cosy — c'cosj3 7 ) + a \p f - p') = 0 ; 
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By means of which these six unknown quantities may be 
determined. 

The complete and general solution of the problem of the 
impact, in the case of two bodies entirely free, which are either 
destitute of all elasticity, or perfectly elastic, is obtained in 
this manner. It may without difficulty be extended to the] 
impact of three or a greater number of moveables ; we shall [ 
give farther on an example of this. 

470. From tho preceding equations it appears, that in the 
impact of the bodies m and M y , the velocities of their centres of 
gravity a and g\ estimated in a direction parallel to the plane 
which is a common tangent at k, to their surfaces, is not 
changed. 

In feet, if through the point g, a line be drawn parallel to 
this plane, malting tho angles X, /*, v, with the axes ore, Gy, g z> 
we shall have, as this line is perpendicular to tho parallel to 
kh drawn through the some point g, 

COSa COB A + COS |3 COSjU. + COB 7 c09 V = 0 5 

and, therefore, if after having multiplied the three first equa- 
tions (1) or (4) by cos A , cos jjl, eo9 v, respectively, they be 
then added together, thero will result 


U COS A + UCOB/Ll + WCOBv = WjCOsA +V x QOBfi -f cos v 

+ VCOBfX + WCOSv, 


From which it appears, that the velocity of g estimated in'? 
any direction whatever, parallel to tho tangent plane at k, 
will be the same before and after the impact, wliother tho 
bodies be soft or elastic. Therefore, in order to obtain the 
final velocity of g, it will be sufficient to determine, in each 
case, the velocity of this, point after the impact parallel to the 
normal kii, and to take the resultant of it and the velocity of 
g parallel to the tangent piano, which it had previously, and 
which is not changed during the percussion. The some will be 
the cose relatively to g' the centre of gravity of m\ 
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If, after having multiplied the three last equations (I) or 
(4), by cosy, cos/3, cos a, they be added together, there results 

crcosy + B</COS/3 + Apcosa = COBy 4- COB/3 + A Pi cos a 

= CR cosy + BQCOSjS + APCOBa. 

% Now, these three equal quantities are the moments relative 
to the axis kh (No. 409), of the quantities of motion, with 
which all the points of m are actuated, before the impact, at 
) the instant of its greatest compression, and at the end of the 
impact ; hence it follows, that the magnitude of this moment 
]for the moveable m, is not at all affected by the impact, and 
the same is the case, for the moveable m', and this obtains 
whether the bodies be soft or elastic. 

471. We now proceed to apply the general equations 
which have been obtained to several examples. 

First, we shall suppose that kh, the normal at the point of 
contact of the two moveables, passes through a the centre of 
gravity of m, so that it may coincide with the line kgii (fig. 
16). It is evident from a consideration of what tlio letters 
a , J3, y, a, 6, c signify, that in this case we have i 

a cos|3 = Scosa, 
c cos a — a cosy, 
icosy =: ccob/3 ; 

and then the three last equations (1) and (4) will give 

Pi=P> = r i — Q = n = r ; 

from which it appears, that the direction of the instantaneous 
axis of m, and the velocity of rotation immediately before and 
afteT the impact, are the same. Therefore, whenever the normal 
at the point of contact passes through the centre of gravity of 
one of the two moveables, the impact does not at all affect the 
rotatory motion of this body, it only influences the motion of 
translation, and thiB is the case whether the bodies be soft or 
elastic. 
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If the same normal passes also through g' the centre of gra- 
vity of m', in which case we have likewise 

a'cosjS' = Z/cosa', 
d cos a' = ce'cosy', 

£'0037' = c / cos/3 / , 

the velocities of rotation will disappear from equation (3), 
which will be reduced to 


Mi cos a + v x cob |3 + W1COS7 w/cosa' 

+ Vi cos j 3 ' + W/C0S7' — 0 ; 

but from the three first equations (1) and (2), we obtain(a) 


N“M [(«!“-««) cos a+(^i — v) cob (3 + (iVi—w) cos 7 ], 

N = — M / )cOSa / +(Vi'-’t/)cos/3 / + (w } '~ «/)cos 7 ^ ; 


( 6 ) 


and by dividing each of these equations by m and m' re- 
spectively, and then adding them to the preceding, there results 

N N 

— 1 , + u cos a + v cos j3 + w cos 7 + u* cos a 9 

m m' ' 

+ v f cos [3* + to* cos y* =: 0. 

Now, if gl and g'l' are the directions of g and a' before 
the impact, and 0 and 6* their initial velocities, we shall have 

fl cos hgl = u cos a + v cos /3 + w cos 7, 

S' cos h'g'l' = w'cosa' + i/cos /3' + z//cosy / , 

as is evident from a consideration of what is denoted by the 
letters u, v 9 fv 9 a, /3, 7, u\ d, u/, a', ( 3 '> y Consequently, we 
shall have(6) 

MM' (6 COS HGL -h 6* COB H'g'l') 

N “ ~~ M + M' ’ 

for tho value of n, which must be essentially positive, for if it 
was negative there would evidently be no impact between the 
two moveables M and m'. 

2 f 
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In like manner, if gZ and G f V be the directions of g and G f 
at the instant of the jrreatest compression of the two move- 
ables, and fl| and 0/ their velocities at the same instant, we 
shall also have 


0 L cos hgZ = U\ cos a + Vi cog j3 + Wj cos y, 
0/cos h'g'Z' ~ Wi'cos a! + ^/cos j3' + ttVcos y'i 


and from these several equations we obtain(c), 

A _ M0 COS HGL — COS h'&'l' 

009 HGl = 5+ir 5 

_ ( . m'0'cOSH'g'l'— M0COSHGL 

B\ COB H'G Z' = 7 9 

1 M +M 

for the components of the velocities of g and g' in the di- 
rections gh and gh', at the instant in question. They are 
(as appears from inspection) equal and contrary; hence it 
follows, that at the instant of the greatest compression the 
velocities of the centres of gravity of the two moveables, esti- 
mated in the direction of the normal at the point of contact k, 
are equal. In the case of soft bodies, this normal velocity 
will be that which obtains after the impact. When the two 
moveables are perfectly elastic, we shall have 


0! cos hgZ = u cob a + v cos /3 + w cos y, 

0/ cos h'g'Z' =: u' cos a + v / cos /3' + w'cos y 7 ; 

the velocities 0! and 0/, and the directions gZ and G f V being- 
supposed to he those which have place at the end of the im- 
pact. Hence, in virtue of the three first equations (4) and 
(5), and of the value found above for n, we shall have(d) 


n , (m — mO 0 C09 HGL — 2 M'O'cOS H'g'l 

01 cos hgZ = ^ : , 

* vr im' f 


M +M' 


e/cos r ») ^coa hw - 

M +M' 


2m0coshgl 


( 8 ) 


which will be the components of the final velocities of a- and 
g' in the directions gh and g'h'. 
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472. In the particular case, in which the points g and o' 
move, before the impact, in the direction of the normal hkh', 
their velocities estimated in a direction perpendicular to this 
line will be cipher, and they will be likewise so after the im- 
pact i so that we shall have 

cos hgl rr ± 1, cos eg/ ± 1, 

cosh'g'l 7 ^ ± 1, COSHGZ'r: ± 1, 

the sign depends on their directions, the velocities 0, 0', 0 t , 0/, 
beings always regarded as positive. 

If a and g' move in the same direction before the impact, n (, 
as for example from n 7 towards h, the angle hgl will be 
cipher, and the angle h'g'l' equal to two right angles ; there- 
fore, in virtue of equations (7), we shall have 

cos hgZ = 1, cos itgt = — 1, = 0/ = — 

M + M' 

If, on the contrary, g and o' move in opposite directions 
before the impact, in such a manner that the point g proceeds 
from ii towards ii 7 , and the point g' from h 7 towards h, we 
shall have cos hgl ~ cos h'g'l':= — 1, and equations (7) will 
give 

C08IIGZ = qz 1, cosh'g'/'it: ± 1, 0! = 0/ = ± 

in which, the superior or inferior sign should be taken, ac- 
cording os the difference M0 — m' 0 7 is positive or negative. 
Formulae (8) may, in the same manner, be applied to these 
two hypotheses. 

These rosults coincide with those obtained in Nos, 36l‘ 
and 362, relatively to the impact of homogeneous spherical 
bodies , but it appears, from what haB been just established, . 
that they are independent of the form of these bodies, and of 1 
their motion of rotation, and that they only suppose that 
the centres of gravity of the two moveables move, before the 
impact, along the normal to the point of contact. - 
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473. If we suppose m' = m, equations (8) become 

Oi cos hgJ = — 0' cos h'g'l'j 0 \ cob h'g'/' = — 0 cos n« n, 

from whence it follows, that in the impact of two perfectly 
elastic bodies whose masses are equal, the centres of gravity 
of the two moveables interchange their velocities estimated 
in a direction parallel to the normal at the point ot contact, 
when this normal, which is common to the two surfaces at 
this point, passes at the same time through these two centres. 

If the point g' is at rest before the impact, in which case 
fl'zz: 0, and if, moreover, the mass m, on account of its density, 
is so small that it may he neglected with respect to m', we Bhall 
have, in virtue of equations (7)(e). 

Ox cos hg l = 0, 0/ cob hVJ' = 0 ; 

so that when the bodies are soft, then* centres of gravity o and 
g' will not, in this case, have any normal velocity after the 
impact. But if, on the contrary, the bodies are perfectly elastic, 
we shall have, in virtue of equations (8), 

0/cos hVZ 7 = 0, 9i coa hg/ = — 0 cos iigl ; 


from which it appears, that the centre of gravity o' will not. 
be actuated by any velocity, and that g will acquire, alter 
the impact, a normal velocity equal and contrary to that which 
it had before. 

| It is easy to infer, that the centre of gravity g will bo re- 
; fleeted, making with the normal at the point of contact of the 
j two moveables, the angle of reflexion equal to the angle of 
j incidence. In fact, let there be assumed on the production of 
gl (fig. 17) apart such as ^g to represent the velocity of u 
which moves from g towards a, before the impact ; and let u ii 
be the normal to the point of contact of the two moveables, 
which passes by hypothesis through the point u ; if the velo- 
city go be resolved into two others, the one aa acting in tin* 
direction of this normal, the other bo parallel to the tangential 
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plane, the second will not be affected by the impact, and the 
first will be changed into a velocity cg equal and contrary to 
aa. Consequently, if the rectangle abdc be completed, and 
if the diagonal ad be prolonged, bo that al may be equal to 
ad, the velocity of the point a after the impact will be repre- 
sented in magnitude and direction by gZ; hence the angle of 
reflexion HG^will be equal to the angle of incidence hg#, and, 
moreover, the magnitude of the velocity of the moveable be- 
fore and after the impact, will he the same. This case is that 
of an elastic body that meets with a fixed obstacle, which is 
itself also endowed with a perfect elasticity. 

474 . When the moveables arc homogeneous Bplieres, the 
condition that the normal hkii' (fig. 16) passes through their 
centres of gravity g and o', is always satisfied. Conse-i 
quently, if these bodies are perfectly elastic, when they im-i 
pinge they will interchange their velocities in the direction of t 
the line drawn from one centre to the other, and they will re- j 
tain without any change, their velocities perpendicular to this , 
line 5 and when they strike a fixed obstacle, which is itself per- f 
fectly clastic, they will be reflected, making tbe angle of inci-i 
dencc equal to the angle of reflexion. It is on these principles 
that the game of billiards is founded ; but it is necessary to ob- 
serve, that not only the balls and 9ides of the tables are sup- 
posed to be perfectly elastic, but likewise, that the fact of the 
velocity of the moveables, when estimated either in a direction 
parallel to their common tangential plane, or in a direction pa- 
rallel to the sides which they meet, not being affected by the 
impact, is only true on the supposition that the friction urising 
from their rotation, and from the sliding of one surface on the 
other, is not taken into account. We proceed to show, for 
example, that the angle of reflexion depends on the rotation 
of the boll, and that it is not equal to the angle of incidence, 
when the friction of the ball against the side is taken into ac- 
count. The Biime is the case in rocket firing, when a bullet 
hops on the earth ; the friction of this projectile against the 
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ground and its velocity of rotation likewise affect the angk ♦ ! 
reflexion, which may, on this account, be different from tin 
angle of incidence. 

This question will enable us to explain in what manner tin 
friction should be taken into account in the impact of bntlii 
and thus complete what has been stated, in the second \nui> 
graph of the preceding chapter, respecting this kind oi n 
sistances. We now therefore proceed to detail the principle * 
which are to guide us in this delicate matter; we have k»> 
conducted to them by analogy, but they, as well as llm no 
sequences which follow from them, should be confirmed k 
direct experiments. 

475. When the equations of equilibrium of the quanhii< - 
of motion lost in the impact, by the two masses m and m , 
were formed, the quantities of motion produced by the \veiph H, > 
of these bodies during the continuance of the percussion, 
not taken into account, because as this duration was \ % <■ 
short, these quantities, which are proportional to it, arc Id.* 
wise very small, and may be neglected relatively to iIim'i* 
which the moveables receive from their mutual impact, lb * 
this is not the cose, as has been already remarked (No. It.* » 
with respect to the friction which takes place during the imp.o 
when the surfaces of the two moveables in contact slide ik 
one against the other. Although no observations have In * ,, 
| made on the intensity of this friction, it may be supposed 
jinduction, that it follows the general laws of the frie l inn 
’bodies subjected to pressures properly so called, since tin 1 p* 
cussion is only a pressure of very great intensity, acting h»i . 
Ivery short interval of time. It may therefore he admin* \ 
that during the continuance of the impact, the friction, a( rm , 
instant, is proportional to the magnitude of the normal pr* - 
(sure, which at this instant causes the two moveables to jun- 
'against one another, and that, in the case of each movcul>b\ 
pets in a direction contrary to that of the relative vein* r*. 
(with which this moveable slides on the other, being at the 
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time independent of the magnitude of this velocity ; also that 
when the friction is changed into a simple rolling of one body 
on the other, it disappears, or may be neglected. 

Now, the entire quantity of motion impressed on M in the 
direction of the normal kh (fig. 15), has been denoted by n, 
when these two moveables are destitute of elasticity, and by 
2 n, when they are perfectly elastic. If, therefore, during the’ 
continuance of the impact, the surface of m slides in one and 
the same direction on that of m', and if q be the quantity of 
motion impressed on m by the friction, estimated in a sense 
opposite to that direction, we shall have Q 7 jn, in the case of 
bodies destitute of elasticity, and q = 2 An in the case of per- ( 
fectly elastic bodies ; A being a coefficient which depends on 
tlie nature of the surfaces of m and m' at the point of contact 
K, and for which that value may be assumed which has been 
determined by experiment, relatively to ordinary pressures, 
(No. 459). If the sliding takes place in one direction during, 
one part of the impact, and in the opposite direction during 
the other part, we shall have q = A( n'— n"), in which n' and 
n" denote the quantities of motion produced by the percussion 
during theso respective parts of the impact, so that their sum 
n' + n" may be equal to n or 2 n, n' being supposed > n". 1 
If, at the end of the first part, the sliding is changed into a 
simple rolling, we should assume a rz An', the friction of the 
second species, which has place during the second part, being [ 
neglected. 

If a' denotes what Q becomes relatively to m', it is evident 
that, in all cases, q' will be a quantity of motion equal and di- 
rectly opposed to q, for the normal pressure that m 7 exercises 
on m during the continuance of the impact, is of the same 
magnitude as that of m on m', and the relative velocity of the 
sliding of m' on m, is always equal and contrary to that of m 
on m\ 

It follows from this, that in order to obtain the equation 
of equilibrium of the quantities of motion lost during the im- 
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pact by the body m, the effect of the friction being taken into 
, account, it will be sufficient to join to the quantity of motion 
N or 2 n, impressed on the normal in the direction of the nor- 
: mal kh, another quantity of motion q, acting in a direction 
contrary to kh, and expressed in the manner just stated 
* above ; and that, in order, at the same time, to obtain the 
( equations relative to m', there should be joined to the quan- 
tity of motion n or 2n, acting in the direction ich', a quan- 
tity of motion of equal and contrary to q. This is what wo 
! now proceed to do in the case of the impact of a homogeneous 
A spherical projectile against a fixed obstacle. 

476. For greater clearness, we shall suppose that the fixed 
obstacle that is struck by the sphere m is a horizontal plane, 
and that previously to the impact, this sphere turns about a 
horizontal axis, which is perpendicular to gh the direction of 
its centre of gravity. Figure 18 represents a section of the 
fixed plane and of m made by a vertical plane passing through 
G. As every thing is similar on each side of this section, the 
point g will not deviate from this last plane during the impact, 
m will continue to turn about the diameter perpendicular to 
this same plane, and the point of contact k will slide, during 
this percussion, along ab, the intersection of this vertical 
plane and of the fixed plane. 

Let a he the horizontal velocity of g, immediately before 
the impact, acting in the direction gd, b its vertical velocity 
acting in the direction gk, y the angle of incidence iigk, in 
which case we have 

tang 7 = |. 

As the moveable m, and also the obstacle which it strikes, are 
supposed to be perfectly elastic, it will first lose, during its 
compression, its quantity of vertical motion denoted by ; 
then in returning to its primitive figure, it will resume an 
equal and contrary quantity of motion, so that after the im- 
pact, g the centre of gravity will be actuated by a vertical 
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velocity b acting in the direction of on the production of gk. 
If therefore its horizontal velocity at this epoch directed along 
gd, or in the opposite direction, according as it is positive or 
negative, be denoted by a f \ if gh' be the direction of this 
point, and if the angle of reflexion egh' be denoted by 7', we 
shall have 

_ o' 
tan/ 

The line gh' will be situated to the left of the vertical ek, 
like the line gh, or to the right of ek, according as the quan- 
tity a' is positive or negative, In order that the angle of 
reflexion may be equal to the angle of incidence* this velocity 
a 1 should be positive and equal to o. When these velocities 
are not equal, the sign of 7, the difference of these two 
angles, will be always the same as that of a f — a ; and the 
point g will retrograde when the velocity a 1 is negative. 

In like manner, let the angular velocity of rotation of m, 
before the impact be denoted by a ; we shall consider it as 
positive or negative, according as it has place in the direction 
indicated by tbe sagitta s } or in the contrary direction* Let 
a' be what this velocity becomes after the impact. The ob- 
ject of the problem will bo to determine o' and a when a and 
a are known. Its solution gives rise to several distinct cases, 
according as the absolute velocity of the point k is positive or 
negative, that is to say, rtccording as it is directed along ka 
or kb, during a part of the continuance of the impact, or 
during its entire continuance 5 these cases we proceed to exa- 
mine successively in the following number. 

477. In the first place, let us suppose that the velocity of 
the point k is positive, or directed along ka, during the entire 
continuance of the impact ; then if gk the radius of m be de- 
noted by c, this velocity will bo equal to a + ca at tbe com- 
mencement, and to a* + caf at the end of the impact, so that 
these two quantities should be positive. As the entire quan- 
tity of motion impressed on m in the direction gk, while the 
vol. n. 2 g 
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moveable is compressed, and also while it reverts to its primi- 
tive figure, is equal to 2mJ; by No. 475 the quantity of mo- 
tion arising from the friction, and acting in the direction kb, 
will be 2 Am 5; consequently, a! the horizontal velocity of the 
centre of gravity a after the impact will be the same, as if the 
mass m being condensed into it, the quantities of motion ua 
and 2 Am 5 were applied to it, in directions contrary the one to 
the other ; this gives 

o' = a — 2 hb. 

Now since § m & is the moment of inertia of M with respect to 
its axis of rotation, and 2 Am be is the moment of the friction 
directed along kb with respect to the same axis, it is easy to 
perceive that a — a 1 the diminution of the angular velocity of 
rotation will he determined by the equation (J*) 


§-Mc*(a — aO = 2 Am6c ; 
from which we obtain 

. 5hb 

a zz a . 

c 


From these values of af and a', there will result 


a* + Ca! zz a + ca ~ 7 hb ; 


and, as in the case we are considering, a r + ca! must be posi- 
tive, the quantity a + ca, which is also positive, must be 
greater than 7 hb. When this condition obtains, we shall 
have 

tangy' ^ — 2A = tangy — 2 A, 

by means of which the angle of reflexion y' can be deter- 
mined, when y the angle of incidence and the coefficient h arc 
known. 

If the absolute velocity of the point k is constantly nega- 
tive, or directed along kb, the friction will act in the direction 
ka, and it will be sufficient to change the signs of the terms 
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multiplied by A, in the formulee of the preceding case, which 
will become 

5 Jib 

d = a + 2AA, q! = a 4 — — , tangy' = tangy + 2A. 

In order that this case may obtain, the direction of the 
initial velocity of the point k must be contrary to that of g, 
this implies, that the direction of the primitive rotation is con- 
trary to that which is indicated by the sagitta Moreover, 
as 

d + ca! — a + ca + 7 At, 

it is necessary that this negative quantity a + ca should ex- 
ceed the positive term 7 hb,(cj) In this second case, the angle 
of reflexion will be greater than the angle of incidence, while 
in the first case, y' was less than y. 

If, the velocity of the point k being positive at the com- 
mencement Of the impact, it becomes at a certain point of its 
duration, cipher, and if it continues to be nothing unto the 
end of the impact, the total effect of the friction should, by 
No, 475, bo taken equal to Am (b 4- 1/), V denoting the verti- 
cal volocity of g at the instant in question, which should be 
regarded ns negative or positive, according as this instant oc- 
curs during the time the moveable is compressed* or while it 
is reverting to its primitive figure. From hence we infer, as 
in the first case, 

w , 5h(b + b') 

of = a — A (b + 1/), a! = a ^ 

and, consequently, 

tangy' = tangy — A — » ■ 

If the velocity of the point k is cipher from the commence- 
ment of the impact, we shall have V = — b ; and as the friction 
is ciphor, or of the second species, during the entire continu- 
ance of the percussion, it will not affect the values of d , a\ 
tangy'. If, on the contrary, the velocity of the point k does 
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not become cipher until the end of the impact, we shall have 
b zz S', and these formulae will coincide with those of the first 
case* In general, the value of V will be unknown, and all 
that is determined respecting it is, that it cannot surpass — & 5 
hut as the final velocity of the point k is supposed to he cipher* 
we must have 

a! + co! = a + ca — £ A (b + b*) z 
from which we obtain 

h(b + b') = ; 

and, consequently(A), 

5a~2ca 

a 1 = — ca! = ^ , tangy' zr tang 7 

If, the velocity of the point K being positive in one part of the 
impact, it becomes negative in the following part, and if V bo 
the vertical velocity of & at the instant of this change of sign, 
which velocity may be either positive or negative, the quan- 
tities of motion impressed on m in the direction of kg, during 
these two parts of the percussion, will be m (b + &0 an ^ 
m (&—&') respectively. Therefore, by No. 475 , Am (b + 

— Am (6 — b *) will be the entire quantity of motion produced 
by the friction in the direction kb or ka, according as it is posi- 
tive or negative ; and as this quantity is reducible to 2 AmZ/, 
it follows that the formula relative to this fourth “case may bo 
deduced from those of the first, by substituting b f in place of 
b . If the velocity of k. was first negative, then in order that 
it should afterwards become positive, the sign of A should be 
changed, as in the second case. But as the quantity V is not 
given, the diminution or increase of the angle of reflexion can- 
not be known by means of these formulae ; all we know re- 
specting them is, that both the one and the other is less than 
in the first or second case. 

The question would be still more complicated, if the pro- 


0 ; 


2 (a + ca) 

TT~' 
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jectile turned about an axis which was not perpendicular, a 8 
has been supposed, to the vertical plane in which the point a 
moves before the impact. The friction would then cause this 
point to deviate from its plane during the percussion; and not 
only would the angle of reflexion differ from the angle of inci- 
dence, but likewise these two angles would no longer be com- 
prised in the same vertical plane. 

478. Now in order to show, independently of friction, the 
influence of the impact on the motion of rotation, let a simple 
example be taken, in which the normal at the point of contact 
of the two moveables, which may alwayB be regarded as the 
direction of the impact, does not pass through the centre of 
gravity of one of these two bodies. 

If during the impact the instantaneous axis of rotation of 
M be supposed to coincide with one of the principal axes, which 
intersect at its centre of gravity, for example, with the axis oz 
(fig. 15), wo shall then have p = 0 and q ~ 0. Likewise, 
let us suppose that the point k and the common normal to the 
two surfaces at this point, arc comprised in the plane of the 
axes ox and Gy ; in consequence of this, the two quantities c 
and cosy will be cipher. By making p — 0, <7 = 0, c rr 0, 
cos y = 0, in the two last equations (1) or (4), it follows that 
Pi — 0, and 5 i = 0, or r — 0, and q = 0 ; so that in tlx© two 
cases, namely, when the bodies ore soft, and also when they are 
clastic, the axis of rotation will still coincide after the impact 
with the axis g z, and the impact will only change the velocity 
of rotation without at all affeoting the instantaneous axis, 
agreeably to what has been already observed iu No. 437. 

If the body m 7 be a homogeneous sphere, the direction of 
the impact will pass through its centre of gravity ; conse- 
quently, we shall have, as in No. 471, 

a ' cos ($' = b' cos a', c l cos o! = a! cos y ' , V cos y ' = d cos ]3' , 

hence, the suppositions just stated being taken into account, 
equation (3) will be reduced to 
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(« cos /3 — b cos a) r x + «j cob a + V\ cos J3 
+ Wi ; co9ai + cos/3i + w/cosy's: 0; 
and, by combining it with equation (6), we obtain(z) 

W N 

^ + jjp + 0* coa p — i cos a) rj + w C03 a + D cos J3 

+ «'c 08 a / + 'u'cogj3' + w/cosy=0. 

Through the point it, let lines be drawn parallel to the 
directions of 0 and O', the velocities of & and g' before the 
impact ; then, if § and S' be the angles which theso parallels 
make with kh, we shall have 


u cos a + v cos j3'= 0 cos 8 , 
u' cos a'+ v' cos j3' + w' cos y' = - 0' cos S', 

which will, therefore, be the components of 0 and O' along 
this part of the normal to the point k ; and if T\ be eliminatod 

by means of the fourth equation (1), the preceding equation 
will become 


_L 1 ( a coa 0 — b coa a ) % N 
M ’ ~ 7T 


+ (a cos j3 — b cos a) r 


+ Ocosg - 0'cosS'= 0; 

from which we deduce 


n = MM/ ° P cob a — a coa p 1 ) r + ^ cos S'- fl cos 8] 

(m + M 7 ) c + MM' (b cos a — a cos j8)* 

By means of this value of n, the three first equations (1) 
or ( ), according as the moveables are soft or elastic, will 
ma e own u l9 Vi 9 w l9 or u, v,w, the three components of 
. e of « «*« the impact; and the three first equa- 

tions (2) or (5), will, in like manner, determine the finul 
velocity of o'. With respect to the value of r' or n, it may be 
deduced from the fourth equation (1) or (4). 

The quantity jr must, as has been already remarked, bo 
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always positive ; for when its value is negative,* there cannot 
be any impact between the two moveables. The denominator 
of this value is positive, and so is the factor of its numerator, 
namely mm'c. 0 and 0' the factors of its two other terms, 
are also positive, but the quantities a, &, cos a, cos /3 ? cos S, 
cos S', may be either positive or negative ; and their signs 
will be given in each particular case. As p = 0, and q = 0, 
r will be, abstracting from the sign, the velocity of rota- 
tion before the impact. In order to know the sign with 
which it should be affected in the value of n, let a point be 
assumed on the axis ax 9 at the unit of distance from the point 
g; the velocity of this point before the impact, estimated 
in a direction parallel to the axis g jj } will be v + r (No. 466) ; 
hence it follows, that its part r must be positive or negative, 
according as the direction of the primitive motion of rotation 
iB from the axis ax towards the axis g y 9 or from the axis g y 
towards the axis arc, that is to say, in the direction of the 
sagitta s, or in the opposite direction. After the impact, the 
rotation will have place in the first or second direction, ac- 
cording as the valuo of ?■, or n is positive or negative. 

479. Hitherto we have supposed, that the two bodies m 
and m' are entirely free ; but if they are retained by a fixed 
point or axis, the determination of their motions after the 
impact will always depend on the same principles, and will 
merely differ in the number of equations which should be 
considered. 

For .example, if the moveable M is retained by a fixed 
point g, the three first equations of No. 467 will be no longer 
necessary for the equilibrium of n and of the quantities of 
motion which are lost, during the impact, by all the points of 
this body. This fixed point g will not be always, as in the 
preceding cases, the centre of gravity of m, and, consequently, 
die integrals ^xdm 9 \ydm 9 \zdm will be no longer cipher; but 
the six quantities ti 9 v 9 w 9 u u v u will be zero; and by 
assuming that goj, gt/ 5 g s, arc the three principal axes of m 
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which intersect in this point g, the three lost equations of 
equilibrium will be then reduced to 

n {a cos /3 — b cos a) + c (r — 0, 

N (c cos a — a cos y) + B (q — £ 1 ) =: 0, 
n (& cos y • — c cos j3) + a (p — p\) = 0, 

as in the number cited. If to these equations there be joined 
the six equations (2) relative to the body m', which is assumed 
to continue entirely free, and also equation (3), in which wo 
Bhould moke u x = 0, v x = 0, W\ 0, we shall then have the 
ten equations which are necessary in order to determine the 
value of n, and the motions of the two bodies after the impact, 
when they are destitute of elasticity. If they are perfectly 
elastic, the three last equations (4) should be substituted for 
the three preceding equations, and equations (&) should be 
employed in place of equations (2). If the body m is retained 
by a fixed axis gz, which is not a principal axis, the fourth 
equation of No. 467 will be the only one necessary in order 
to determine the equilibrium of n and of the quantities of mo- 
tion lost by m. As the axis of rotation then coincides with 
GZy before and after the impact, we shall have p = 0, q = 0, 
p x = 0, q x = 0 ; and as the three components of the velocity 
of g are also cipher, this equation will be reduced to 

n (a cob J3 — b cos a) + c (r — r x ) = 0 ; 

c being always the moment of inertia with reBpect to the 
axis a 2 . When the two bodies are perfectly elastic, it should 
be replaced by 

2n (a cos J3 - h cos a) + c (r — r) ; 

and by joining to it equation (3), and those which refer to the 
body m', we shall have all the equations which are required 
for the determination of n and the motions of the two move- 
ables after the impact. 

480. If in place of two bodies only, three or a greater 
number impinge on each other simultaneously, the equations of 
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equilibrium of the quantities of motion which are lost in the 
impact, by each of these bodies, should be formed by consider- 
ing 1 it by itself, after having joined to the quantities of motion 
lost by all its points, other unknown forces n, n', n", &c., ap- 
plied to the points of contact of this body with all the others, 
and drawn from each of these points internally, in the direction 
of the respective normals to its surface at these points. Wheni 
all the moveables are considered, the number of these un- 
known forces will be the same as that of the points of contact 
of these bodies ; for they will represent equal and contrary 
quantities of motion, for every two of the moveables which' 
touch in each point. But, at the inBtant of the greatest com- 
pression, that iB to say, at the end of the impact of bodies 
destitute of elasticity, equation (3) will obtain for each point j 
of contact ; hence it follows that we shall have always a snffi- 
cient number of equations, to enable us to determine the state j 


of till the moveables, and the values of N, n', n", &c., flt this 
instant. When the moveables are perfectly elastic, the solu-] 
tion of the problem can be obtained for each of them sepa- 
ratcly, by considerations similar to those employed in No. 469. 

481. In order to give a simple example of this general so- 
lution, let m, m', ft, denote the masses of three homogeneous 
spheres, whose centres are a, g', c, (fig. 19). If the sphere ft, 
which is supposed to be at rest before the impact, he struck 
simultaneously by u and m', which touch it at the points k 
ami k.', then though M and m' should be actuated by a motion 
of rotation before the impact, it will not he affected by this 
impact; and a B ft does not acquire any during this percussion, 
we have only to determine the velocities of o, g', c, after the 
impact, in magnitude and direction, by means of the velocities 
nud directions of g and g', before this impact. 

Let therefore a, b, c denote the components of the velocity 
of g before the impact, parallel to the three fixed rectangular 
asos, ox, off, ox, and let a’, V, d be the oomponentn of o po- 
rullel to tlm some axes. Let u, v, w, H , If, to , lepresen 

VOL. II. 2 H 
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values of these six components at the instant of greatest com- 
pression, and W], v u w> ls the components of the velocity of c in 
the direction of the same axes, at this instant. Likewise, let 
a, /3, 7, he the angles comprised between the radius kc, and 
lines drawn through the point K parallel to the axeB oa?, oj/, o z, 
and o', j 3 ', 7' the angles, which the radius k/c makeB witli 
lines drawn through the point k' parallel to these axes. Let 
n denote the quantity of motion communicated at the instant 
in question to p by m in the direction of kc, or to M by n in 
the direction kg, and n' that which is communicated to /i by 
m' in the direction k'c, or to m 7 by fx in the direction k/g . 
The nine equations of equilibrium, of the quantities of motion 
which are lost, and of the forces n and n', which it will be 
sufficient for us to consider, will be 


m (a u) — . n cos a = 0, 
m(6 — v) — ncos )3 = 0, 
m(c — w) — Ncos 7 z: 0, 

M '(a'—u*) — N'cosa'= 0, 

m v 7 ) — n'cob/ 3 ^ 0, 

M^(c f — ID*) — N^COSy' ZZ 0, 

N cos a + N'cosa 7 — fiU\ rz 0 , 
N cos /3 + n 7 cos j 3 7 — pV\ zz 0 , 

N COS 7 + NCOB7 7 — fiWi zz 0 ; 


(«) 


with respect to which it should be remarked, that kg and k'g' 
are the productions of kc and k'c. 

Equation (3) applied to the points k and k/ will give, at 
the same time, 


z^cosa + Vicos/B + ?^iCOS7 zz wcosa +vcosj 3 + 200097, 
Ui cos a 7 + cos f 3 ' + Wi COB7 7 = u f cos a 7 + z/cos / 3 '+ w/cos y'l 


(M 


and, in this manner, we shall have the eleven equations which 
are necessary and sufficient to determine the eleven unknown 
quantities n, n 7 , w, r, &c, 
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If we make 

cosacosa' + cosj3 coafi' + cosy cosy = cosS, 
acosa + ^cos|3 + ccosy = ft, 
a'cosa' 4 - & / co 8 J 0 / 4 - e'eosy' = k' 9 

8 will be the angle gcg% and ft and ft' will represent the primi- 
tive velocities of a and g' in the directions gk and g'k'. 

And since 


COB*a + cos 2 /3 + cos a y = 1, eosV + cos 1 ^' + cos a y' = 1, 
equations (a) will give 


N 

ttCOBa 4- wcob/ 3 4- wcosy n: ft , 


M 


?/c09a / 4-7/cosj3 / + M/C0By' = ft — — , 

, o , n4-n / cos8 

?i!COSa + V 1 C09/3 4“ cosy — J 

/ . rhi / N' 4- NCOS 8 

MiCOSa^ViCOSp^W^Sy'zz — ; 


by means of which equations (b) will become 

M/iA = n(m + /i) + n'mcosS, 

m'/i ft' = n'(m' + n ) 4- nm'cosS; 

hence wc obtain (A) 

_ A(m' 4 - A'mm^cosS 
N ” (m + p){ m' 4- /Lt) — MM'cos a 8’ 

A'(m4 -/ i ) (m^i— Am m / /xcob8 - 
N — (m + ^i) (m' 4- ft ) — mm / cos 9 S 5 


values which should be always positive. By substituting 
them in equations (a), the values of u , v, &c., the nine com- 
ponents of the velocities of g, g', c, which have place at the 
end of the impact, may be determined when the bodies are 
destitute of elasticity. 

If, on the contrary, they are perfectly elastic, and if u, v, w 
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be the components of the velocity of o, and u', v', w', those 
of the velocity of g', and Vx v?i those of the velocity of c at 
the end of the impact, we can obtain, by considerations similar 
to those already employed in No. 469, the following nine 
equations : 

m(m — u) — NCOSa = 0, 

M(t> — v) — NCOSj3 = 0, 
m(mj — w) — NCOS7 zr 0, 

— U') — N'cosa' = 0, 

M y (i; y — v 7 ) — n'cos/3' = 0, 

M f (lO*‘ — w') — N'cOSy' = 0, 

Ncosa + N y cosa' + /u(« 1 — u l ) =: 0, 
NCOSjS+N'cOSjS' + ^(U!— Vj) = 0, 

NCOSy + N'coSy' + — W]) = 0* 

If each of these equations be added to the equation which eoi - 
responds to it amongst equations (a), there results 

M(a — u) — 2Ncosa = 0, 
m (b — v) — 2 ncos|3 = 0, 
m(c — w) — 2 n cosy = 0, 

M'(a' — u 7 ) — 2N'cosa' = 0, 
u \ b f — y') — 2 n / cos|3 / = 0, 

— w') — 2NCOSy' — 0, 

2NCOSa + 2N / cosa ? — fiv l = 0, 

2ncos/3 + 2n'cos|3' — fiVi = 0, 

2 n cosy + 2 n' cosy' — juWx = 0 ; 

and in order to obtain immediately from these last equations, 
the values of the nine unknown quantities u, v, w, u ; , v ; , w\ 
u n v ia it is only requisite to substitute the preceding vuluo** 
of n and n' in them. 
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The final velocities of the points a 9 g', c will be still the 
same, whether the impacts of m and m' on instead of being 
simultaneous, follow one another at Buch a very short interval 
of time, that these three points may not be sensibly displaced 
during this very short time. The very short durations of the 
two impacts, whether simultaneous or successive, may likewise 
be unequal, and the instant of the greatest compression at the 
points k and k' may not be the same. 



CHAPTER VIII. 


EXAMPLES OP THE MOTION OP A PLBXIBLE BTRINO. 

L Vibrations of a Flexible String. 

482. Let amb (fig, 20) a perfectly flexible string, very 
little extensible, homogeneous, and of tlie same thickness 
throughout, be stretched in the direction of its length, by a 
force equivalent to a given weight w 9 and let it be attached at 
its two extremities to the fixed points a and b. As its weight 
is neglected relatively to w } it can be considered in itB state 
of equilibrium as rectilinear(a). This being the case, if it be 
made to deviate ever so little from this direction, and if small 
velocities be impressed on all its points, this string will oscillate 
on each side of the line amb ; and the object of this chapter is 
to determine its position and the velocities of its different 
points, at any instant whatever. At the end of t any time 
whatever, let us suppose that the string assumes the form of the 
curve am'b, which may be either plane or one of double curva- 
ture, and let m' be the position that M, a given point on this 
string assumes. Let v be the projection of m' on the lino amb, 
and 

am — a, ap = x + u ; 

likewise let y and z be the two other coordinates of m', per- 
pendicular to each other and to the axis ab. 

As the displacements of the points of the string are very 
small, the variables «, y 9 z will be likewise very sm&ll, and the 
object of our investigation will b e to determine their values in 
functions^ of aand 

Let the differential element of the curve am'b at jhe point 
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m'j be denoted by ds, and the density of the string at this point 
by e, the area of the section perpendicular to its length at this 
same point multiplied by e 3 or eds, is equal to the element of its 
mass. In the state of equilibrium, the elements of this mass 
are proportional to the lengths, as the string is homogeneous 
and of a constant thickness ; hence the length of the element 

at the point m being dx> its mass will be ^-(6), p and l de- 
noting the weight and length of the entire string, and g the 
gravity ; hence as the mass of this element does not change 
during the motion, we shall have constantly 



If this element sds was solicited by a given motive force, 
whoso components parallel to the axes of the coordinates 
were xcds, Y zds, ze ds 9 the components of the motive force 
lost, during the instant dt in the direction of these axes, 
would be 



consequently, in order to obtain the equations of equilibrium 
of these forces, which will be those of the motion of the string, 

dPu (Py <Pz 
Y ~d?' Z ~ dP’ 


Hhould bo put in place of x, y, z, in equations (1) of No. 298, 
and its preceding value should he substituted foT ads. Now, 
ns by hypothesis, the quanti ties x, y, z, are cipher, there 

results 


d. 


id (x + U) P& U Ar 


ds 


gl dP 




r— 
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t being the tension of the element ccfo, and x + u the abscissa 
of the point m' to which these equations refer. They can 
only be integrated, when reduced to a linear form, by the 
consideration of the small extent of the vibrations of the string. 

483. As da j the element of the string in the state of equi- 
librium becomes ds in the state of motion, and as w and t 
are the measures of the respective tensions which it expe- 
riences in these two states, t — w their difference must be pro- 
portional to the ratio of its extension ds — dx to its primitivu 
length dx (No. 288), therefore, we shall have 


t — w rr 


? 


(ds — dx) _ 
dx 5 


q being a given constant weight, which will depend on the 
materi al and thickness of the string. Besides, we have 

ds* = (dx + duf + dy 2 4- dz*-> - 

and if not only the points of the curve am'b, but also tho di- 
rections of its tangents deviate little from the line amh, the 
» . dz .. dy 

quantities -jg and — will be very small fractions ; therefore, 
if their squares be neglected, we shall have 


ds zz dx + du, t = w + q ^ ; 


and if the products and be likewise neglected, 

equations (1) will be come (c) 

d?~ a cb?' l£- a ~Mi~ a ^ CD 
in which, for conciseness, we make 

* = A ~=o*. 

p p 

As the variables u, y, z, are separated in these equations 
(2), it follows, that the vibrations of the string parallel to tho 
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axes of x, y, z , will be independent the one of the other, and 
will coexist together without mutually influencing each other. ; 
Moreover, it appears that the transversal vibrations will be : 
the same in the direction of the axis of y and of the axis of z y > 
so that it will be sufficient to consider one of them, the first, 
for example. With respect to the longitudinal vibrations, it 
also appears from comparing the first of equations (2) with . 
either of the two last, that they follow the same laws as the 
others, from which they only differ in the magnitude of the 
coefficient a 2 , which surpasses a 2 in the ratio of q to w . ^ 

484. The complete integral of the following equation of 
partial differences of the second order, 

dt 2 dx 35 ' ' 

is 

y =/(® + at) 4 - f 0 — at) ; ( 3 ) 

f and f denoting two arbitrary functions. In fact, we have, 
whatever be the nature of the function \p , 

d\p(x± at) _ ^ d\p (as ± at) 

dt a dx 5 

d?4> ( x ± at) _ 2 cP\p (x ± at) 
d? ~ n d? ; 

hence we infer, 

<Py _ , d?f{x + at) ' 2 cPf ( x — at) 

dP~ a dx * + a dx* 5 

and as we have also 

dSj _ d A f (x + af) cPf (x — at) 
da J a ~~ do? dx 2 9 


these values render the given equation identical. 

If the time t is reckoned from the commencement of the 


motion 
von. it. 


, and if a or V^— he regarded as a positive quan- 


2 1 
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quantity s x+at will be positive during tlic entire continuance 
of the motion, and a: — at will be either a negative quan- 
tity, or a positive quantity less than L If therefore, Z bo 
^fpoaitiv^ variable, it will be sufficient, in order to be able to 
apply formula (3), to know the values of fZ and f (~S) fr° m 
g = 0 to Z = », and those of f? from % = 0 to Z = *- Now 
these values of fZ and f (± £) may be determined, as wo 
proceed to show, ’[by the condition of _the immobility of the 
points a and b during the motion, combined with the initial 
state of the string. J 

4*85. If, at the commencement of the motion, 


?/= 003 , 



these two functions and 0 ' x will be cipher when a3= 0 
P and when x = and from x = 0 to x zz l, they will he given 
J by the initial figure of the cord, and the velocities impressed, 
at this epoch, on its different points. If t he made =: 0 in for- 
mula (3), and in its differential relative to t , we sh&ll have 

„ dfx dvx“ 

<px =fx + Fa, = 

and if we make e ^ 

fixdx S3 Qx, & "}'> ' *“ r * 

and substitute Z for z, we shall have(e) 


fl = 4 0 ? +&Z, e? = i <$>Z - 4 0 ‘ ) 


9 


r 

J 


The function will contain an arbitrary constant, hut it is 
evident that it will disappear in formula (3), which ifl composed 
of the sum of the values of fZ and f£, relative to t\yo different 
values of J. It is not necessary therefore to take this cons tun t 
into account, and we may assume, for greater clearness, tlnil 
the function $£ vanishes when Z = 0. By means of equations 
(4) the values of fZ and f£ will be known, but Qjily from 
Z = 0 to Z = h since the functions 0£ and are only given 
in this interval. 
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As the points a and b are fixed, the values of y , when 
00 = 0, and when x = l, must he QQ^tantly cipher. If at he 
supposed equal to £, we shall therefore have by equation (3), 

/£ + *(-20 = 0, /(i + O + F(i-O=0. (5) 

for all values of the positive variable Z- 

In virtue of the first of these two equations, the values of 
i ? ( — £) will be equal and of a contrary sign to those of /(£). 

If l + Z be substituted for Z in the second equation (5), and if 
it bo then taken from the first, there results 

by means of which, /£ will be known from Z = 0 to Z n x,' * 
when this function shall have been determined from £ = 0 to[ 

Z = 2 L Finally, if Z ^ l a we obtain by substituting l — Z 
for Z in the second equation (5), 

f(2l-Z)=-f& 

Consequently, the values off (21— Z) from Z = 0 to Z — h 
or what is the same thing, those of fZ from Z ~ l to Z — 2Z, , 
will be known, when the values of F Z> from Z = 0 to Z — h are ' 
given. Hence, as the values of fZ and are given by equa- 

tions (4), from Z = 0 to Z — U equations (5) will determine 
those off (l + Z) and of f (-£), from Z, = 0 to ? = «(/). 
Therefore all the values of these two functions, on which those 
of y depend, will bo known for all points of the string, and at 
any instant whatever of the motion. The corresponding va- 
lues oA and, consequently, those of ^ will be like- 

wise known ; and the valueB of z and may he obtained in 

tlioBamo manner. Consequently, the figure of the string, and 
the transversal velocities of all its points at any instant what- 
ever, will be known ; and this completely solves the problem, 
as far as the motion of the string perpendicularly to its natural 
direction, is concerned. 
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There is nothing in the question, by means of which the 
values of /(—£), or those of f£, can bo determined, wben_£ is 
greater thanjj consequently, these parts of the two arbitrary 
functions, the knowledge of which is not necessary in the ap- 
plication of formula (3), will continue altogether indeter- 
1 miuate. 

486. In order to know the value of y which will result 
from equations (3), (4), (5), we shall consider successively the 
part of this value which arises from the initial figure of the 
string, ot of the function fx, and that which arises from the 
initial velocities of its different points, or form the function 
<p'x. 

1st. At the commencement of the motion, let acb (fig. 21) 
be the given projection of the string on the plane of the axes ol 
x and y } so that if on ab, a part ad = x be taken, dc the cor- 
responding ordinate may be equal to tyx. On the production 
of ab, let there be traced a curve bc'a', equal to acb, but in- 
versely posited, so that if bd' be assumed equal to bd, the or- 
din ate dV may be equal to p c, and affected with an opposite 
sign. On the two productions of aa', let the curve acbc'a 
be repeated indefinitely, so that A'c ff B , c w A ,/ may be the posi 
tion which acbc'a' would assume, if this curve slidcd p avail v 
to the axis of a?, until a coincided with a', and a' with a w , mi' 
that AC/B/CflA, may be the position of a'c'bca, when it slides i 
such a manner that a' may coincide with a, and a with a y ; an 
let the same be supposed to take place with respect to tli 
productions beyond a" and A/ . This being done, if there 1 
taken two absciss®, 


AE = ® + at) ae' = x — at, 

of which the second may be either positive or negative, anrl 
the corresponding ordinates bp and eV, which may he eilli 
(positive or negative, he erected, their semisum 

i 

i i (bp + eV), 

• ill be the part of y depending op the initial figure of the cor 


vibrations of a flexible string. 


245 


2ndly. Let us suppose that the ordinates of the curve acb, 
instead of representing the primitive displacements of the 
points of the string, denote now their initial velocities divided 
by a, so that if ad be taken equal to x, then dc maybe equal 

to - ^'rc. Let another curve ach (fig. 22) be so traced that 
ct 

to tho abscissa ad = x the ordinate dc i <I»a' may 

correspond. Then as the integral commences with rr, and ns 
the function (j> r x is also cipher when x = 0, this curve will 
touch the axis of x at the point a. If ab he taken = and 
if mi be the corresponding ordinate, we Bhall have 



nnd because <p'x zz 0 when x = /, the tangent at h will be pa- 
rallel to the axis of the abscissae^). Let there he traced the 
curve fie' A* equal to ach, and bo placed that if bd' be taken 
equal to bd, we may have d'c' = dc; then on the two produc- 
tions of aa', let the curve achcV be repeated indefinitely, as 
in the preceding construction ; and this being done, if there 
be taken the two abscissae 

ak = x + at , ak' zz x — at , 

tho second of which may be either positive or negative, and 
if there be raised the corresponding ordinates kl and k'i/, 
which may also be positive or negative, we shall have i 

— kV), 

for tho part of y, which results from the initial velocities of the, 

points of the string. > I 

Therefore the complete value of y will be I 

' y =$(■&* + bV) + K RL - K ' L 0 ; O) 1 

and a similar construction will give the corresponding value 

of — . In fact, we have' 

dt , 

V , f . 3 (-4-), >' ' 

^ > > J « * " ' / 


T 
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d • BF 

d . BF 

d . eV 

d . e'f' 

dt ~ 

° dx 5 

o. 

II 

1 

a (lx * 

d . KL 

d. KL 

I 

d . k'l' 

dt ~ 

dx * 

i 

■^3 

— u , > 

ax 


therefore we shall have 


dy 

-5i 

fd. EF 

d. e'f'\ 

a fd . kl d . k'l'N 

dt 

“2 

\~dT~ 

dx )’ 

* 2 \ dx dx J 


Now, if through the points f, f', l, l' (fig. 21 and 22), the 
tangents s'/', hi, h'l', be drawn, and also the lines sx, f'oj, 
lx, h'x, parallel to the axis of x, and in the direction of the 
positive values of x , we shall also have 


d - EF * <f.*V . im 

—fa = tau g x *f, —fa~ = tang xv'f', 

d.Ki d. k'l' . ... 

—fa" — tang xlI, — — — tang xul ' ; 


hence there will result, 


i 


Tt =\ ( tan g x *f- tang xtff), 
a , 

+ g (tang xhl + tang xh , l r ) ; 


(l>) 


in this formula the angles may be either positive or negative, 
but they^yill be always acute^ (which is indeed indicated by 
, the figure), for each of the points f, f', l, i/. The values of 
dz 

Z ~dt he constructed in a similar manner. 

487 . It appears from the construction of the curves reprc- 
- Bented by figures 21 and 22, that when the product at is in— 

creased by 2 the ordinate y and the velocity expressed 

by formulae (a) and (b) resume the values which they had be- 
fore this addition of 21. The same is the case with respect to 
dz 

the values of z and — , Consequently, at the end of an inter- 
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2 1 

val of time equal to — , the string reverts to the same Btate re- 
latively to its form and the transversal velocities of all its points. 
Therefore in a vacuum, if the points a and b be firmly fixed, 
the string will perform an indefinite series of small oscillations, 
and the duration of each oscillation, which the string takes in 


going and returning, is equal to — . But the resistance of the 

air and the communication of a part of the motion of the string 
to its extreme points a and b, gradually diminish the ampli- 
tudes of its oscillations, and at length eventually destroy them, 
without however sensibly affecting the isochronism ; this is a 
result similar to that furnished by the motion of the pendulum 
in the air (No. 190); and it has been adverted to here, as a 
consequence of analysis, that has been confirmed by observa- 
tion^). Hence if t denote the duration of an entire oscilla- 
tion or vibration of the string, and if n be the number of 
vibrations which take place in the unit of time, we shall have 




The greater the number of vibrations performed in a given \ 
time, the higher will be the tone. It is therefore determined J 
by the number which is evidently independent of the mag- 
nitudes of the amplitudes supposed to be very small. For the 
same string, this number is proportional to the square root of j 
the tension w ; for two strings of equal thickness, and consisting 
of the same materials, the weight p is proportional to the 
length l 9 and, when the tension is given, the number n is in 
the inverse ratio of this length ; finally, for two strings of the A< 
same length, and equally stretched, n is in the inverse lario of ^ 
the square roots of their weights. These different laws have 
long since been confirmed by experiment. Nevertheless there 
ore coses to which we shall shortly advert, in which the string, 
in consequence of its init ial state, is divided into equal parts 
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jconnected by points which remain immoveable during the en- 
,tire continuance of the motion ; this raises the tone prop or- 
jtionolly to the number of these aliquot parts. 

If the points of the string are not ac tuat ed b]r any initial 
v elocity, we shall have simply 

y = + e'f^ | (tan g a: f/— tang a; f'/). 

It is evident fr om a consideration of the form of _tjic_j 3 urye 
represented by the figure 21, that when at is any multiple of J, 

the velocity -~j- will be cipher, and the string will resume the 

same figure, but situated in positions, which are alternately 
the reverse one of the other, acb (fig. 23) being its figure 
when t zz 0, it will be likewise its figure and position, when 
at is an even multiple of l ; but if at be an odd multiple of l> 
then the cord will assume the inverse position ac'b, ^hich ifl 

p, jwe^shall^ have d'c' = — nc. 
In these two extreme positions, acb and a'c^b' the transversal 
velocities of all the points of the cord will he cipher; and tho 
coid will take ^t, the time of a semi vibration, to pass from 
the one to the other. 

488. In general, the parts of the lines represented by 
figures 21 and 22 are not the analytical productions tho one 
of the o tiler ; these lines form discontinuous curves, that 
is to say, curves, all whose points are not subjected to tho 
same equation between the abscissa and ordinate; but, tit 
the points of junction of a,b, a', b', &c. (fig. 21), A lf n„ 
a, H, a , h ' 5 &c. (fig. 22), of two different portions, the tan- 
gent is always common to the two adjacent parts. The curve 
relative to the initial form of the string, and that which repre- 
sents the law of the velocities impressed on all its points, may 
likewise be discontinuous curves ; provided that in each of the 
points in which their form changes, the tangent continues 
.nevertheless the same for the two adjacent parts. This re- 
sWstifiB is founded on this, that by their nature, the accele- 
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ratiug force of a material point, and the velocity with which it 
is actuated, are always finite, real and mensurable, so that in • 
the problems of dynamics, the functions of the time which 
express the velocities and accelerating forces of the different, 
points of a moveablo, can never become infinite. In the pre- 
sent case, the condition relative, to the velocity is satisfied ; for 
the transversal velocities are expressed by formula (b), by 
means of tangents of certain angles, multiplied by the con- 
stant quantity a ; and by hypothesis^ these angles never attain 
to 90°, but, on the contrary, are always very small. With re- 
spect to the accderating forces, they would become infinite in 
the points where two portions of the curve intersect under a 
finite anglo, and these forces would increase without limit, near 
to similar points of junction. In fact, let in and m? (fig. 20) 
bo two pointB of the string, very near to m', whose distances 
from this point we shall suppose infinitely small ; and let the 
forceB, which at any instant whatever, act on the portion »ihV 
of the string be considered, that is to say, the tensions which 
have pladte at its extremities, and which act in the direction of 
mh and m'h', the parts of the tangents at m and in'. If these 
tensions be denoted by h and h', and the mass of Mi'm' by p, 
then in order that the accelerating force of this small mass, 
resolved parallel to ab, may not be infinite when p is infi- 
nitely small, the difference h-h' must be very small, and at 
least proportional tojx. Moreover, the components of h and 
h' perpendicular to ab and parallel to the axis of y, will be 

„(f0) todH'[0], i» »Mck |i.jutodtut_ed for as » 

Ho. 468, and (0), [|] taoK tk= value, of 

point, m nad mpectively. Hence the value of the motive 

force which draws fx towards ab, will be 

2 K 


VOli. II. 
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Therefore, in order that the corresponding accelerating 
force may not he extremely great, and become infinite, whon 
the mass p is infinitely small, it will be necessary that this dif- 
" ference should be also very small, and at least proportional to 
pi and as the quantities H and h' differ already very little 
from each other, the same must be the case with respect to 

Cfc) ^ erence w hich elaould be infinitely 

small, when the points m and m f are infinitely noar to m'. 
Therefore, in no point of the string, and at no instant, can the 
tangents mh and m'A', at two points infinitely near to each 
other, intersect under a finite angle; which was required to 
be demonstrated. 

This conclusion will likewise obtain, when the Btring ifl com- 
posed of two parts consisting of different materials ; at their 
point of junction, the ordinate y and its differential coefficient 

^ must have constantly the same value for these two parts ; 

this, l ike the co nstant posi tion of the extreme joints, will fur- 
, nish the equations that are indispensable for the dcternumi-- 
tion of the arbitrary functions , and without which the solution 
of the problem would he incomplete ; however, for further in- 
formation on this point, the reader is referred to the Journal 
de PEcole Poly technique^ 18 th Number, page 442, 

489. D’Alembert was the first who resolved the problem 
of vibrating strings; the solution which he gave was that wliioli 
has been detailed in the preceding numbers, and which in 
founded on the integration, in a finite form, of the equation 
<Py )iPx , 

d? = a w 113 question may be also solved in another 

manner by means of formula (a) of Nov. 323. Whatever 
may be the nature of the given functions 0 aj and tp% provided 
that they vanish when a = 0 and when x = Z, we have, by 
the formula just cited, 



vibrations of a flexible string. 


251 


2 /fZ . tirx' , A , lira? 
rpx = 2- 2 ^ q sin — — $ x ( dx l J sm -y , 

2_/« . faras'.. , ,A , iVa; 

< j >' x = j 2 Bin —y < f > r a/dafj sin—-, 

for nil values of £, from aj = 0 to x = Z inclusively, that is to 
any, for the entire length of the string] i being, as in No. 323, 
u positive integer number, and the characteristics 2 indicating 
sums which embrace all values of i, from i =: 1 » to i = x^. 
On the other hand, it is easy to shew, that all expressions, 
such as 

y = (a sin a at -[- n cos a at) sin (aa; + j3), (b) 

satisfy the given equation(Zi) 



<Py- n *#v. 

W da r 

a, b, a, j3 being arbitrary constants. 
Hence if we assume 



(°) 


(d) 


this value of y will satisfy all the conditions of the problem, 
and, consequently, will contain its solution. In fact, each of ? 
the tqfins of the sums 2 satisfy, separately, equation (c) ; con- ' 
aequcntly, as this equation is linear, these sums will likewise 
satisfy it. If in formula (cl), we make x = 0, or l , we 

have y 0, whatever be the value of t ; this satisfies the con- 
dition of the extreme points of the Btring being fixed. Finally, 
formula (d) gives (i) 
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and if in theBe valuea of y and ~ , we make t z= 0, tlioy will 

become respectively $x and <j>% in virtue of equation (a) ; this 
satisfies the initial state of the string in all its generality. 

We are indebted to Lagrange for this other solution of 
the problem, who has also demonstrated that it coincides with 
that of D f Alembert. 

Previously to the time of Lagrange, D* Bernoulli had al- 
ready solved the problem of vibrating strings, by assuming for 
y , a value composed of terms comprised in formula (b), and 
which aTe subjected to become cipher, when x = 0 and when 
x =: Z, that is to say, by means of the expression, 


/ , 7T at 7T at\ . nx 

y — am y — f- n cos y- J sin y 


. . 2irat , , 

sin — 7 — + b'cob 


( 4 ",i ' imt 


27TflA . %TTX 
■ — — sm — — 


l J 


+ l A"sin 
+ &c. 


+ cos — - — j sm — ^ — 


(0 


in which a, a', a", 8ec., b, b', b", &c., are arbitrary constants. 
In order that this solution may be complete, these coefficients 
f should be determined by means of an initial state of the string 
\ which is arbitrarily given ; hut this (as far at least as the 
J analysis was concerned) constituted the principal difficulty of 
the question j otherwise, this formula (f) enables U9 to deter- 
mine the different modes of transversal vibrations of musical 
strings, and the laws of these vibrations. 

490, Pormulffl (d) and (e) indicate the laws of mo tic « i 
of a vibrating string which were stated in No. 487 ; they 
likewise shew, that the tone may sometimes rise, ns was 
observed in that number, and n the number of vibrations per- 
, - formed in the unit of time, become a multiple of its general 
value, without the tension of the cord undergoing any chungv. 
In fact, if we suppose, that the values of <pa/ and ar«- 
such that 
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So *** airi to - °» Sq f *' Bin ~ dx' = 0, (g) 

for till values of £, which are not multiples of a given number 
c 9S^L ^ ona w hich can bgjjatiafied in an infinite yariety^of 
difforent ways ; formula (d) and (e) will only contain sines and 

cosines of the multiples of ; consequently, the state and 

position of the cord will become the same, whenever at is in- 

2 1 

creased by a multiple of — ; and from the value of a given in 

No. 483, it is evident that the number n , on which the eleva- 
tion of the tone depends, (No. 487) will be 



that is to say* it will be increased in the ratio of m to unity. 

In this case, formula (d) will only contain the sines of the 

multiples of — ; we shall therefore have y = 0, for n, n 7 , n", 

v 

&c., the equidistant points of the cord (fig. 24), which corres- 
12131 

nond to x — — , — , = — , &c.; so that these points, the 

1 m m m 

number of which is w» — 1, will remain immoveable, during 
the entire continuance of the motion, like the extreme points - 
a and n. On this account, the points n, n 7 , n 7/ , &e., are^ 
termed nodes of vibration . At the commencement of thej 
motion, they will not be actuated by any velocity, and will 
not, therefore, deviate from the line ab. acn, nc'n 7 , nW', 
&c., the parts of the string which are situated alternately on 
one side or the other of ab, will vibrate as detached strings 

whose lengths an, nn 7 , n 7 n /7 , &c., ore equal to — , and of which 

the isochronous and simultaneous vibrations will be performed 
2 1 
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The simplest manner in which the conditions expressed by 
equations (g) can be satisfied, is by taking, for example, 

, t • fllTTQB . A 
0a?=flBin — j— 9 0; 

h being a given constant. This implies, that the points 
j of the string are not actuated by any initial velocities, and 
that at the commencement of the motion, it consisted of 
m equal pa rtBj which aTe situated alternately on one side or 
the other of ab. Each of these parts of the curve is termed 

a trochoid , the length of which is — and the height /*(/*). In 

HI 

this case, the value of y in formula (d) is reduced to the first 
term of the second member, which corresponds to i zz m . If 
the integration be performed relative to af 9 we have simply(/), 


yzz h sin 


mnx 

"T 


cos 


mirat 
~ 1 


therefore, during the entire continuance of the motion, the 
figure of the cord is composed of a number m of trochoids, of 
a constant breadth and variable height ; and when at is an 

odd multiple of -J— , it coincides with the line ab. This pur- 
2 m x 

ticular solution of the problem of vibrating strings was the 
one given by Taylor, before the general solution was known, 
i 491, All that has been stated relatively to transversal vi- 
brations, may be immediately applied to longitudinal vibru- 
itions* For, in order to have at any instant whatever, tlu* 
i expression of the variable u of No. 482, it is only necessary 
j to substitute in that which has been found for j/, the constant 
' a of "No- in place of a . Then we should take for <px tli« 
^displacement of the point m (fig. 20), at the commencement 
of the motion, in the direction of the length of the string, that 
is to say, the initial value of mp ; and fix will express Liu* 
initial velocity of the point m, which will be in the direction 
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md or ma, according as it is positive or negative. These 
functions $x and will be given arbitrarily from x ~ 0 to 
x = l; and if they change their form in this interval, it is 
necessary that for those values of x in which this takes place, 
each of these functions, and its differential coefficient, should 
notwithstanding have the same values in the two adjacent | 
parts of the string. 

It follows from this, that if t be the entire duration of a 
longitudinal vibration, that is to say, the interval between 
two identical states of the string, and n l the number of vibra- 
tions in the unit of time, we shall have (No. 487), 


T'z r 


2 1 


a 



This number n\ and the tone which it determines, do not 
depend on the tension w ; however it appeal’s from obser- 
vation that the longitudinal tone is raised a little when the 
tension is increased ; which must be attributed to the circum- | 
stance, that while the length of the string comprised between l 


the points a and b remains the same, its weight ^diminishes j| 
according as it is more stretched. 

492. It appears from a comparison of this number n\ with 
that of the transversal vibrations of the Bame string, that 


n'= n 



so that, when every thing else is the same, the tone pro- 
duced by the longitudinal vibrations will be acuter than that 
which corresponds to the transversal vibrations in the ratio of 
V g to V w . 

The weight q is the tension which should be employed in 
order to double the natural length of the string, on the sup- 
position that the law of its extension is constant. In foct, 
if for a given tension a, the length of any part of the string is 
increased in the ratio of 1 + § to 1, the element adjacent to 
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the point m, which experiences successively, the tensions to 
and t, in the state of equilibrium, and in the Btate of motion, 

will be increased in the ratio of 1 — and of 1 + — to unity 

A A 

respectively ; therefore, the lengths dx and ds in these two 
states, will be to each other as A + Sw; is to a + St, so that 
we shall have 


ds _ a + St _ 
dx~ a + Swj* 


hence we obtain 

ds — dx^ S(t— ui) 
dx a , 


the sq uare of the frac tion S'b eing n eglecte d . Therefore, from 
the values of da — dx and of t — to given in No. 483, wo shall 
have 


? = 


A 

y ; 


(consequently, q will be the tension which corresponds to S rr 1, 
[or which will double the length of the cord, if its lengthen - 
ling alwayB increases uniformly (Z). 

As w the tension of a musical string, is always consider- 
ably less than what is requisite in order to double the length, 


it follows that the ratio 




^ which is equal to is always 


very great; it^rnay he ! determined djpriori) from knowing tlio 
increase of length produced by the tension w, and measured 
directly ; for if this increase of length be denoted by we 
shall have, 


w 



since 8 1 is that which corresponds to the tension a ; and by 
substituting this value of w and that of q in 'fee expression of 
— , there results » 

n 1 
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lien co we obtain, conversely, 



for the value of y, the increase of length, when that of — ig 

n 

known. 

This simple relation between the number of longitudinal 
vibrations and that of transversal vibrations of the same string, 
has been verified by an experiment made by M. Cagniard- 
Latour on a very long string, the transversal vibrations of 
which were visible and sufficiently Blow to permit him to 
reckon them. 

II. Longitudinal Vibrations qfan Elastic Rod . 

493. We shall suppose that this rod is homogeneous, and, 
that in its natural state, it is either of a prismatic or a cylindrical 
form ; figure 25 then represents a Bection made through the 
mean filament ab, £bat is to say, through the line which 
passes through the centres of gravity of all the sections of the 
rod porpendicular to its length (No. 314). If, for example, 
the rod is a cylinder with a circular base, ab is its axis of 
figure 5 its diameter is very small, and, in all cases, the dimen- 
sions of the normal sections are very small relatively to the 
length of thiB line ; but they are, hpwever, s ufficie ntly great to 
enable the rod to resist the flexion, so that it may be what 
lias been termed an elastic rod in No. 306. In the longitudi- 
nal motion of this rod, which we propose to consider first, all 
the points that belong to the same normal section will have, 
at each instant, the same velocity parallel to ab ; so that it 
will he sufficient^ determine the motion of any point what- 
ever of this line, such as M. 

Let a fixed point c be taken on this line, and let oc denote 
the distance cm in the natural state of the rod ; this distance 
will be positive ot negative according as m appertains to the 
vox,, n. 2 L 
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part cb or to the part ca of ab. In the Btate of motion, let 
m' be the position which m assumes at the end of the timo t, 
then if mm' = it should be considered as positive or nega- 
tive, according as this displacement has place on the side of 
b or on that of a, hence we shall always have cm' = oo + w. 
It is proposed to determine the value of u in a function of a: 
and t. 

Let p denote the weight of the rod, l its length ab, and tj 
the gravity. In the natural state of the rod, the mass of the 

element which corresponds to the point M, and whose length 
vdx 

is da?, is this mass will not undergo any change during 

the motion ; and if the element is solicited by an accelerating 
force such as x, acting in the direction m'b or m'a, according 
as it is positive or negative, its force lost during the instant tit 
will be 

pdx ( (Pu\ 

~gl 


Let t denote the tension of the same element acting at itn 
extremity m'j and which will be positive or negative, according 
as it is directed from within the rod outwards, or from without 

C?T 

inwards ; t 4 - — dx will express the tension, which will act at 

the other extremity, in an opposite direction from that of t ; 
consequently, it will be drawn in the direction m'b, by a force 
dr 

equal to and, in order that this force and the preceding 

may be in equilibrio, we should have 


dr p f d*u\ 

dx + gl\ X ~~dH i ) ~ 0i 


which agrees with equation (a) of No. 316. 

It is necessary besides, that at the two extremities a and n, 
the value of t - should be e qual to a pa rti cuJarforc e, which will 
act in the direction of ab at the extremity a, and in that of 
the production of ab, at the extremity b. 
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4 l J4. As tlie natural length of the element under conside- 
ration Is dx 9 and as its length becomes dx + du 9 when it is 
subjected to the tension t, we shall have 

du 

T = ^ 3 


q denoting a constant coefficient, the value of which, given by 
observation, will be(tti) 


? = 


A 

r 


if SI denotes the entire lengthening of the rod, when it is sub- 
jected to a constant and given tension A (No. 492). If no 
given force acts on the points of the rod, then we should make 
x :r: 0 in the equation of the motion, and, by substituting for 
T its value, there will result 

c Pu o<Pu 

d? = a d2' 


in which, for conciseness, we make 

= a'. 

P 

Moreover, if v be the velocity of the point M', and s the 
dilatation of the rod at this same point, we shall have 


Whon the value of « is negative, this dilatation will be changed 
into a contraction ; and the tension t will act in the direction* 
m'a, or in the direction mb', according os the rod is dilated or, 

contracted. , 

Hence then the state of the rod, at any instant whatever,! 

will he known, when u shall have been determined in a func- 
tion of . and t ; hut, in order to obtain its value, equation (1) 
should be combined with those which refer tqjh e i n i ti al s^ 
of the rod and to its extoemitleg. Now, when t = 0, we shaU| 
Hupposc that 
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1 uzz<j>x, v— fix; 

so that <jix and fix may be functions arbitrarily given from 
• #=0 to x = l, c_ being. taken as the initial position of A. 
Moreover, it is necessary, that at each fixed extremity of the 
rod, u should be equal to cipher during the entire continuance 
of the motion; and t will then express the pre ssuro which this 
I fixed point will have to sustain. In like manner it is requi- 
site that at each free extremity, which is not solicited by any 

given force, we should have t= 0, or ~ = 0, for all values 
1 ax 

of L 

495. This system of equations may be resolved in the 
same manner as those which refer to vibrating strings, either by 
setting out from the integral under a finite form of equation 
(1), or by formal© similar to those of No. 489. The follow- 
ing are the results which correspond to the different hypotheses 
that may be made on the state of the extremities of the rod. 

1 st. If the two points a and b are fixed, the given func- 
tions (j>x and fix must be cipher, when x =5 0 and when 
x = we shall have, as in the number cited, 

. nr** , .j A . inx inat 
u — j S Bin ~ tytfdx 1 } sin -y- cos — y- 

/V • *Va? . iirat 

+ ™ 2 Ijo J -aw-su 1 — . 


Ab often aa at is increased by 2 J, this value of u 9 and 
those of b and 8 which may be deduced from it, and conse- 
quently the state of the rod, become the same as beforo ; 
hence, if t denote the time of an entire vibration, and n tlni 
number of vibrations in the unit of time, we shall have 



so that the tone will be the same, as if the rod was a flexible 
Rtring vibrating longitudinally. 
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2iidly. If the point a is fixed and the point b entirely free, 
the functions <px and <f> y x must be cipher when x zz 0 , and wc 

must also have — 0 when x l j the expression for u will 
in this case be 


”-T 2 (So » i° - 


(2i— lWa: (2i— 1W* 

am — W -' C0B ~ 2l ~~ 


in which the sums indicated by S, extend to all the values of 
the integer number £, from i zr. 0 to i = ». In fact, all the 
tcrmB of this value of u satisfy equation (l)(w); they fulfil, 
whatever he the value of t 9 the conditions u = 0 when x = 0, 

and — = 0 when x “ l 9 which answers to this second case ; 
ax 

and, for t = 0, we obtain from it 


= *>• = f S (So 


du 

dt 


which we know is in fact the case, in virtue of equation (7) 
of No. 326. 

The value of w, and those of s and v which are deduced 
from it, will become the same as often as at is increased by 
any multiple whateverof 4 Z ; consequently, if t' denotes the 
duration of an entire vibration of the rod, or the interval 
comprised between two consecutive ret urns of the rod to same 
state, we shall have 



This duration is therefore double of that which has place 
in the first case, and the number of vibrations in the unit of 
time will be only half. Consequently, the longitudinal tone 
of a rod fixed at one end and free at its other extremity, is an 
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octave below the tone of tbe same rod, when fixed at its two 
ends, which is in fact, confirmed by experiment. 

Srdly. Finally, if the rod be free at both ends, the values of 

must be cipher for x = 0 and x = l, and we shall have 
dx r 

in this case 


1 Cl 2 /Cl inx' , , A *7r/r iirat 

u-j y^dx'+ J S (^cos^r^) cos-p cos — 

+ iSo^+S s ffo “ s T^)i co9 T sm T’ 

in which the sums indicated by S, extend as before, to all 
values of the integer t, from i =; 1 to i = so. 

This value of u satisfies, in fact, equation (1), and also the 

condition — = 0, for x = 0 and x = /, which ought to have 
dx 

place in this third case, whatever he the value of t. For t — 0 f 
it gives 

<px = j ^ ~ S ^ cos —-(jix'dx^ cos ~^ 9 

Tt = *' x= l So *' x,dx,+ 1 2 (So C0B tJ T *'® w ) 008 l ~T ; 


which agrees with formula (8) of No. 326(o). 


When f ^ <p'xda/ does not vanish, the rod has, indepen- 

dently of its vibrations, a uniform progressive motion, the 
common velocity of all whose points is equal to this integral 
divided by l. If it be supposed cipher, the rod will revert to 
the same state, for all values of t which differ by a multiple 


of — ; so that the duration of each of its vibrations, and tlieir 
a 

number in the unit of time, will be the same as in the first 

I case. It follows, therefore, that the tone of a rod fixed at its 
two ends is in unison with that of the same rod entirely free, 
which likewise agrees with experiment. 

It is to be observed, that in what precedes, it is only the 
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^^damentalj jar lqwa^tonj, of an elastic rod, that has been 
considered. The remark made in No. 490, on the nodes of the 
vibrations, and on the elevations of tone which correspond to * 
them, may be easily extended to the motion of this rod, in 
each of the cases that have been examined. 

496. When the rod, the longitudinal motion of which has 
been considered, extends indefinitely on each side of the point 
c, it_will be^nojlonger necessary to take into a^ountjwhat 
occurs at its two extremities, and the values of the velocity v, 
and of the dilatation e, relative to any point and instant what- 
ever, may be immediately deduced from the integral of equa- 
tions (1) under a finite form, in which it will be sufficient to 
determine the two arbitrary functions, by means of the initial ( 
values of v and s, which will be given in functions of a, J 

This integral is 

u = f (a + at) 4- ip (x — of) ; 


in which $ and $ indicate the two arbitrary functions. 

We obtain from it, at any instant whatever, 

du (d$ (a: + at) (m — at)\ 

Tt~ v - a Vdi 5 — b ' f 

du — _ dty (x + at) efy (a — at) 
dx~ s ~ di + dx ' 


C } /i 
& 


When t zz 0, we suppose that 


v = jfa, s 

In the case under consideration, these two functions will' 

i 

he given for all positive and negative values of the variable ; # 

by making t = 0 in the preceding formulas, we shall have j 




dfm Apm 
da * dx 


Fffl, 


hence we obtain 


§2 = 
dx 


^=i ra, “ 


2a 


Jib 
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and, consequently, 

+ = t> (. + at) + ^ A« + «0. 


= *»(■ -«0 - - °^ 4 


2 a 


Therefore, whatever be the values of t and ®, we shall have 


v = i/(® -f at) + i/(® — at) 

+ 1 f (x + <rf) — | f (® — 

+ J f (a; + at) — £ F (® -Jr 5 


( 2 ) 


theBe formulce enable us to determine the Btate of the rocl at 
any instant whatever; and thus the problem is completely 
solved. 

497. By means of these equations (2), the laws of the 
propagation of sonorous waves along an elastic rod can bo ob- 
tained, and in general, along an homogeneous solid bar of 
indefinite length, whose sections, perpendicular to its length, 
are every where equal, and of small extent. 

If the sound issues from the point c, the bar will be agi- 
tated, at the commencement of the motion, through an incon- 
siderable extent on each side of this point. If the length of 
the primitive agitation be denoted by 2a, the functionate and 
Fa: will be cipher from x r: a to x = oo , and from wzz — a to 
x = — a ; they will be given arbitrarily and independently 
of each other, for all values of a? comprised between ± a ; and 
likewise the functions + at ), f(x — at), r (x + 

3? (as — af), will not have values different from zero, except 
when x + at or x — at, the quantity contained under the sign 
/or f, is greater than — a, and less than a, regard being lmd 
to the signs, and the quantity a being always considered as 
positive. 
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From this it appears that when at surpasses 2 a, we Bhall 
have «r 0 and szz 0 for all points contained in the extent of 
the primitive agitation ; so that the motion of this part of the 

2a 

bar will only continue for a time equal to — . We shall have 

for any point m situated beyond the sphere of this agitation, 
and on the side of the positive xs. 

x > q, /(® + at) = 0, f (x + at) = 0 ; 

and equations (2) will be reduced to 

v =: i /( x — at) — ^ f (x — at ) ; 


* = ~ - -/(fl ~at)+b f(a? - at ) ; 


lienee there results 


1 = = ™ i 


As long as #>a£ + a, these values of v and s will be 
cipher ; and they will become so again when x Z at — a \ 


after the lapse of a portion of time equal to 


x — a 


a 


the agita- 
2a, 


tion will reach the point m, its duration will be — (p)i anc ^ 

the length of the part of the bar which will be agitated all 
at once, will be 2 a. The same results obtain on the side of 
the negative values of 

Thus, on each side of the primitive agitation, a sonorous i 
wave will be produced, the extent of which will be constant 
and equal to that of this agitation, and it will be propagated | 
with a uniform velocity equal to a . The velocities with] 
which the points of the bar are successively actuated, will not' 
vary with their distance from the place of the primitive agita- , 
tion; so that the intensity of sound, which depends on thej 
magnitude of these velocities, will be constant, and will not 
become feebler according as it is propagated farther; this, 
arises from the circumstance of the propagation taking place 
in a cylindilc^Jj)^ prismatic bar. 


VOL. II. 


2 M 
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In the extent of a sonorous wave, the velocity will not be, 
as in all the points of the primitive agitation, independent of 
the corresponding dilatation ; for the one will be proportional to 
the other, in virtue of the equation v z=— as, from which it ap- 
, pears that v the velocity of m any point whatever, is a fraction 
of the velocity of propagation, expressed by s the dilatation 
which corresponds to the same point, and that the proper mo- 
i tion of m will take place in the contrary direction to that of tlio 
propagation, or in the same direction, according as there is a 
dilatation or condensation at this point. 

It is of importance to observe that it is in consequence of 
this relation between v and s, each sonorous wave that is 
produced is not divided into two others, but is propagated in 
one sole direction. In like manner, if this relation exists ill 
the entire extent of the primitive agitation, the motion will 
only be propagated on one side. Thus, if we suppose that 
fa ss — aFx , equations (2) will be reduced to 

v zz f(x ~ at ), s = — ~/(aj a 0 5 

therefore, for negative values of x } and which are, abstracting 
from the sign, greater than — a, we shall have v = 0, fuul 
8 =3 0 ; so that the motion will not be propagated beyond the 
extent of the primitive agitation on the Bide of the negative 
values of a\ This will likewise be the case on the side of the 
positive values of when fa is supposed to be equal to aFx* 
Jt appears from No. 495, that a, the velocity of the pro- 
pagation of sound in an indefinite bar, may be inferred from 
the duration of the longitudinal vibrations of an elastic rod 
consisting of the same materials, and having a given length . 
If this rod is supposed to be fixed or free at its two extremities, 
the value of a will be equal to twice its length divided by tlu* 
duration of each of its vibrations, which duration is obtained 
from their number in the unit of time, and, consequently, from 
the lowest tone of the rod ; if the rod was fixed at only one 
extremity, the result of this division should be doubled. 



LONGITUDINAL VIBRATIONS OP AN ELASTIC HOD. 2C)7 

4<)8. If the bar, instead of extending indefinitely in the 
direction of the positive values of x, is terminated at a point b, 
situated beyond the extent of the primitive agitation, the sound, 
after having reached b, will be reflected towards the point 
c ; aud thore will be an echo at this point b, whether it be sup- 
posed to be fixed, or entirely free. 

If the distance cb, which will be greater than a , be de- 
noted by c, and if b is a fixed point, we must have always 
i) = 0, when x = c. How, this condition can be satisfied by 
substituting for formulae (2) the following, 

® = £/(« + +/(® - at) - £/(2c-*-af) 

+ | »(* + <*0 - | F (a; — at) + |r(2c— a:— at), 

s = ^f(x + at) - ~f(x - at) - ^-f(2c-x-at) 

+ £ + at) + £ p(jt — at) + £f(2c— x— at), 

which expressions continue to represent the initial state of the 
bar ; and the value of u which may bo obtained by means of 
the equations 

du du 

dt ~ V ’ dx~ S ' 

still continues to satisfy equation (1). 

In fact, as the variable x cannot be greater than c for any 
point of the bar, and as c surpasses a, we have 2c — a;>a, 
and, consequently, f (2c — x) = 0 and f (2c — x) = 0 ; hence 
there results v — Jic and s = vx, when t = 0. And since 
c. > a, we have alBo/(c + at) = 0 and v (c + at) = 0 ; conse- 
quently, we have v = 0 when x = c whatever be the value of t. 

Finally, we have identically ^ ^ ; and the value of u (q), the 

complete differential of which is vdt + sdx, will be the sum of 
a function of x — at and of a function of x + at, which will, 
consequently, satisfy equation (1). This being established, 
for a point M such that x> a, the quantities f{x + at) and 
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f (a + ai) will be cipher, and the preceding values of v and s 
will be reduced to 

, , v* v { 

v = v + 1>|, 8 = h - 9 

a a 

by malting, for conciseness, 

i/(® - at) - — at) = v', 

|f(2 c — # — aJ)-— £/(2c — a: — a£) = tv 


The quantity v f ceases to be cipher when at > a— a j it be- 
comes so again for at =: x + a ; the time continuing to in- 
crease, ceases to be cipher for at = 2 c — a — a, and will 
become so again for at = 2 c — x + a ; hence it follows that 
the point m will experience two agitations separated the one 

from the other by an interval of time equal to . 

The first will he the direct, and the second the reflected sound ; 
the intensity of each of them will be the same, and they will 
he propagated with the same velocity a ; and as, agreeably to 
the direction of the propagation, the one corresponds to v\ and 
the other to — it is evident that the same relation exists, 


for each of them, between the proper velocity of the point M a 
and the positive or negative dilatation with which it is accom- 
panied. The same results are obtained when the point d is 
supposed to be entirely free, in which case we must have 


constantly s “ 0 for to = c. 


These laws of the propagation or reflexion of sound in u 
solid bar, obtain equally in the case of air contained in a very 
narrow, cylindrical, or prismatic canal. Those of the longi- 
tudinal vibrations of an elastic rod, which have been explained 
in No. 495, are likewise applicable to the vibrations of air 
contained in a tube of a givep. length, open or closed at i ta 
extremities, that is to say, to the sounds of flutes, in which, 
however, we should always except the modifications which 
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may arise at the embouchure. For further details on this sub- 
ject, the reader is referred to the author’s memoir on the Motion 
of Elastic Fluids in Cylindrical Tubes, and on the Theory of 
Wind Instruments, in the second volume of the Memoircs of 
the Academy of Sciences . 

/ / i ^ 

III. Longitudinal Impact qf Elastic llods . v f *'*m 

499. The formulae of 495 are applicable to the impact of 
two or more elastic rods, consisting of the same materials, and 
having the same normal section, in which also the mean fila- 
ments move in the same right line. For this purpose, they 
can be considered as constituting, during the entire continu- 
ance of the contact of these bodies, one elastic, cylindrical, 
or prismatic rod, the state of which being variable from one 
instant to another, can be determined by these formulas 
throughout its entire length, except for an extent of insensible * 
magnitude, on each side of the points of junction. 

In fact, if only two roda whose mean filaments are ae 
and fb (fig. 26) be considered, then when, in consequence 
of the differences of their velocities, they approach each other, 
bf the distance of their extremities e and f will become in- 
sensible, and will no longer exceed the radius of activity of the 
molecular forces, so that the extreme molecules of one of the 
two rods will commence to act on those of the other, and con- 
versely ; this mutual action will subsist, with varying inten- 
sity, as long as the distance ef is less than the radius of 
activity ; the total force may be repulsive or attractive, and it 
is in this action at insensible distances, of the extreme points of 
the two bodies, that the phenomenon of the impact really con- 
sists, Now, as the law of molecular action in a function of 
the distance is unknown to us, we cannot determine the value 

c 

of ef in a function of the time, no more than the variations of 
the velocities which the extreme points of the two rods expe- 
rience in virtue of this force; so that if c and /be points of 



270 LONGITUDINAL IMPACT OP ELASTIC HODS. 

ae and FDj situated at distances from e and f, which are in- 
sensible, and less than the radius of molecular activity, tho 
velocities of the material points that belong to the slices 
whose thicknesses are en and qf, will be unknown during 
the entire continuance of the shock. But beyond e and f, 
and in the entire extent of Ae and /b, equation (1) of 
No. 494 will obtain, and the state of these two parts of the 
entire rod will be determined, at any instant whatever, by 
means of the integral of this equation, according as tlio two 
ends h and B are supposed to be fixed or moveable, that is to 
say, by means of the different formulae of No. 495, in which it 
is only necessary to substitute suitable values for the arbitrary 
functions fx and <p'x. 

500. Ab the molecular forces vary very rapidly with the 
distance, it follows that the unknown velocities of the extreme 
points of the two rods will also vary, so that at any instant 
whatever, the velocities of the points b and f may differ con- 
siderahly from those of the points e and f although the dis- 
tances e» and /f be insensible. The same will be the case 
with respect to the velocities of tho points e and compared 
with one another, and determined by means of their initial 
values, for they will be unequal, and may even have different 
signs; but it may be demonstrated as in No. 488 * that T the 
tension, whether positive or negative, must he sensibly tho 
same in these points e and^/J otherwise the accelerating force 
of the mass of insensible magnitude, comprised between the 
normal sections in these same points, should become extremely 
great and almost infinite. We shall suppose, that before the 
impact, each of the two rods is actuated by tho same velocity 
throughout its entire extent ; in this state, t the tension will 
be cipher for all the points of the two moveables ; therefore ftfc 
the commencement of the impact, that is to say, when the dis- 
tance ef is equal to the radius of molecular activity, wc 
shall have t= 0 at the points e and f> as in all others. 
The tension, which is always equal for these two extreme 
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points, will then cease to be cipher ; and it will appear, by a 
determination of its value, that it becomes again cipher after a 
certain interval of time. Mow, if at this epoch, the velocities 
of the points e and /are such that the two rods may separate, 
that is to say, if the rods move with these velocities in oppo- 
site directions, or if when they move in the same direction, the 
velocity of that which precedes is the greater, the two rods 
must, in point of fact, separate, and the impact will terminate. 
But if, at the epoch in question, the velocities of e and / do 
not satisfy one of these two conditions, the impact will, so to i 
speak, recommence; and the tension, which at the pointB e and 
/is equal, will reappear ; it will become cipher again at the 
end of a new interval of time ; and so on, it will continue to 
move in this manner, so that the two rods will not separate, ! 
but will vibrate as a single rod, whose length is ab. ' 

Thus, the condition which is necessary and sufficient in 
order that the impact may terminate, and that one of the two 
rods may separate from the other, is the concurrence of these 
two circumstances: 1st, it is necessary that the tension should 
be cipher at the points e and / in order that the two rods may 
not press the one against the other ; 2nclly, it is also neces- 
sary that, at the same time, the rods should move in opposite 
directions, or, if they move in the same direction, the velocity 
of the point which precedes should be the greater. 

With respect to the two extremities a and b, we shall sup- 
pose, first, that each of them is entirely free, and secondly, 
that only one is free and the other fixed. 

501. Let ab and fb, the lengths of the two rods, be de- 
noted by c and and the entire distance ab by Z, so that, the 
insensible distance ef being neglected, c + d may be equal to 
l during the entire continuance of the impact. Let m be any 
point whatever belonging either to ae or fb ; and immediately 
before the impact, let x denote the distance of the point m 
from a fixed point taken on the line ab, which will be the po- 
sition of the point a at this instant. Let x + u be the distance 
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of the same point m from this fixed point, at the end of the 
time t) reckoned from this epoch; we Bhall have 


cPu __ (Pu 

d? ~ a dx*' 


(0 


a being a constant qnantity, which denotes the velocity of the 
propagation of sound in that description of matter of which the 
rods are formed (No. 497). 

At the same time, v the velocity of the point M, and T the 
tension at this point, which maybe either positive or negative, 
will he respectively expressed as follows, 


v 




< q denoting a given constant. The dilatation which accom- 
panies the velocity v may be deduced from t, and will have 

for its value - t, 

? 

These three equations will obtain for all values of x, from 
x zz 0 to x =: £, except those which belong to points situated 
between e andjfJ and which consequently differ from c by an 
insensible quantity either more or less. 

502. In the case of t ~ 0, we shall have u zz 0 throughout 
( eTlt * Te extent of ab ; consequently, the term depending on 
i be suppressed in the formula of 495 . We shall fi rn t 

examine the case in which the two extremities a and n arc 
i entirely free. 

Let A be the velocity common to all the points of a n, at 
the instant when the impact commences, which velocity wo 
shall suppose to be positive, or directed from a to d. In like 
manner, let A' denote the velocity of the points of fb, at thu 
same instant, which will be positive or negative, according ns 
the two rode move in the same or opposite directions. These 
constant quantities A and A' will be given, and their difference 
A A must be a positive quantity, in order that the shock mny 
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Imvo place. In the expression of u relative to the third case 
of No. 495, <j/x should be assumed equal to h, from a: = 0 to 
a value of ar ever so little less than c, and equal to h', from a 
value of x ever so little greater than c, to x = l, or, -what is 
nearly the same thing, x = c + c'. We shall then have, 
without any appreciable error (q), 

fp'x'dx' = he + h'c\ 

$^Vcos s 

mid, Bince $af 0, the expression for u will become 

« = (M + h’<f ) £ + ^. (A-AO S i sin + C cosi^sini^ij 
» 7 V Cl t c t i 

ill which the sum S extends to all integer and positive values 
of i 9 from i n 1, to i = x. 

Therefore, in this first case, we shall have(r) 

l/y , 7 / j\ , 2 it vi 1 • It tc ittx zt T&ij 
v = 7(Ac + AV) + -(A— A^S-bib-t-cob— 7 -cos— 

l 7 r z 1 l l 

( 2 ) 

2o /? _ 1 , 17TC ' 

t =: — (h — A 7 ) S t sin -r- cos — r- ; 

7ra t l l 


iullI if m and wi' denote the masses of the two rods, which are 
respectively proportional to their lengths c and c', the first 

mh + wi'A' 


term of this value of v is 


the velocity of their centre 


m+mf 

of gravity. If the two velocities A and A' are equal and af- 
fected with the same sign, we shall have constantly v = A 
and t = 0 ; and, in fact, the two rods move the one after the 
other, with a common velocity, and without compressing each 


other. 

The periodic and convergent series that these formulae 
contain, are comprised among those of which the sums may 
be exactly determined. For all given values of x and t 3 these 
VOL. ii. 2 N 
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sums may, without difficulty, be deduced from the known 
formula 

J0 = sin 0 - £sin 2 0 + 4sin 3 0 - isin 40 + &c„ (3) 

in which 0 is a variable contained between the limits tt 
exclusively. Consequently, the values of the velocity v and 
of the tension t, may be calculated at each instant, and for 
every point of Ae and n and this is, in fact, the complete 
solution of the problem. 

There are several ways of arriving at formula (3). For 
example, it may be obtained by differentiating equation (8) 
of No. 326, with respect to x 9 being previously substituted 
for <j>x ; this gives 


1 ft% inn* iirdx\ . iicx 

=-T s l3«^ c "-( — t)“t' 


an equation which obtains for all values of x less than /, and 
in which the sum S extends to all values of the integer num- 
ber 2 , from % zz 1 to i = oo. We shall have, by performing 
the integration in the usual manner, 

Cl n iirtf indxf 2 1 2 

So^ 08 — •— = 7^ cose7r; 


consequently, we shall have 


7 rx cob itt , inai 

T;=- s — •'“T 1 


a result which coincides with equation (3), by making (tr) 

n 

l “ 

503. In virtue of the second equation (2), the variable t 
is cipher, not only when t = 0, but also when t is any mul- 
tiple whatever of ~ ; it is also cipha 1 , whatever be the value 

off, at the two extremities a and b, in which c$se we have 
x = 0 and x = L 

If f is cipher, or an even multiple of L 9 the first equation 
(2) gives (0 ° 
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» = -j (he +k'c') 

+ L(A-*0[sid«^pA> + s ‘ 8in fa(° + «)], 

or, wlmt comes to the same thing, because c +<?= I, and 
cos ITT = (—!)*, 


1 


( 4 ) 


v=-j(Ac+AV) 

Now, if in formula (3) we take ?Z2lLz$ fo r Q f there will 


result 


■g (— O* — x) _ «■(</—») 

* l ~ 21 * 


If a?Zc, that is to say, if the point m appertains to Ae, we 

may likewise assume for 0 the quantity — 'Z, which will 

l 

be less than 7 r ; hence we shall have 

v,(- 1 )\- n ( C '+ *) _ * ( C ' + *) . 

s -_ am — _ _ 

in consequence of these values, equation (4) will be reduced 
to v =: A. If, on the contrary, the point M appertains to yb, 
wc shall have cc>c and 2 1 —o' — x/Ll; we can therefore 
take 

a _ n(n-c'-x) . 

I 

and since 

. «7r(c'4-®) • fir (21 — c'~ x) 

sin — — - = — Bin — j > 

formula (3) will give 

_ ( — IV . iTr(c+x) IT* (2Z-6''- a). 

S — — sm - t - 27 ’ 
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by means of this value, and of that of 21 


(— 1)* . tir(c'- 
- — — sin — — p — 
t l 


x) 


equation (4) will be reduced to v = h'(u). 

Therefore, A and A' the initial velocities of Ac and f. n, the 
two parts of the entire rod, are by this means verified. More- 
over, it appears that they obtain not only when t =r 0, but 

likewise whenever t is an even multiple of — ; and since at 

a 

these epochs, t is cipher for the entire rod, it follows that for 
all these values of t , the two purts of the rod will be in the 
same state as at the commencement of the impact. 

It should be remarked, that the first equation (2) fails, when 
it is applied to the initial velocity of the point e ; for if t is 
supposed equal to cipher, when x is exactly equal to c, tkoro 
will result, 

v = 7 fa + h'c') + - (A- h>) s til 1 sin 
1 it i l 


But, by equation (3), we have(?;) 

t l l 5 

consequently, we shall have v = A', which will not be true 
except when A = h\ in which case the state of the part cor- 
responding to es cannot differ from the rest of the rod. But 
it was already stated that, in the general case, this part, anti 

that which belongs to v f 9 are not comprised in the equations 
of motion. 


If t is an odd multiple of — , the firat equation (2) gives at 
once(a) 

u = 7 (Ac + A'c') 


_ w7 U ap P ears » by comparing this value of v with for- 
)> t at the one may be obtained from the other by 
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merely changing the letters A and h' 9 c and d ; hence it fol- 
lows, without any new calculation, that when t is an odd 

multiple of L 5 the points which belong to a value of co less 

than d 9 will be actuated with the velocity of A', and those 
which refer to x > c, with the velocity A ; that is to say, if a 
is a point so situated, that ag = d and gb =r c, and if g and#' 
be assumed at insensible distances on each side of a, the part 
a g will move with the velocity h\ and the part g'n with the 
velocity A. 

504. It results from this discussion, that if c = c', the part 
ac will he actuated with the velocity A' at the end of t a por- 
tion of time equal to and the port fo 9 with the velocity A 
a 

at the end of the same time ; and as at this instant, t the ten- 
sion is every where equal to cipher, and since, hy hypothesis, 
we have A > A', it follows, that the rods will separate from 
each other (No. 500) ; so that, in this case, the duration of the 

impact will be-, and the two moveables being perfectly elastic 

CL 

and equal in mass, will, after the impact, exchange the veloci- 
ties which they had before the impact. 

Conversely, if the lengths c and c'are different, the impact 
will not terminate, and the two elastic rods cannot separate ; for 
the epochs at which the tension is cipher will always coincide 
with those in which the two extremities b and p, or more ac- 
curately, the two points e and^/J have a common velocity equal 
either to A or A But if d > c, in which case the point g will 
belong to fi j, and if the elastic Tod be supposed to be cut in this 
point, so that the part fb may itself be supposed to consist of 
two parts fg and gb, which are actuated by the same velocity 
b! before the impact, the part gb will separate from ro at the 

end of t y a portion of time = — . In fact, at this instant, the 

tension t will be cipher, and A and A' the velocities of the points 
g and will be such, that the parts ag and gb may separate 
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from one another. After the impact, the duration of which 
will be equal to — , as in the case of c'~ c, the part gd will 

Q> 

move with the velocity A, and the parts ae and vg s with the 
common velocity A'. The same thing will also obtain, if the 
three parts ae, fg, gb, were themselves cut and dividod into 
other portions either equal or unequal, provided that before the 
impact, all the portions of ae had the same velocity A, and all 
the portions of fg and on a common velocity A'. ThuB, for 
example, if we suppose that a prismatic or cylindrical ho- 
mogeneous rod is cut into n + n J equal parts; and if the 
n first parts actuated with the velocity A, impinge on the 
series of the n f other parts, supposed to be at rest before this 
percussion, then if n surpasses n', no part will separate, 
and they will be all transferred in the direction of the impact 
by oscillating in this direction, and producing a sound cor- 
responding to the entire length of the rod, supposed to be 
» free at its two extremities ; but if nf > ra, a number n of the 
anterior parts will be detached from the others, which will 
move with a common velocity equal to A, and the n' other 
parts will remain at rest and in juxta position. This result, 
which may by analogy be applied to a series of spheres, is 
applicable to the phenomenon discussed in No. 363. 

605. Let us now consider the case in which the point a is 
fixed, and let us suppose that before the impact, the port ae is 
at rest, and that all the points of the part fb are actuated by 
a common velocity, the direction of which we shall suppose 
to be negative, and denoted by — k. It is necessary then to 
employ the expression for u relative to the second caso of No. 
496, in which we shall make fix = 0 # from x = 0 to x = c 9 
and tfx = — k from aj = cto# = c + c'= l . Since (j>x = 0, 
for all values of there will reBult(y) 


« = — r S 


irW (2i-l) ! 


cos 


(2» — 1) (2t— l)ira? . (2i-l)wai 

- srs ire Bin mn ^ i * 


21 


21 


21 
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hence we obtain 
1 


4 ft 

vzz S 


C0B ( 2 *- 1 ^ C nin^ 2 *~ 1 ^ ,rJS C0B^*~ ^ — 
7r “ 2i — 1 C0B 21 SU1 —l C08 21 ’ 




T = 


L (2t— 1 )ttc (2i — l)?nr . (2i — l)irat 
—cos' — jry- — cos^ — — — smi ; 

7rfl 2z — 1 21 21 2 1 


( 6 ) 


in these formulse, the series are such, that the sums may he de- 
termined, consequently, the velocity and tension maybe exactly 
obtained at each instant for any given point of ac, or /1 b. We 
shall employ, for this purpose, the known formula(z) 


j = cos 0 — \ cos 3 0 + £cos 50 + &c. 


(6) 


7 T 


which obtains for all values of 0 comprised between ± ^r, ex- 
clusively, and which may, for example, be deduced from for- 
mula (7) of No. 326, by substituting x for 0a;, then differ- 
entiating the result with respect to x, and finally making 

2 l~ S ‘ 

’ 606. In virtue of the second equation (6), t the tension 
is no tiling in all points of the two rods, when t is cipher or any 

21 

odd multiple whatever of — . 

2 1 

If t is cipher, or an even multiple of — , the first equation 

a 


(6) gives 
2k 


2Ar l 

'=-7L s 2rrr 




2l ‘ +,m s T 


]• 


or, what comes to the same thing, because c + & “I and 
Bin = — (- 1 )V), 

2A[%,(-1)‘ (2t — 1) 7r [x—c') 

”=vL 2 bd; coa - — w — 


2i — 1 


21 


a 


( 7 ) 
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Now, it appears from the initial state of the two rods, 
that this formula, must in the cose of t r: 0 9 be reduced to 
v = 0, for x Z c, and to u = — k for £C>c; which it is easy 
at once to verify. 

By taking equal to 0 in equation (6), there results 

A L 

y C- 1 ) * (2i— 1) it (a ',-</) 7 r 

2i-l 003 2 1 - _ 4* 

We may also assume for 0, when x Z. c, this gives 

A L 

S C" 1 ) 1 mo ( 2t '~ 1 ) 7r ( a! + C/ ) _ _ I . 

2i-l 008 “ 4’ 

and these formula, in fact, reduce equation (7) to v = 0. 
Whenaj> c, we shall also have 2Z— as— c*£l\ therefore, by 
assuming 

fl __ 7T (22— e — c r ) 

¥l 5 

And ohBerving that (S') 


cos 


(2i— 1) tt (a + cO _ (2*— 1) 7T (2/— x— </) 

2 1 ” “ C0B 2 1 ’ 


formula (6) will give 


(-*)* (2t-l)7r(a> + cQ _ n _ 


2 *— 1 


21 


/■ iy 

by means of which, and of the preceding value of S ^ ^ coa 

(2i-l),r(a:-c0 ... 

27 3 equation (7) will be reduced to v = — /r, 

as we know it should. When t is an odd multiple of 

— ) the value of r, furnished by the first equation (5), is equal 

and of a contrary sign to that which obtains when t is cipher* 

2 7 

or an even multiple of — ; it follows, therefore, that at the end 
ct 
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of a portion of time equal to — , the velocities of each of t}ie 

points of ac are cipher, and each of the points of fn is actuated 
by a velocity which is positive and equal to h ; and as at this 
instayt t the tension is throughout equal to cipher, it follows 
that the rod fb will be detached from the jrod. ae, and it will 
be reflected back with a velocity equal and' contrary to that 
which it had before the impact. 

Thus, the impact of the rod fb against the rod ae, which 
presses at a against a fixed obstacle, will continue for a portion 

of time equal to this accords with what has been stated 
a 

in No. 362, relative to the reflexion of a perfectly elastic body. 
It may bo also remarked that at the middle of the impact, that 

is to say, at the end of a portion of time equal to we shall 

have v = 0, by the first equation (5), for all values of cc; so 
that at this instant, the impinging rod fb will have lost all 
its velocity, and likewise the rod ae will not have acquired 
any motion. At the same instant, we shall have, in virtue of 
the second equation (5), 


Tra L 2 % — 1 


( _ IV (2 i — 1 )v (x — c) 

' * />na — 


COS 


21 


+ S $7=T°“ 


(2*-l)7r(* + cn. 
" 2 7 J* 


lienee by the same process as in the case of equation (7), we infer 
T — or t = 0, according as a Z c or x > c. Therefore, j 

at the middle of the impact, the tension is cipher throughout 
the entire extent of the impinging rod; hut the struck rod is 
uniformly condensed ; and it is the pressure which it exercises 
in the direction ae, or from within outwards, that causes the 
striking rod to rebound. 
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IV. Digression on the Integrals of Equations of partial 
Differences . 

507. With respect to equations of partial differences, those 
of an order higher than the first are not integrable, except in 
very few cases, under a finite form, even when the equations 
are linear. Therefore in order to Bolve those problems which 
lead to such equations, we ore, for the most part, obliged to 
i*ecur to their integrate expressed in series ; and it is then nc- 
cessary that we should be assured, in each case, that the series 
; employed hasjill Jhe generality that te suitable to the given 
[equation of partial differences, and that it contains a sufficient 
J ^l ^e r of arbitrary junctions to enable us to express the com- 
j integral of this equation. Now, there is no general rule 
! 011 ^is subject : this number may be less than that which in- 
dicates the order of the given equation, or of the highest partial 
differences that it contains ; it changes with the quantity ac- 
cording to the powers of which the series is expanded ; and it 
'.may even occur* that all the arbitrary functions disappear, and 
Jthat the Beries only contains an infinite number of arbitrary 
constants, while at the same time it does not cease to express 
jthe complete integral. It is these various circu instances 
which we now proceed to examine, first jn general, and after- 
wards more ^ respects those linear equations 

to which we are led in the greater number of mechanical and 
physical problems, 

508. Let u be a function of any number whatever of indc- 
variab l e ^ such as £, x } y 9 z, &c. Let us suppose that 
this function satisfies l = 0, a given equation of partial diffe- 
rences. Whatever may be the value of it can be always 
conceived to be developed into a series arranged according to 
the powers of one of the variables t 9 a?, y , z, &c., or more gene- 
rally, of another quantity 0 depending on one or more of these 
variables. Let, therefore, 

i ^ V f 

/ ^ ^ '4 i y * i \J * 


r ' r j 
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1 

u = r{T + 4. nO 7 + &c. ; (a) 

« 5 05 ya &c. ? 1*3 <1, R, &c., being indeterminate exponents and 
coefficients. It this value of u be substituted in the equation 
l = 0, and if l be then developed according to the powers of 
0 , and the coefficients of all the terms of this development be 
put separately equal to cipher, there will result a series of 
equations, each of which will contain one independent valuable * 
less than l = 0 ( a ) ; and if the most general values of a, /3, y, 
&c., p, q, r, &c., which can satisfy this equation were ob- 
tained, scries (a) would be also the most general value of u 
which will satisfy the equation l = 0. Thus according to the 
quantity 0 that shall have been selected, these expressions of 
ti in a series will be different but all of them will be, under 
c^idvalent forms, the complete integral of l = 0; so that if 
this integral can be expressed in a finite form, each of these 
scries will be a different development of it, and may always be de- 
duced from it. However, when we have succeeded, by means 
of the other conditions of the problem which will have con- 
ducted us to l ~ 0, in determining all the arbitrary quantities 
which arc contained in series (a), it is necessary that it should 
bp convergent, in order that we may be able to make use of it ; 
and if it becomes divergent for these values of 0, this quantity 
should he changed, and the series (a) replaced by another, 
arranged according to the powers of a different variable. 

This being established, if there be assumed for lz:0, 
linear equations of different orders, it is evident that the co- 
efficients r, Q, R, &c., determined in the most general manner, 
may, notwithstanding, contain unequal numbers of arbitrary 
functions, according- as the series (a) is arranged with respect to 
the powers of such or such a variable 6 ; and it is likewise 
evident, as lias boon stated above, that a case may occur in | 
which all the arbitrary functions would disappear from this 
series, which would then only contain an infinite number of 
arbitrary constants, and which, notwithstanding, will be also 
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the complete integral of the equation h = 0. The charac- 
teristic property of this singular form of the complete integral, 
^without any arbitrary function, of a linear equation of partial 
differences, consists in this, that all the terma of the aeries 
■which represents it, may be determined, independently the 
one of the other, and thus satisfy separately the given equa- 
tion, so that the general value of u is the Bum of an infinite 
number of particular values of this function. 

509. Let there be taken, for example, the very simple 
linear equation of partial differences of the second order. 


du __ (Pu 
lt~ a dx li 


00 


in which a is a given constant quantity. If the value of u be 
developed according to the powers of £ , there results for the 
most general series which satisfies this equation, 


u = <px 


at dP(j>x cpfi dftyai 
1 dx 1 1 .2 dsP 


H3d If + 


&c. ; 


oo 


in which is an arbitrary function. Under this form, the 
complete integral of equation (b) requires only ono arbitrary 
function, which represents the value of u when t = 0. Blit if 
the general value of u be developed according to the powers of 
x, there results 


W + 1.2'®# + 1. 


a 4 cPipt 


2.3.4 cfdf* 


^ 4' Sc c* 


+ s¥f + 


s 3 d¥t a? dPyt 
1.2.3' adt + 1.2. 3.4.5 oW"* 


&c. ; 


00 


in which xjjt and ¥£ are arbitrary functions, that express the 

values of u and — , when®z:0. Consequently, under tliiw 

other form, the complete integral of equation (b) contains 
two arbitrary functions. 

These two series can be obtained by tho method of inde- 
terminate coefficients and exponents (6), by making, sueces- 
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sivcly, 0= £, and 0 = x in series (a). They may be also 
deduced from Taylor’s theorem, for by this theorem, we have 

u =v + (e — a) n'+ ^ ■ d" 4- °g- u'"+ &c. ; 

in which we suppose that a denotes a particular valuo of t, i 
and tliat for this value ! 


cP u 

d? 


U=V> rff = U '’ = -33 = «"'»&«• 


dPu 

d? 


Now, by means of equation (b) and its successive diffe- 
rentials with respect to t , wc obtain 


U SS‘ 


aiPu 


xj ,f =: 


adV a 2 (P\3 


a(Pv n a?#* u 


da? 


das' 5 dx* ~ dx° ’ ’ 


The quantity XJ will therefore alone remain arbitrary, and we 
shall have 

/ d? u d*(t— a) 2 d‘u 

"=.+ B (<-.) g + ’' ■g+fa.i 

which will coincide with series (c), if the constant a he made 
equal to cipher, that is to say, when the series is devolopcd 
according to the powers of t , and u is mado equal to 
Series (cl) may be obtained in a similar manncr(e). These 
two series (c) and (d) may also be tr^qgfprmcd, the one into the + 
other ; in fact, if tpx be developed according to the powers of 
Hi so that 

r4 


. ua 1 , car 1 Dar 3 Ea;'* 
ta.‘ = A+- r +— + ■ — ■+■ 


r+' 


Far* 


+ &e.; 


1 1 1.2 1 1.2.3 ’ 1.2. 3. 4 1.2. 3. 4,6 
in whicliA, n, c,d,b,f,&c., denote arbitrary constants, wc have 

nar* f # 3 


(Pips; _ 


r = ctMt a + irj +fcl 


i-^nK + Pii? + &e. ; 
ffcr 


&c. 




; , / 

, ■ / 1 >• 
i 




, / f- > 

1 .r 

' * V . 




1 - 1, 
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by means of which, Bcries (c) will become 

e 

?<ZA+ cat + -r— + &c. 

1 1 z 

VCL^tr^ 

+ (b + v>at + + &c.) x 

+ (c + eo< + &c.)y^ 

+ (d + Faf + &c.)yX3 

+ &c. 

'Now, if we make 

a + cat + -y-y + &c. = i fit, 

b + nat 4- -y-y + &c. = ¥«, 

t pt and 'K will be arbitrary functions independent of each 
other ; we can obtain from thence 

d\ht 

c + + &c. = —3-, 

Ct&t 

dtyt 

D + FCC« + &C. = -^p 

&c. ; 

and thus it appears, that the preceding value of u will coin- 
cide with series (d). This series (d) may(rf) be in a similar 
way transformed into series (c). 

510. Now, if as usual, the base of the Naperian system of 
logarithms be denoted by e , and if we assume 0 = e®, series 
(a) will become 

w = pe* 1 * + + ite?* + &c. ; 

| the coefficients p, q, n, &c., will ho functions of £, and the ex- 
ponents a, 0, y, &c., will be constant quantities. Therefore, 
we shall have 
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du rfp Jq _ dn 

4 = r + i'* + s"' +fc ' 

— = a 2 ve aX + /3 a Qe^ + y^ne?* + &c. 

CUL 


If these values be substituted in equation (b), and if the 
coefficients of the similar terms in the two members be then 
put equal, there will result 


rfp 

dt 


aa 2 P, 



rfa 

~di 


fly 2 !!, &C. ; 


consequently, the exponents will remain arbitrary, and we 
shall have(e) 

p = a a =: n ef^ u = ce^' 1 , &c., • 

in which a, n, c, &c., denote arbitraiy constants. Hence we 
shall obtain 

u = + b &FieP* + + &c., (e) / 

for tlio complete integral of equation (b), arranged according 
to the powers of the exponential^; which series is also the 
development of this integral, arranged according to the powers 
of rf. Now, it is evident, that this scries (e) does not contain 
explicitly any arbitrary function; but that it only comprehends 9 
two infinite^ scries of arbitrary constants, namely, a, b, c, &c., 
a, ( 3 , y, &c., and that each of its terms separately satisfies 
equation (b). 

If this expression of u be developed according to the powers 
of we obtain 

u = Ae a * + + c + &c. 

+ (Aa®^ + nj3 V* + cyV* + &c.) at 
+ (Aa 4 c nf + cy 4 ^* + &c.) 

4- &c. ; 

and if we make 

ac u# + ne^ 4- cei* + &c. = fx ; 

will be an arbitrary function, and we shall have 
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cP<hx 

AaV* + + CyV* + &C. = “^a"j 

A.a i e a ‘ + B^e/ 3 * + cyV* + &c. = 5 

&c. ; 

and series (a) will coincide with Beries (c). In the same 
manner we may make series (e) to coincide witli series (d), 
by developing the fhat according to the powers of x ? in order 
to render it comparable with the second. 

fill* Each of the two series (c) and (e) may be expressed 
under a finite form, by means of the same definite integral. 
In the first place, we have evidently(/) 


f er** oj 3ft “ 1 db) — 0, 
J — 30 


n being any positive integral number whatever. 

Likewise, let 

C* 00 

d(d zz ft; 

then if g denotes an arbitrary constant, and if w s/ (J m&v' gdu i 
be substituted for a> and tfw, the limits of this integral will not 
be changed, and we shall have 

e » ft 

hence we obtain, by differentiating n times in succession, with 
respect to g , and then malting g = 1(^), 


^ e - *** uFdu) = 


1.3.5....2n- 1 


By meanB of these values, formula (c) may be written ns 
follows(A) : 

“ Ux + 2 » ✓rt **f 
*J-»V dx ^ 1.2 dx 2 

, 8 w 3 av/at <P$x , \6<d* cFP (P&x „ \ 

+ 1,2.3 ^ + LUn?" + &c 7 r ' 4i 
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and, by Taylor’s theorem, this may be reduced to 

U = ~H ^ c-“’<p (pc + 2 w Vat) du>. (f) 

ft 

Whatever be the value of the constant a, the limits of the 
t r* oo 

integral V will not be changed, by substituting 

to — a at in place of to ; consequently, we shall have 

C g— cu'-l-a ua\/(it-^a*at — h . 

J-x 

hence there results 

Cp-* at — y\ g— «’ € 2iMi\/(n 

llJ — X) , 

The other exponentials which occur in series (e), may be 
expressed in tho same manner, so that it will by this means 
become 


If x _ 

__ x [A.c a <*+ a « t/ “ l )+nePi x +^^+c&(*+ 2 "^^+&c^ aa d(i)' 

Now, if we make as above, 

\c ,{X + ue** 1 + ce^ + &c. =i $x> 
we shall lmve, at the same time, 

<i 

Af i« 0 1 !!»v«0 4- Bc/ 3 (’* + a “V'«0 4- c<rt (' H •>»V n 0 -f- &C. 

= <p (x + 2u af) 

by moans of which the preceding value of u coincides with 
formula (f). 

This equation (f) iB the integral, under a finite form, of, 
equation (b) ; it only contains, as appears, one arbitrary func- 
tion, wliich can be determined at once by means of the value j 
of u relative to t = 0. However, this form of the integral' f 
implies, that this value of u, which will be that of ipx, in- 
creases with the variable in a less ratio than e**, and that 
the product c~ xi <px vanishes for x = ± », otherwise, the 
quantity comprised under the sign $ would increase indefi- 
VOL. II. 2 r 
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nitely with w, for all values of t different from zero, ami the 
definite integral, the limits of which are w = i x, would 
have generally an infinite value, which is inadmissible. 

If we make 


dtyx 

dx 


= <j>% 



we may deduce from equation (f), 
ao 


du a f 30 , ✓ — y in)d(o 

rf?=AJ-o 0 <r ^> , < a; + 2wv/a ^7S’ 


cPm of* 20 / — 

a J? = - k \ i _ vi e-^^(x + 2 u ) Vat) dw ; 


• X 
X 


if these equations are integrated by parts, and if the product 
of e - **' and (x + 2w s/ at) vanishes at the two limits, there 
results(i) 

^ e^“ a 0 / (rc+2 w V^zf) ^7= ^ e - 1 {x + Saii/flJ)! 


from which it appears that the value of coincides with that 
acPtf 

°f W , and, consequently, it satisfies equation (b). 

i Series (d) would also lead us to an integral under ft finite 
form of this equation, but it would not be bo simple as formula 
(f), and would contain two arbitrary constants. 

5 12. The known value of the quantity A, which occurs in the 
preceding formul© is V 7r. It may be obtained, by employing 
successively two different variables under the sign so tlmt 
since 

&== kz :^J° ao c-s"dy; 

we have 

k * = § - a = 5 j°» S-x tlcdy ' 

because the two variables x and y are independent of each 
other. If, therefore, we make 
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«* + y 3 = >- 3 , e-^-F* = 3, 

there will result 

f 1 jo r* x 

and if aj, ?/, c, be considered as the coordinates of a surface, ft 2 
will be the volume terminated by this surface of revolution, 
and extended indefinitely about its axis of figure, which will 
be the axis of the ordinates as. Now, the value of this volume 
may be obtained by decomposing it into an infinite number of 
cylindrical slices, whose common axis will be this line. The 
volume of one of these infinitely slender slices, the radii of the 
interior and exterior surfaces of which are r and r + dr 9 will 
be equal to tbe product of its base 2 irrdr multiplied by its 
height z or r f '; consequently, the entire volume may be evi- 
dently obtained by integrating from r n 0 to r = ao ; hence 
wo shall huve(A) . * J * )'• 

. /i s = 2 tt J (T*rdr ~ 7 r, 

and h = 7r, which it was proposed to establish. 

If <jiX = cos a;, and if 0? bo substituted in place of al in 
equation (c), then wc shall have 


K | -T + n-TX3 + &c -)“'*’ 


n - 


or, what comes to tho same thing, 
n = <r a * cos 
Equation (f ) becomes, at the same time, 

1 r» 30 

u = — -p=\ (r** cos (x + 2 ao>) duj 5 

but we have evidently 

r* x POC 

V ^ cos 2 aojrfw rr 2 V q cos 2 aojrfoi, 

P jo 

\ ^ sin 2 cicoda) =: 0 ; 


/ /) 


_ i 1 
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lienee there resulted 

2 cos x px _ 

u = — t=~ V er* cob 2 atuaw, 

✓ff JO 

and by putting this value equal to one of the preceding, we 
obtain(m) 

X V TT 

er* x cos 2 atoda) s= — - e~^ a . 

0 2 

As we can assign an imaginary value to the constant a 
in this equation, if a \/ — 1 be substituted for a, we shall 
have(w) 

It is frequently necessary to employ theso formulffl, which 
here naturally present themselves to our consideration ; how- 
ever, they may also be obtained by other means. 

513. The equations of partial differences to which we are 
led in the greater number of physical and mechanical pro- 
blems, are linear relatively to the unknown u , of the first or 
second order with respect to the time^ and generally, it con- 
tains four independent variables, of which u is a function, to 
wit, the time, which is denoted by f, and jr, y, z , the three co- 
ordinates of any point whatever of the system in question. If 
the last term which is independent of w, and which canjbo 
always madetp^i|apgear, he excepted, they do not contain this 
variable t explicitly, that is to say, in these equations, the co- 
e fficien ts arq only funct ions of z. Now, if l =: 0 is one 
of these equations, without the last term, and if we assume 

0 = e 1 , series (a) will become 

u zz + Qe^ + ne^ + &c. ; (g) 

and if in l, this series (g) be substituted in place of u y it is 
easy to perceive, that there will result 

1 = (&ra a +Na+o)e ai +(M / j3 a +N / /3+o / )e^ # 4-(M // 7 a +N // 7+o // )e , i' i + 

&c., 
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in '"which m, n, o are quantities that only contain the un- 
knownr^ m', n', o' may be deduced from these by substituting -f 
0. in place of r, and then u fl , o", by the substitution of r 

in place of q, and so on. All the quantities m, m' s m", &c., j 
will be cipher, when the equation l — 0, is only of t he, first , 
order with respect to t. In all cases, thiB given equation l = 0 ( 
will be decomposable into the following (o), 

Ma 3 + Na + o = 0, 

m']3 3 + n'/3 + o' = 0, 
m" 7 2 + ^"7 + o" = 0, 

&c. 

Consequently, the exponents a, ( 5 , y, &c., will be arbitrary 
constants ; the coefficients p, q, r, &c., may be determined in- 
dependently the one of the other, by means of these equations 
(h), which are all similar ; and all the terms of scries (g), that 
is to say, of the complete integral of the equation l =: 0, ar- 
ranged according to the powers of the exponential e*, will be 
particular integrals of this same equation. 

Equations (h) will be, like l = 0, linear relative to the 
unknown which each of them contains. If l contains only 4 
one of the three variables x, y 9 z , they will bo simply differen- \ 
tial equations ; and then series (g) will only contain arbitrary 
constants, to wit, a, |3, y , &c., and the constants which will be 
introduced by the integration of equations (h). When they 
arc equations of partial differences, they may bo frequently! 
treated as tlio equation l = 0, and their complete integrals cam 
be oxpressod in series of particular integrals. 

514. Series (g) may be made to assume another form, by 
changing the exponentials into sinesjind cosines. In fact, if 
X, fi, v, &c., be other arbitrary constants, and p, q , r , &c,, 
p r' y & c., other unknown quantities, then if in this series 
±X\/~\ t ± v /-l, &c. , be substituted in 

place of «, (3, y , &e., and if r, a, ii, &c., be replaced by 


<w 
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I ±| v'-l, ^±^V- 1 , &c. ; wc shall ob- 

tain, by taking the sura of the values of w, which correspond 
to the two signs of V — 1 (p) 


u zz pcoa\t+ qcospt + *'cobp£ -j- &c. 
-t-j/sinAf + q'smpt + r'sinvt + &c. 


(0 


In order that the integral of l- 0 , which can be ex- 
pressed either by this last formula or by series (g), may be oh 
general as possible, it is requisite that the constants A 3 p 9 v 9 
&c., and also a, | 3 , y, &c., may be real or imaginary ; but there 
are problems in which the determinate values of A, /i, v, &c. are 
all real, and others in which none of the values of a, /3, y 3 &c. 
j will be imaginary(y). In the first case, we should employ 
* formula (i), and in the second, formula (g) ; and even when 
1 equation l 0 is integrable under a finite form, it frequently 
occurs in mechanical and physical problems, that the expres- 
sion of its integral, by means of one or other of tkeso two 
series, will be better adapted than the integral under a finite 
form, to indicate all the circumstances of the phenomenon in 
question. Questions respecting the small oscillations of the 
points of an elastic body or of a fluid, which is made to deviate 
very little from its state of equilibrium, are those in which it is 
suitable to employ the unknown quantities under the form ot 
ttlie series (i). 

When the general values of p, q, n, &c., and consequently 
those of p , < 7 , r, &c., p\ r\ &c., contain only arbitrary 
constants, formula (i) may be written more briefly in the fol- 
lowing manner, 

» u=z 2pcosA£+ Sp'sinAtf; 

*in which the charact eristics 2 indicate sums that extend to 
,all possible values, whether real or imaginary, of A and of the 
: other arbitrary constants contained in p and p\ We may, if 
wc please, suppose that these values increase by infinitely 



OP PARTIAL DIFFEHBNCES. 


295 


small degrees, and thus replace the Bums S by integrals ; but 
there is noadvantage in expressing in this other equivalent form 
the value of u ; and it is preferable to retain the preceding. 

515. Independently of the equations of partial differences 
which respect all die points of the system, there are always in 
physical and mechanical problems, other equations which only 
obtain for the extreme points ; such are, for example, in the 
problem of the longitudinal vibrations of an elastic rod, the 
equations relative to the two extremities of this rod, when they 
are supposed to be entirely free, or when one or both of them 
are supposed to be fixed. These particular equations will 
enable us, in each case, to determine the values of a part of j 
the arbitrary quantities, which series (g) or series (i) contains ; ' 
with respect to those t values of these quantities, which con- J 
tinue still undetermined after talcing into account all equations 1 
of this kind, they will depend on the initial state of the system.Ji 
M. Poisson, in order to obtain their values, always pursued, in 
a great number of different problems, one uniform process, 
which he considered to be applicable to all cases, whether the 
question presents only one unknown, namely u , and leads only 
to one equation l= 0, or whether it is necessary to deter- 
mine several unknown quantities depending on an equal num- 
ber of equations of simultaneous linear partial differences. 
This general process has also the advantage of furnishing, in _j. 
each example, a demonstration of the reality of the constants 
0 j 7> &c., or °f the constants X, /x, v 9 &c., which depend on 
transcendental equations that are frequently very complicated, 
and the nature of whose roots it will be frequently difficult to 
determine otherwise. The example which will be given in the 
following paragraph of the application of this method, will be 
sufficient to explain it, and to show how it may be employed in 
other problems. The longitudinal vibrations of elastic rods in! f 
the three cases of No. 495, may be determined, without any dif- 
ficulty, by means of this method, which will lead us, in the most 
direct manner, to the same formulae as in this number. The 
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longitudinal impact of two or more elastic rods, consisting of 
different materials, may be given, as an example of a question 
depending on several equations of partial differences ; with 
respect to this question, which has been resolved in the pre- 
ceding paragraph for the particular case of homogeneity, the 
general solution, is here suppressed solely on account of the ex- 
treme length of the formulae which it involves. 

616. Let the time be supposed to be reckoned from the 
commencement of the motion, and let 

n = f(x, y, *), ^ J h *) 

be the values of the unknown w, and of its differential co- 
efficient with respect to t , which correspond to t = 0 ; so that 
f(x, i/> &) and F(a?, Pi z) may be functions arbitrarily given 
for all values of the coordinates x 3 y, z , which belong to the 
points of a system whose vibrations are considered. After 
I that all the arbitraiy quantities which series (i) contains shall 
i have been determined by means of the initial state of the sys- 
1 tern, and when also the particular equations which may have 
place at its extremities are taken into account, it is necessary 
that this serieB and its differential coefficient, when t— 0, 
should coincide with the functions /(re, y 9 z ) and f (a;, y, ~) at 
the limits of the system. Hence it is necessury that(?‘) 

f(x 3 y 9 z)=p + q + r+ &c., 
f (a?, y, z) zz A p' + pq f + v r f + &c. ; 

[which will furnish a development or transformation of a par- 
ticular kind, for each of the functions f(x , y, z) and f (x 9 y,z r) ; 
a transformation which will not be identical, and will only 
o btain for values of the variables z 3 that are confined 
within c ertain limits. 

Although it is not possible in most cases to demonstrate 
directly the accuracy of these equations (A), still there can 
exist no doubt on this head. In fact, it is evident from the 
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preceding considerations, that series (i) certainly represents 
the complete integral of the equation l “ 0, that is to say, the 1 
most general value which can satisfy this equation. By \ 
hypothesis, the arbitrary quantities that this series contains, 
can he determined by meanB of the other conditions of the 
problem which has led us to this equation l = 0 ; therefore if 
these conditions are not incompatible, and if the problem is , 
susceptible of a solution, it is necessary, after this determina- i 
tion, that series (i) should express the value of u at any in- 
stant, and at any point whatever of the system ; consequently, j 
if t rz 0 in this series, and in that which is deduced from it 
by the differentiation relative to t> they ought to represent the I 

• * • fiu • » 

initial values of u and — , that is to say, the functionsjfl(a?, y,z) 

ttv 

and f (#, y , z) whatever they may be, but solely for values of ■ 
a;, p, z comprised within the limits of the system that is con- 
sidered. 

In the example of the longitudinal motion of an elastic rod, 
series (k) will represent for the entire length of this rod, and 
for the different hypotheses that are made respecting its ex- 
tremities, the two arbitrary functions that have been dcsig-j 
nated tyx and $ l x in No. 495 ; and these series will coincide 
with the expressions for tyx and tj/x that have been made use' 
of in that number, and which have been already demonstrated. 

517. It follows from what precedes, that in order to ex- 
press in a problem relative to the small vibrations of bodies, 
and also in other physical questions, each unknown quantity,! 
by means of series (g) or (i), it is necessary previously to do-') 
monstmte that this series represents the most general value of) 
the unknown that can satisfy the equation of partial diffo- [ 
renccs on which it deponda, and then to determine all the S' 
arbitrary quantities that this series contains, by means of the ) 
particular data of the problem, which belong to the extremities 
of the system and to its initial state ; or wliat is the same thing, it 
is necessary to know, a priori, as in No. 495, the expressions in 

VOL. ii. 2 o 
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^series of the arbitrary initial value of each unknown, all whose 
j terms multiplied by the sines or cosines of arcs proportional to 
i the time, or by exponentials, satisfy separately the given equa- 
j tions of partial differences, and the other equations which respect 
the extreme points of the system. Any solution in which the 
generality of series (g) or series (i) that is employed, is not 
demonstrated dp Won, or in which it is not verified d postci'un'ii 
that this series may represent the initial value of each un- 
known, whatever this value may he, in the entire extent ot 
the system, including the extreme points, ought to he deemed 
1 incomplete. It appears from what precedes, that the first mc- 
^ ’ thod will be always applicable; the second will be only so in 
' a small number of particular cases. 

V. Transversal Vibrations qf an Elastic Rod . 

518. Elastic rods are susceptible of four lands of vibra- 
tions, having corresponding tones, which may cooxist in the 
same rod, whose natural state may be either straight or curved. 
These vibrations are longitudinal, transversal, normal, and 
those produced by torsion. The normal vibrations consist in 
alternate dilatations and condensations of sections of the rotl 
perpendicular to its length ; they have not been hitherto de- 
termined by theory. But the three other species have, and 
the relations between the tones which correspond to them, tlmt 
aie indicated by analysis, have been confirmed long since by 
experiment, and already pointed out by natural philosophers. 
Suchi9, for example, the curious observation for which wo are 
indebted to Chladni, namely, that a rod firmly fixed at one end, 
and free at the other, giveB out a tone that is gTaver by a Jjfllh 
when it is made to vibrate by torsion, than when it vibrutes 
longitudinally ; which implies that the tone which is given out 
in the first case is the same as would he heard in the second, if 
its length was increased in the ratio of three to two. Now M. 
Poisson has found that this ratio ought to be that of \V 1 0 
to 2, which differs by a little less($) than a twentieth from the 
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result stated by Chladni in round numbers. The reader is re- 
ferred, for more extended developments of this important part 
of mathematical physics, to the author’s memoir on the Equi- 
librium and Motion of Elastic Bodies, that has been already 
cited in No, 306, where the vibrations of flexible membranes 
and elastic plates are likewise discussed. In the present treatise 
it will be sufficient to consider the less complicated cases of this 
description of questions, which are those of vibrating cords and 
of the longitudinal vibrations of elastic rods, to which we now 
proceed to add the case of transversal vibrations. 

519. It is supposed, as in the case of longitudinal vibra- 
tions (No. 493), that the rod is homogeneous, and taken in its 
natural state, of either a prismatic or cylindrical form ; in like 
manner, it is assumed that it does not experience any torsion! 
on itself, so that all the points of each longitudinal filament 
exist in the same plane during the entire continuance of the! 
motion. 

Let amb (fig. 2?) be the rectilinear direction of the mean 
filament in the natural state of the rod, l its length, and x the 
distance am of any point whatever such as m from the extre- 
mity A. At the end of the time f, let M bo supposed to be 
transferred to m'; from m' let the perpendicular m'p be let fall 
on ab, and let us make 

Mr = m'p =: y» 

If these two variables be supposed to be constantly very^ 
small, and if, in consequence, their squares and products be ne- 
glected, their values in functions of x and t will depend, os in 
the case of vibrating cords (No. 483), on linear equations, in 
which these unknown quantities are separated ; hence the very 
small motions, in the longitudinal and oIbo in the transversal 
direction, will coexist, without mutually influencing one ano- 
ther ; and as the longitudinal motion has been completely de- 
termined, we need not now take it into account. Therefore 
wo may make u = 0, in which case all the points of the mean 
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j filament will oscillate on lines perpendicular to its natural di- 
{ lection, and x and y will be, at any instajit, the coordinates of 
| the plane curve a'm'b' formed by this filament. We shall 
also abstract from the consideration of the small motions of 
dilatation or contraction which may have place in each section 
of the rod perpendicular to its length, in which case the motion 
which it ia proposed to determine will be the Bame for all tlic 
points of the same section ; bo that it will be sufficient to con- 
sider that of the point which belongs to the mean filament. 
The equation of this transversal motion may be deduced 

from equation (f) of No. 320, by substituting Y — ^rf, or 

simply — in place of y, if no given force is supposed to 

be applied to the different points of the rod. Therefore this 
equation will he 

. <» 


ft 2 being a positive constant, which will depend on the material 
of the rod, and on the area and figure of the normal section. 
Besides this equation (1), which is common to all tlio points 
of the mean filament, there are also equations relative to its 
extremities, which will be the same as in the problem of equi- 
librium. In this respect, six different coses may occur, ac- 
j cording as each of the two extremities of the rod will be firmly 
j fixed, or merely pressed against, or entirely free. But as these 
; cases may be treated in the same manner, we shall restrict 
I ourselves to the consideration of one in detail, and we shall 
I suppo&e that the rod is entirely free at its two extremities a 
and b, to which, moreover, no particular force will be applied. 
This being so, for all values of t , we shall have (No. 320) (m) 


x = 0, 


Py 

dx* 


= 0 , 


at the extremity a', and 


Py _ 


0 , 


(*) 
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_ i o o 

’ da?-®' 


( 3 ) 


at the extremity b'. 

At the commencement of the motion, the curve that the 
mean filament assumes, and the velocities of all its points will 
be known ; if therefore the time t be reckoned from this com- 
mencement, and if tpx and <j> f x denote given functions from 
x =s 0 to x = Z, we shall have at once 


t = 0, y =s fu, 



( 4 ) 


Nevertheless, these arbitrary functions should satisfy the condi- 
tions relative to x = 0 and x = Z, which will be expressed by 
equations (2) and (3) for the function and by their diffe- 
rentials relative to t for the function <ji'x. 

Thus the question to be resolved will consist in finding 
the value of y, as a function of t and x, which satisfies equa- * 
tions (1), (2), (3), (4), the first of which is the only one which 
has place for all values of these two variables. But, it is 
useful, previously, to compare, for the same elastic rod, the 
coefficient b , which occurs in the equation of its transversal 
motion, and the coefficient a that is contained in the equation of 
its longitudinal motion. 

520. If g denotes the gravity, p the weight of the rod, and 
q the tension which should be employed to double its length Z, 
we have (No. 494) 



P 


The product of the density of the rod and of the area of its 

normal section is equal to ; and by equation (f) of No. 

gl 

320, from which equation (1) of the transversal motion is ob- 
tained, we shall have 


1,i= T^-k vv:idul 


( 5 ) 
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in which «, v 9 A, h! have the same signification as in No. 314, 
and the constant a of the same number is tho value of </, re- 
ferred to the unit of surface, bo that 

q “ aw, 

in which m denotes the area of the normal section of the rod. 
Likewise, if we make 

mHu = 

(A will be a line the value of which will depend on tho area 
and form of its contour), we shall have 

p = glqh 2 _ 

P 

hence there results 

b =: ah. 

If the normal section of the rod is a rectangle whoso huso is 
perpendicular to the plane of the curve a 'm'b', and brig-lit 
equal to 2e, we Bhall have 


o)_2u£ } k'=sh=z E , u>h i = v ^ J e u*du = § ve\ 
and we shall obtain (is) 

ftssfL 

/3‘ 

In the case of a cylindrical rod, whose radius is icprcsen ted 
by t, we shall have 


“ 5S " , » *' = * = £, v = 
from which we can deduce at once 


and hence(y) 


J 7TE 4 , 
6 = JOf. 


If now the normal section of the rod is an isosceles triangle 
whose base is perpendicular to the plane of the curve 
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and if, for greater clearness, we suppose that this plane is ver- 
tical, and that the base of the triangle corresponds to the upper 
face of the rod, then if we denote this base by X, and the 
height by 2 c, we shall have always(z) 

w = Xe : 

but the value of h will be different, according as the convexity 
of upper face of the rod is directed upwards or downwards 
(No. 316). In the first case, we Bholl have (o') 



from which there results 


and, consequently, 


toll 1 = 


2Xe j 

9 ’ 


6 = 




3 


In the second ease, we shalL hnve(i'), 


A = 


4c 
3 * 




wc may deduce from it 
and, then, 


72 _2Xe“ 
wh — * ^ 3 


b = as\ 


These results will be of use, farther on, in enabling us to 
compare together the tones of the same elastic rod, when it 
vibrates longitudinally, and when it vibrates transversally. 

621. Let now p and q be functions of and m a constant a 
relatively to t and x. In order to satisfy equation (1), let us 

assume(c') ■* 

y r:paiim 2 6£ + gcosm 9 M; 

as this equation should obtain for all values of £, we must have 
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d A p 
dx 4 


= m% 


d'q 
da f 


= m*q\ 


and, by integrating these two differential equation** of the 
fourth order, there arises^') 

p = a sin the + a' coswza; 

+ £ b (e®* — e~™ x ) 4-£b' (c™* + e~ v,T ) 
q = c sin mx + c' cos mx 
+ £d (e mT — g-™) + %&'(<*** + <r-*'- r ) ; 


in which a, a', b, b', c, c', d, d' are eight arbitrary eonstantH, 
and e as usual denotes the base of the Naperian system of 
logarithms. 

In consequence of the linear form of equation (1), it may 
be also satisfied by taking 

y = 2p sin m*bt + 2 q cos m 2 bt , 


in which the sums 2 are supposed to extend to all possible 
values, both real and imaginary, of m and of the eight other 
constants, a, a', &c. Moreover, it is evident from wlnit has 
been stated in the preceding paragraph, that this value of ?/ 
will be the complete integral of equation (1). 

If it be substituted in equations (2) and (3), which have 
place for all values of and, consequently, for all the terms 
of the sums 2 taken separately, we shall have(c'), 





for a: — 0, and a? — Z. If there be substituted for jj ami #/ 
their preceding values, there results at once 


B ' — a', B = A, D' = c', D = C, 

and, besides, 

A (2 sin ml - e-*') = + e~»* ~ 2 cos in/), 

a' (2 Bin ml + e»‘ - e~^) = a (2 cos ml- e ml — 
c (2 sin «l-«- + rH* ) = 0 , (- * + e ^__ 2 cqs 

c'(2 sin ml + e-« - = c (2 cos ml - e-‘ ~ «-■"') 
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Now, if the corresponding members of the two first, or the 
two last of these four equations, be respectively multiplied 
together, and if, in these products, the common factor aa', or 
cc', be suppressed, we obtain 

4 sin 2 ml — (d™* — er* 1 )* + (2 cos ml — — fi 0 ; 

or, by reducing^) 

(fl®* + er nd ) cos ml — 2 = 0 ; (a) 

this equation will enable us to determine the values of m . 
Moreover, the values of a, a', &c., which may be obtained 
from the preceding equations, will be 

n — a — e (e w/ + £r wl — 2 cos ml), 
n'~ a'zz e (2 sin 2 ml — c wl + 

T) — C = E'(c m/ + tf” 1 " 1 — 2cos ml), 
n f — c'=: e '(2 sin 2 ml — e™ 1 + cr™*) \ 

e and k' being two new constants which continue unde- 
termined. 

If for conciseness, we make 
x = 2 cos ml) (sin mx + ^ e mx — ^ cr mx ) 

+ (2 sin ml — + e-^ 1 ) (cos ■+- £ e fR ‘ r + J 

the preceding value of y will become (jf) 


y = sx (e sin + e' cob *»%) ; (i) 

in which the sum S extends as before to all possible values of ' 
e and e', but with respect to m, only to tliose values of it 
that are furnished by equation (a). For all these values, we/ 
shall have 


dPx 

dx 1 


= 0 , 



C c ) 


when x = 0, and when x = l ; and, whatever ho the quanti- 
ties m and x, we shall have identically^*')? 

r/*x 
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522. It only remains to determine the values of the coeffi- 
cients E and e' relative to each value of m , from knowing the 
initial state of the rod \ this we proceed now to do, following 
the general process that has been adverted to in No. 515. 

In the first place, we may remark that if m is a root of 


equation (a), so also will — m, m\/ —1, — 1 (V); more- 

over, the corresponding values of x will only differ either in 
the sign, or in the factor -y/— 1 ; hence it follows, that in 
formula (b), we can unite in one sole term, the terms which 
belong to these four rootB, and then only extend the sum S 
to real and positive values of m, or to values consisting only 
of a real and imaginary part, if there be such, ftiul in which 
case the real part is positive. In this manner, if m and m f 
are two Toots of equation (a) that are employed, m* and in* 
will differ from ± m and di m a . 

This being agreed on, if equation (1) he multiplied by 
xdtf, and if it be then integrated from x = 0 to x = 7, there 
rosultfl(ft') 



(Fa 


and we shall obtain by partial integration^') 

cfc 4 V cfafi dxdx * dx*dx dx^J 
L da 3 da da ? + da ? da da? J J + Jo fa? ydx " 


The tenns comprised between the parentheses belong to 
x — l , and those contained between the brackets, to x =z 0 ; 
they mutually destroy one anothor, in virtue of equations (2), 
( 3 )j ( 4 )> rulative to these limits ; and, by equation (d), which 
obtains for all vulucs of x, if m 4 x bo substituted in place of 

■ja under the sign $, we shall have 
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Therefore, because 

o dt 2 dF~’ 

we shall have 

The complete integral of this differential equation of the 
second order is 

^ xy dx = h cob m*bt + n' sin irPbt ; 

in which h and h' denote two arbitrary constants. In order 
to determine them, if t = 0, in this formula and iu its diffe- 
rential with respect to t , there will result 

* =So*#*** 

Whatever may be the magnitude of t y we shall have 
^ xy dx =2 ^ xtjix dx . cob m 2 bt, 

I fz 
+ 55130 

If formula (b) bo substituted in place of y in the first 
member of this equation (e) ; as its second member only con- 
tains cos irPbt and sin m*bt 9 if m r be a root of equation (a), 
such that m* and differ from ± m and ± m\ as we have 
supposed above, the term corresponding to mf must disappear 
from the first member ; in order to this, it is necessary that 

So“'^ = o; (0 

in which x' denotes what x becomes when m is changed into 
m f (m r ). But in the case of m'zz m 9 it follows from this sarao 
equation (e), that 

b ^ ^ xtfxdx, 
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by means of this the values of b and e' -will be known in 
functions of tn, and formula (b) will become 


y = 2x 


cos rrfbt ■ 

^x 3 dr 


So x f a,<fe 


. n f*7 


sin wi 3 Z»£. 


(g) 


uU 

As this expression for and the value of which follows 

from it, no longer contains any unknown quantity, they will 
make known at each instant, the ordinate and velocity of m' 
any point whatever of the curve a'mV; which is the complete 
solution of the problem. The integral ^ x 2 dx maybe obtained, 
under a finite form, by the ordinary rules, but the values of 
the integrals and cannot, in general, be 

computed hut by the method of quadratures. 

523. If t be made equal to cipher in the expressions for 

y and — , we Bhall have, by equations (4) and (g), 


(px zz 2 








X. 


GO 


These two Bimilar formula obtain for auy functions what- 
ever of r, such as <px and $*x 9 whether oontinuous or discon- 
tinuous, but solely from x = 0 to x = l \ and it should be ob- 
served, that they have not place for the extreme values of x 9 
unless those of these functions satisfy the condition stated 
above (No* 519)t Although these formul© cannot be directly 
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demonstrated, they are, however, not Igbs certain on that ac- 
count, as has been explained in No. 516. 

In the particular case in which all the points of the rod 
have received at the commencement a common velocity, and 
also a velocity proportional to their distances from its middle 
point, it is evident that it ought to be actuated by a motion 
of translation and a rotatory motion, without experiencing 
any curvature, or undergoing any vibrations. ThiB might 
also have been inferred from these equations (h), and from 
formula (g). 

In this case if c and y denote two constant quantities, we 
have 

</># = 0, fix = c + y (x — ; 

and if the second equation (h) be differentiated, there results, 
by talcing into account equation (d), 



in winch i may be any positive integer whatever^'). Conse- 
quently, the development according to the powers of t , of the 
part 

f So x sin m*bt 

of tho formula (g), will be reduced to its first torm(o') 



the value of which will be, in virtue of tho second equation 
(h), trj/.i. Hence, in consequence of the equation rpx = 0, and 
of the value of <{,% formula (g) will be simply 
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V ~ [ c + 7 (* “ 10] *» 

as it ought to be, 

624. It may be demonstrated by means of equation (f), 
that equation (a) does not admit of a root consisting of u 
real and imaginary part. In fact, if there exists such a root 
ns f+gV' — 1 ; there will be also another which only differs 

from this in the sign of -/ — l, which will be / — gV — 1 5 
therefore, we may assume in equation (/), 

j»=/+ 5 n/-l, m' -f— g 

in which / and g denote real quantities, none of which can be 
cipher. We shall also, at the same time, have 

x~f + g\/ — 1> x'=r>-G/-l; 

in which f and g are likewise real quantities. Consequently, 
equation /will become 

So ( FS +G s )d® = 0; 

which is impossible, since, in order that it should obtain, 
it would be necessary that an integral of which all the ele- 
ments are positive, and which expresses' tlicir sum (No. 13), 
should be equal to cipher. Hence the supposition of a root 

f+g v^T is inadmissible. This last equation would be 
also inadmissible, if /or g were cipher ; but then wo could 
no longer assume f+g and/— g t/^Tfor mmd m f i 

for equation (f) implies that nt and in' 2 differ from rh m and 
— wj. 3 ; which would not be the case, if one of the two quan- 
tities /and g was cipher. 

626. When in equation (a) the root m is equal to cipher, 
the corresponding term of formula (g) assumes the form j} ; 
its true value is obtained by supposing that m is only tui 
infinitely small quantity; in this cose, we^shall huve(//) 

x = 4 w?P (x — cos m % bt =1, sin arbt = vPbt, 
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and the tenrt in question will be 

[So (3*- 0 <pxdx + t§ (3m - 0 
It refers to the motions of translation and rotation that are 

t 

common to all the points of the rod ; as we shall not take 
them into account, nor consider the root m rr 0, all the terms 
of the series (g) will he periodic. 

But, if we advert to the circumstance that the different \ 
values of m are incommensurable, it will appear that all the 
points of the rod will never in general revert, at the same 
time, to their primitive state, or, in other words, an elastic 
rod will not, in all cases, perform, like a stretched cord, iso- 
chronal transversal vibrations. In order that the isochronism 
may have place, and that the rod may produce an unique 
appreciable tone, it is necessary, that in consequence of its 
curvature, and of the velocities of its Beveral points at the com- 
mencement of the motion, all the terms of formula (g) should 
disappear, except one only, by which means it will be reduced 
to the form 

y = x (e sin m z bt + e'cob m*bt) 9 (i) 


in which the constants e and e' ore substituted, for the sake of 
abridging, in place of their values found above. When for- 
mula (g) is reduced to a small number of terms, the rod will 
cause to be heard at the some time several distinct sounds, tlio 
tones of which cannot be accurately compared together. 

526. If X denotes a numerical value of ml deduced from 

equation (a), so that m = p and if t he the duration of an 

entire oscillation of the rod, corresponding to this root ni 9 and 
n the number of vibrations in the unit of time, we shall have, 
by means of equation (i), 
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bo that the different tones, which a rod bent in the same di- 
rection, and vibrating transversely, produces, when free at its 
two extremities, will depend on the values of X, and the gravest 
or fundamental tone corresponds to the least of these values. 
It is evident that the quantity ft 8 , furnished by formula (5), 
depends only on l the length of the rod ; if the rod be cylin- 
drical or circular, it likewise appears that this quantity is pro- 
portional to the square of the diameter. Consequently in the 
cose of two cylindrical rods, consisting of the same materials, 
and of which the order of vibrations is the same, i. e. for 
which the value of X is the same, the number n will be in the 
direct ratio of the thickness, and inversely as the square of the 
length (j'). 

Li the case of a rod of a prismatic form, thore will, in 
general, be two different sounds produced, according os it will 
vibrato transversely in one direction or another. Thus, if for 
example, the normal section be supposed to be a rectangle, and 
if the rod be mode to vibrate successively (r'), so that the base 
or altitude of the rectangle may be perpendicular to the plane 
of the curve a'mV, the successive values of n will be to each 
other as this altitude and this base, for the some order of vi- 
brations. When the normal section is triangular, as in the 
third example of No. 520, the value of b * will not be the same 
for two successive semi-vibrations ; their durations will con- 
sequently he unequal ; this, however, will not prevent their 
entire vibrations from being isochronous, if formula (g) is 
always reducible to one sole term(s'). 

By putting the factor x of formula (i) equal to cipher, we 
can determine the values of m which correspond to the nodes 
of vibrations, that is to say, to the immoveable points on the 
.line ab, for each value of m 9 or for each tone tha t the rod can 
cause to be heard. 

627 • When the elastic rod that is considered is firmly 
cured at its extremity a, and free at its other end, tho mean 
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filament will be a tangent at a to the line ab, during the 
entire continuance of the motion ; so that equations (2) of the 
preceding problem ought to be replaced by 

* = 0, y = 0, ^ - 0. 

The preceding analysis must be modified in consequence of 
this, which it can be, without any difficulty ; ^ and the general 
value of y will be still expressed by formula (g) ; but the 
values of in , that ought to be made use of, should be deduced 
from the equation (?) 

+ €r ml )cosml +2 = 0, (a 7 ) 

which only differs from equation (a) in the sign of the last 
term ; at the same time, the value of x should be determined 
by means of the equation 

x = (e vtl + e-* tl + 2cosmZ) (sin mx — + ^er mT ) 

+ (2 sin ml + e™* — a-™ 1 ) (coswa? — £ cF x — \ <r^ HX ). 


In order that the rod, when vibrating thus transveraally, 
may produce only one sound, it is necessary that formula (g) 
should he reduced, by means of its initial state, to one sole term 
or to formula (i), as in the preceding case. If be a positive 
value of ml deduced from equation (a'), p' the duration of a 


vibration corresponding to m / 


X' 

T 


and n f the number of vi- 


brations in the unit of time, we shall have 


. 2wP , \' 2 b 

1 - W 71 - 2rf* 

and every thing that has been stated in the preceding numbers 
respecting the comparison of the tones of rods free at their 
two extremities, is equally applicable to the case of rods firmly 
secured at one of their extremities ; in like manner the nodes 
of vibrations which accompany each tone given out by the 
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game rod, will be determined by putting the preceding value 
of x equal to cipher. 

528 . In order to resolve equations (a) and (a') by approxi- 
mation j let 

fill — A = ^ (2 1 4* l) 7 r qi 8, 
in equation (a), and 

ml = V = 4 (2 i + 1 )ir ± 

in equation (a') ; in which t denotes any positive integer num- 
ber or cipher, and 8, S' two positive quantities, which cannot, 
Burpass i7r(w0. These new unknown quantities should be 
affected with the superior or inferior signs, according as i is 
even or odd ; and, by this means, equations (a) and (a') become 


sin 8 = 
sin 8' = 


eK«+-Otr e \ « + 5 

2 


eKW-HHr c ±A'q. e-ietf-HV <r\ N * 


(k) 


It is easy to perceive that in consequence of the limit s of 
S and S', neither of these unknown quantities can have more 
than one value for each value of i\ that of 8, for % = 0, will lie 
8 = J7r(i;') ; and as it corresponds to mlzz 0, we should not 
take it into account. Tor i = 0, we have 8 = 0, 01 707 , by 
neglecting 8 in the second member of the preceding equation (&) ; 
and if in it this first approximate value of 8 be substituted, wo 
shall liave, more accurately, 

8 = 0 , 01705 . 

The values of 8 relative to i = 2, i z: 3 , will be stiller') loss 
than this; therefore the values of X will differ very little from 
the odd multiples of ^7r; and, it appears from the expression 
of the number ra, that the tones of a rod that is free at its two 
extremities will constitute, very nearly, a series increasing as 
the squares of the numbers 3 , 5 , 7 , &c. The least value of 
X, which corresponds to the gravest sound, is 
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X = 5tt + 8= 4,74503. 

In the case of i = 0, we find after some trials, to a sufficient 
degree of approximation^, 

8' = 0,30431. 

Therefore the least value of X' will be 

X' = £ 7T + 8' = 1,87011. 

Hence there results, by comparing its square with that of 
the preceding value of X, and observing that these squares 
are to each Qther as n f and n their respective numbers of 
vibrations, 

” = 0, 15715, 
n 

for the ratio of the gravest tone given by the rod firmly fixed 
at one of its extremities, to that of the same rod, when free at 
its two extremities. The other values of 8' are very small; 
thevofore the corresponding values of X' will he, very nearly, the 
3, 5, 7, &c., multiples of ; and the tones of the rod, one 
of whose extremities is firmly fixed, will, with the exception 
of the gravest, constitute a series increasing as the squares of 
those odd numbers. 

Experiments made long since have confirmed every thing 
indicated here by theory, relative to the series of tones produced 
by clastic rods, which me either free or fixed firmly at their 
extremities, to the position of the nodes which accompany 
these different modes of vibration, and to the relations of the 
tones, in the directions of their lengths and thicknesses. 

We proceed now to compare together the tones or number 
of transversal and longitudinal vibrations of the same elastic 
rod. Observation has likewise confirmed on this point the 
results of the calculus. 

529. Wc shall suppose for greater clearness, that in these 
two descriptions of vibrations, the rod is free at its two extre- 
mities, and we shall restrict ourselves to the consideration of 
rim ir mi irrtut tmiii flisif ia frivol! mit hv PSiell ot them. 
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There results, by making use of the least value of X found 
in the preceding number, 


n 


(4,74503) a 6 

2t tP 


(3,56082) 


b 

P’ 


for the number of transversal vibrations in the unit of time. 
If denotes the number of longitudinal vibrations in the same 
time, we shall have, by the third case of No. 495, 



and as b = ah (No. 520), there will result 
n = (7, 12164) ^ 


a formula that is independent of the material of which the rod 
consists, and by means of which the transversal tone may be 
obtained when the longitudinal tone is given, and vice versa. 
The magnitude of h which occurs in the expression, will 
depend on the figure of the normal section, and will be propor- 
tional, every thing else being the same, to the thickness. As 
this dimension is very small relatively to the length Z, it fol- 
lows that the tone of the transversal vibrations will be very grave 
relatively to the other; which agrees with the observations 
that have been most usually made. By No. 520, if the rod 
is a cylinder of which the radius is e, we have h = J e ; and if 
it is a parallellopiped, and that 2e is also the thickness, we 


e 

have A zz ; therefore, in these two cases, we shall have 


» = (7,12164) gi, » = (7,12l64)iT=. 


As the number n x is independent of the figure and dimensions 
of the normal section, it follows that for the same values of t 
and Z, the number of transversal vibrations is less in the first 

1 rvn QP in flip flppn r\A. in tbp ™Hn nf t/tt to SrfV'b 



CHAPTER IX. 


GENERAL EQUATIONS AND PROPERTIES OF THE MOTION OF A 
SYSTEM OF BODIES. 

I. General Equations of this Motion . 

530. Since the forces loBt by all the points of a system 
during each instant, ought to constitute an equilibrium, (No. 
530), if the principle of virtual velocities be applied to these 
forces, a general formula will be obtained, from which can be 
deduced, in each particular case, all the equations respecting 
the motion of bodies, just as all those relating to their equili- 
brium have been deduced from the general equation of vir- 
tual velocities. But, however natural and obvious this com- 
bination of the general principle of dynamics with that of 
equilibrium may now appear, still it was not made at the time 
when the first of these two principles was discovered, although 
the second had been previously given in all its generality. 

We ore indebted to Lagrange for thus connecting these 
two principles ; by this means the solutions of all the problems 
of mechanics, or at least the formation of the differential equa- 
tions on which they depend, are_reduced to one uniform pro- 
cess. It is this general process which we now proceed to 
explain. It may not, however, be superfluous to apprise the 
reader here that the order which has been pursuedin this treatise, 
in which problems relative to solid or flexible bodies have been 
diroctly resolved, is by proceeding from the simpler to the 
more complex and difficult cases, and the reason is, because it 
appears to bo most suitable to a profound study of mechanics 
and knowledge of this science, which should not be solely con- 
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sidered in an abstract point of view, and independently of phy- 
sical circumstances. 

531. Let m 9 m J 9 m" 9 &c., denote the masses of t he points 
of the system in question. At the end of t 9 the time reckoned 
from the commencement of the motion, let x 9 y 9 z denote tho 
three rectangular coordinates of m, and x, y, z tho components 
of the accelerating force applied to this material point, acting 
in the direction of the positive productions of re, y, z . Let tlie 
same letters, with corresponding accents, represent the homo- 
logous quantities which refer to the other points m', m ", &e. 
The components estimated in the directions of x, y, z, of the 
forces lost hy any point m during the instant dt 9 will be 



consequently, the system will be in equilibrio if the point m 
be supposed to be solicited by these forces, and each of the 
other points m l 9 m", &c., by similar forces. Now, the general 
equation of this equilibrium will be formed by substituting in 
equation (e) of No. 341, the three preceding components in 
place of x, t, z ; this gives 

^( x_ S) 8a: + w) ly + Sm ( z ~S) S;,:=0; (U 

in which, as the sums S extend to all the points m 9 m' 9 m n 9 
■ &c,, of the system, they consequently consist of a number of 

* parts equal to the number of these points. 

We shall suppose, as in the number cited, that the mode 
in which these material points are connected together, is ex- 
pressed by the equations 

l = 0, l' = 0, l" = 0, &C, (2) 

in which l, l', l", &c m are given functions of the variables 
a?, j/, 2 , a; 7 , &c. 5 or of a part of them, which may also contain 
pthe time ^expliciriy . If, for example, tho point m is constrained 
X J to remain on a surface which gradually changes its form, or 
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which is in motion in space, and if l = 0 represents the equa- 
tion of this surface, then l will be a given function of 
Vi £5 

Although the forces of which equation (1) expresses the 
equilibrium refer to the quantities of motion lost during the 
interval of time dt , and that during this instant the positions 
of the points m s wz', m", &c., change by infinitely small quan- 
tities, we can, nevertheless, suppose that this equilibrium 
obtains in the positions that these points occupy at the end of 
the time £, that is to say, we need not take into account their 
change of position during the instant dt , which can alter tlic 
quantities of motion lost while it is taJdng place, only by an 
infinitely small quantity of the second order, and the corres^ 
ponding motive forces by an infinitely small quantity of the 
firBt order (a). Consequently, the infinitely small displace- 
ments which the principle of virtual velocities implies, and 
which are expressed, in the directions of the coordinates, by 
Sx 9 Sy, Sz, for the point m, by §0', Si/', Sc?', for the point 
&c. ; must satisfy the conditions of the system, such as they 
are at the end of the time t) hence equations (2) must also 
have place when x + Saj, y + §y, z + S z 9 x' + Sa/, &c. arc 
substituted in placo of re, y, z 9 a/, &c., the time f, which they! 
may contain explicitly, being supposed not tovarj ; therefore J 
we obtain, as in No. 341, 




^8» + ^+f&+^V+to. = 0 , 


&c. 


( 3 ) 


By means of these equations, a part of the quantities 80, 
§y, &c t , con be eliminated in the first member of equation 
(1), and then the coefficients of each of the remaining quan~ 
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titles may be put equal to cipher. If, as in "No. 342, the 
method of indeterminate factors be employed, we shall obtain 
the following equations : 


(Px . dh . ,d\J d\J l 

j, , »^=« X + X 3 + V^ + X'- ar +&o-, 

cPt/ x dh , f . ,.dij u , 0 

»J=»t + X 5 +X ¥ +X'- 3 -+&c, 

m d? = TOZ + X di + X di +X + &C,) 

“ -3? = ■*+ x M + x 3 ? + X"*F + s,0 -> 


& 0 . 


( 4 ) 


in which X> A' A", &c., are factors whose values make known 
the forces arising from the connexion of the points of the 
system, and from the resistance of the surfaces or curves on 
which they are constrained to move (No. 343). 

The number of equations (2) and (4) taken together, will 
be always the same as that of all the unknown quantities of 
the problem, that is, the number of quantities A, A', A", &c., 
, is equal to that of equations (2), and the number of coonli- 
^ nates of the points m , m m'\ &c., is triple that of these 
J moveables* and equal to the number of equations (4) ; conse- 
quently, they aTe sufficient in all cases to determine the values 
of all these unknown quantities in functions of the time. 

532) If the given forces which act on all the points of the 
system he supposed to be distributed into two groups, so that 
we may have 

X=P+U, Y=Q + V, Z=H + W, 
x'=:F'+u', Y'rrQ'+v', 7/= Jl'+ w' ; 
v &c. ; 

and if we assume also, that the differential equations of the 
problem can be integrated by considering solely the forces 
p, q, n, p', q', r', fitc. ; a, 6, c, &c., being the arbitrary con- 
stants introduced by these integrations \ we can extend this 
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solution to tlie complete forces x, y, z, x 7 , y 7 , z 7 , &c., by means 
of the method founded on the variation of arbitrary constants, 
the principle of which was explained in No* 229. The diffe- 
rentials of the quantities a, A, c, &c., supposed to become, 
variable, will bo linear relative to u, v, w, u 7 , v', w', &c., and* 
o f the fo rm 

da zz au + bv + cw + A ' 0 ' + 
db = AjU 4- DjV + c,w + a/u 7 4- &c., 
dc = a 2 u + n 3 v 4 - c 3 w 4 - AaV 4 - &c., 

&c. 

a, b, &c., being functions of the same unknown quantities, 

6, c 9 &c.(J) By this moans, the second differential equa- 
tions of the problem will be changed into twice the number / ; j ; 

of differential equations of the first order; but this trans- 2 sn* H f 
formation will be principally useful, when the secondary forces r 
u, v, w, u 7 , &c., aTe very small with respect to the primitive j * 
forces f, q, n, v\ &c. ; for this circiun stance will enable us to 
consider, in the first approximation, the quantities a 9 ft, o, &c., 
which the coefficients a, n, &c., contain, as constant, and con- 
sequently, to deduce from the preceding formula) by imme- ! 
diate integration, or by the method of quadratures, the vnri- ' 
able parts of these unknown quantities. 

It was Lagrange who thus extended to till problems of 
mechanics tlie method of tli6 variation of arbitrary con- 
stants, to which he had before reduced the theory of tlie 
particular solutions of differential equations, and of which lie 
also made other applications less general. But ho mitrictod 
himself to assigning tho general expressions of the quan- 
tities u, v, w, u 7 , v 7 , w 7 , &c., in linear functions of tho diffe- 
rentials da 9 db 9 dc 9 &c* ; and it still remained to find the in- 
verse formulae which give, directly, in the general ca ho, the 
differentials of the unknown quantities a,b 7 r 9 &t\, in linear 
functions of the forces u, v, w, &c., and to demonstrate, in a 
VOU II. 2 T 
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direct and general manner, the important properties which 
their coefficients a, b, c, &c., possess. This haB been done 
by M. Poisson in the memoirs relating to this subject, which 
have been inserted in the 16 th No .of the Journal of the Po/y- 
technic School \ and in the first volume of the Memoir es of 
the Acadefny of Sciences , to which the reader, who wishes to 
know this theory in all its details, and the consequences which 
/follow from it, is referred. If the general expressions of 
da, db , <fc 5 &c,, be successively applied to tho problem of the 
motion of a material point attracted to a fixed centre by a 
force varying according to any function whatever of tho dis- 
tance, and ^^^Jhejrpbl^ m of the motion of a solid body 
ubout a fixed point, the Bame expressions will be obtained for 
the differentials of the bomologous constants in these two 
problems, which in other respects arc so different from each 
other; and it thus appears, that the two principal questions 
in. astronomy, namely, the determination of the motion of 
■ the heavenly bodies, considered as isolated material points, 

I and the determination of the motion of these bodies about 
! theh respective^ centres of gravity, are reducible to the same 
^formulae, and depend on the same analysis. 

633. It is evident, that if one of equations (2) is ft conse- 
quence, or may be deduced from the others, then one of tho 
quantities X, X', X", &c., must remain undetermined, since 
then this superfluous equation may be suppressed or retained, 
just as we please. If, for example, a and b are given con- 
stants, and if 

l " = ah + fti/, 

each of the three first equations (2) will add nothing to tho 
conditions expressed by the two others, and, consequently, one 
of the three unknown X, X', X", must remain indeterminate. 
- This is, in fact, what will be the caBc ; for if we make 

X + oX" = ji, X'+AX"-^, 

thpRp t.hrpp unknown will he reduppd. in onuatioilH (4\ to the 
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two quantities p and p!> which can alono be determined by 
means of these equations, and from which the values of only 
two of the three quantities X, X', X", can be obtained. 

If the material point m is constrained to remain at con- 
stant and given distances from the three fixed points A, a', a", 
(fig. 28), its position will be completely determined; the 
values of i ts coordina tes will consequently be^ constant j and 
the three first equations (4) will be reduced to the equations | 
of equilibrium, that will determine the tensions of the 
threads aw, a'w, a "to, by which the moveable m is attached to i 
the three fixed points. If this material point is constrained 
to remain at a constant distance from a fourth fixed point a'", 
£one of the four distances AW, a f m 9 a "to, A^'m, will be deter- 
mined by means of the three others $ and os one of the four 
given conditions is thus a conjequenca of of the three others, it 
appears from what has been already stated, and agreeably to 
what has been established in No. 202, that the tension of one 
of the four threads aw, aw', aw", aw"', will remain undeter- 
mined, In &ct, if tho four given distances be denoted by 
l , the three coordinates of a, by a, ft, c, thoBe of a', 

by rt 7 , ft', o', &c. ; we shall have for equations (2), 


l = s/(x — a) a + (y — bf+(z — c)*— l as 0, 
i J = — a') a + (// — b')' 1 + {z — c') a — 1‘= 0, 

l"= -a") a + l "= °» 

l "'= \/ {K—a!"Y+(y-~V"f+ (z~c ,l Y~ l"‘= 0 5 


and if a, /3, y, denote the cons tant valuea of w,_y , s, which 
satisfy these four equations, we shall have for equations (4)(o), 


X(a-rt) 

X'(a— o') 

X w (a— rt'O 

r 

1 

1 

l H 

h l’ H 

/" 

1 Z'" 

X((3 -b) 

X'O-//) 

, X"0-fc") , 

, X"'(|d— //") 

l 

f /' ’ 

z" ■ ' H 

H //// - 

X( 7 ~r) X'( 7 -0 , 

J ' 1 If 

, X"( 7 -c") , {y—c'") __ 

r vt + j/// 
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from ■which it appears, that one of the four quantities X, X', 
X", X'", which denote, as has been stated in No. 345, the 
tensions of the threads A?n, a 'm, a K m m^ will be undeter- 
mined. But, howeveT little extensible these threads may be, 
if this physical circumstance be taken into account, the ma- 
terial point m will make small vibrations, which may be com- 
pletely determined, and also the tensions of the four threads, 
at each instant. 

534. In order to demonstrate this, let us assume, for 
greater clearness, that the force which acts on the point m is 
that of gravity, which we shall denote by g . If we Bupposo 
that the axis of the coordinates z is vertical, and that it is 
drawn in the direction of this force, its three components will 
' be x = 0, y = 0, z = g. Let e, e', e", e'", be the extensions 
which the four threads /, Z', Z", Z'", would experience if the 
weight mg was suspended vertically at their inferior extremity, 
and £, the extensions of these threads at the end of 

the time Z, during the motion ; the values of their tensions at 
the same inBtant will be (No. 288), 

gmX, gtnZ 7 gmV 1 gm% ft 

E 5 E' * C" ’ 6"' ’ 

As the moveable m is no longer constrained to remain at 
constant distances from a, a', a ", a'", the terms of equations 
(4), of which the factors are X, X', X", X'", and which arise 
from these conditions, should be suppressed ; but, on the other 
j hand, the four preceding forces directed from m towards a, 
from m towards a', from m towards a // , from m towards a'", 
1 must be joined to the weight of this material point ; thiB is tho 
same thing, as if the preceding values of l, l', l /; , l wero 
substituted in equations (4), and if, at the same time, we 
I made 

^ _ —gmZ -gmZ" 

A— , A — , A — -Ji , A — m 


Likewise, let 
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3 end of the time £; a, y being the same constants as 
e, and w, v, w being very small variables, the squares 
products of which may he neglected ; there will re- 

i) 

: = 7 [(•-«)« + 0-ft)i» + ( T -c)iD], / • 

r=J[(a- a ')« + 0-.fiOw + (7-<0«'] > " 

r= [(a -a")u + 0-6") « + (7-c") i»], 

r = ^ [(a - «"') « + (J3 - i n ' » ■ + (7 ■ - c '") s 


relatively to the unknown quantities w, v, w;, equations 
will be linear, and will be reduced to(e) 


r(a-a)? . («-«')? . («~0?" . 

Lt“ + ?? + W + ' “rv"' J- 0 ’ 

-b)Z 0-6')?' 0-6")?" (ft— 6'")?"* ~| 

i. + JV + <"■" + fV" -I ’ 

+ „tfa« + (7-<or + (T-or (TrOgi-o, 

z e + zy + z ; v' + r"e" 


^1 


cir integrals will be obtained by tho ordinary methods ; 
the six arbitrary constants which arc introduced by these 
jgrationsj are determined by making the lengths of the 
aads aw, a fm 3 a "w, a w «i, at the commencement of the motion, 
lal to their natural lengths l t X y l n % X”, and by supposing 
t the initial velocity is cipher, that is to say, that the six 


intitie^w, u, w 9 are nothing when t zz 0. This 


ng done, tlieso integrals will make known at any instant 
atever, tho values of w, v, w , or tho position of the point 
and £, the extensions of the four threads, and 

o their tensions at tho same instant, will be likewise deter- 
neih Tho same analysis may be easily extended to tho case 
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in which tho point m is retained by five or a greater number 
of threads attach ed,tQ fixed points. } ^ ^ 

If the quantities u, v, w be gupposed to be ciplier, and if, 
in consequence, the first terms of the three last of the seven 
preceding equations be suppressed, the values of u, v> w , 
£, Vy Z f, 9 Z n \ which result from these seven equations, refer to 
tho sLate of equilibrium of the point m and of the four threads 
of Buspension(/) t 

635. In No. 353, it was shown how the principle of 
D’Alembert obtains, in the case of a sudden change of velo- 
city produced by forces termed impulsions or percussions, 
which act on the moveables with great intensity, during ex- 
tremely short intervals of time, and impress on them velocities 
which may be very considerable, although the points of these 
* bodies are not sensibly displaced. Therefore, the equation 
furnished by the combination of this principle with that of 
virtual velocities, is equally applicable to this description of 
cases. Thus, if forces of this kind are simultaneously applied 
to m, mf , m n , &c., the material points of the system which we 
are considering, and if a, b, c denote t he give n velocities pa- 
rallel to the axes of the coordinates, which these forces would 
impress on the point m , if it were free, and a, b, c, t he un - 
known velocities which it will actually assume hi these respec- 
tive directions, and if a'jB', c', a ' V c', a", b", c", a ", e", &c., 

be the corresponding quantities relatively to the points m\ Mi", 
&c., then the quantities of motion lost in the directions of 
these coordinates will be 

m (a — a), m (b — 6), m (c — c), 

for the point m, and similar expressions may be obtained for 
the quantities of motion lost by each of the other points ; con- 
sequently, if to tliis system of forces equation (e) of No. 341 
be applied, we shall have 

Sw [(a - a) 8 a? + (u — b ) dy + (c — c ) Bs ] = 0 ; ( 5 ) 
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in which the sum S is supposed to extend to all the points of 
the system, and 8a;, 8y, 8a, are increments of the coordinates 
of m, any point whatever. 

If the manner in which the points of the system are con- 
nected is always expressed by equations (2), Sy, 8z, and 
also Sa;', 8?/', 8 z\ Sa;", &c., the increments of the coordinates 
of the other points m f , &c., must satisfy equations (3) ; 
consequently, by means of these equations, a certain number 
of the quantities 8a;, 8y } &c., may be eliminated from formula 
(5), and then the coefficients of the remaining quantities can 
be put equal to zero. If, as ImB been done above, the- [ 
method of indeterminate factors be employed, tlieir values J 
will make known the percussions the connecting strings of 
the points of the system undergo, by the effect of a sudden | 
change of the velocity, and also the percussions which are 1 
normal to the surfaces or curves on which these points are 1 
constrained to move. 

536. When it is proposed to apply equation (5) to a sud- 
den change of velocity produced by the impact of the bodies of 
the system among each other, or against fixed obstacles, there 
are several important observations which should be premised. 

Let m and m' (fig. 29) be two of these solid bodies, k their 
point of contact, iikh' the normal common to their surfaces at 
this point. As the displacements of the different points of 
these moveables during the entire continuance of the impact, 
may he considered os insensible, the equilibrium of the quail- * 
tities of motion loBt may be supposed to refer to whatever 
instant we please of this continuance (No. 353); so that, if 
a, b, c be supposed to represent the components of the velo- 
city of any point whatever at the commencement of tho impact, 
we may, at the same time, assume for a, b 9 c , the components j « / 
of its velocity at any instant whatevor of this phenomenon, 'J 
and the velocities of all the points of the system, which vsuy 
very rapidly during this continuance, ought always satisfy 
the conditions of this equilibrium. But in order that these 
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condition8“may be expressed by the equation of virtual velo- 
cities, the infinitely small displacements which are attributed 
| to the points of the system, should be compatible with its 
nature and with the relative disposition of its parts at the in- 
t stant in question ; and, it is besides, necessary that the flame 
thing should obtain with respect to the displacements which 
ore directly opposed to them (No. 331). 

Thus, for example, if a material point is laid on the sur- 
face of a solid body against which it presses, this point may 
move in every direction on the plane whidi touches this sur- 
face, and only in one direction on the normal. This being bo, 
the equation of virtual velocities is true for all tangential dis- 
placements, since the opposite displacements arc equally pos- 
sible; but it does not subsist for the normal displacements, on 
account of the impossibility of the contrary displacement. 

It follows from this observation, that if it be proposed to 
apply equation (5) to a determinate epoch of the continuance 
of the impact, and if ju and y! are, at this instant, the materiul 
points of m and m' which refer to the point of conlacL k, wo 
may ascribe to g and ji* infinitely small displacements, alto- 
gether athiaaty and independent of each other, in the piano 
which is a tan gent to the surface at k ; hut tlio displacements 
of fi and y! alo ng the no rmal must be equal and directed along 
the same part kh or KH* of this line; for if they were untitjualj 
I or if they did not take place in the same direction, these dis- 
placements, or the contrary displacements of the points fi anil 
fi , would be impossible, and equation (5) would be no longer 
applicable to them. In consequence of not paying attention 
to this essential condition, some authors have fallen into error, 
in the explanation which they gave of the equation in ques- 
tion. 

If a third solid body m" touches m / at the point k', where 
the common normal to their surfaces is the line i,kV, and of 
which m' and m" are the material points of M ' and m" that cor- 
respond to this point k', at the instant which is considered 
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while the impact is taking place ; it is also necessary that the 
infinitely small displacements attributed to m' and m n along 
this normal, should be equal and estimated in the same di- 
rection in equation (5) ; and the same should bo the cose for all 
the points of contact of the bodies of the system, when several 
of them impinge simultaneously on each other. In the case* 
of the impact of one of these bodies against a fixed obstacle,' 
the normal displacement of the point of contact muBt be sup- "’ 
posed to be cipher, since it will not be possible in the op- 
ppsite direction. 

537. When the two moveables m and m' Blide the one on 1 
the other during the continuance of the shock, it is nocessary 
to take into account, in equation (5), the friction which results 
from it, and which may be very considerable, as has been 
already stated in No. 353. 

The infinitely small quantity of motion which this force 
will abstract, during each instant, from the two moveables 
m, m', in a direction contrary to that in which the velocities of 
the material points f± and fi 9 which refer to the point of contact 
k, are estimated, will be proportional to that which m will 
have communicated to m', in the direction kh', or m / to M 
along kh, during the some instant. Hence, if the friction re- 
tains the same direction for each moveable, during the entire 
continuance of the shock, and if the finite quantity of motion 
communicated by one moveable to the other, along the ports 
kh or kh' of the normal, during this same interval, be denoted 
by u, the enthe friction can be represented by fv ; f being a 
coefficient which depends solely on the nature of the two 
bodies near to their point of contact. This force should be 
applied to m in a direction opposite to that in which the 
sliding of ft takes place, and to m' in a direction opposite to 
that of fi'. Therefore if these two motions take place along 
kf and kp' parts of fkf' a tangent to the two moveables, and 
if the projections of the infinitely small displacements, which m 
equation (5) are asoribod to the points /li andju', be denoted 
von. ii. 2 u 
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by p and j>', the term which should be added to the first mem- 
ber of this equation, in consequence of the friction in question, 
i will be equal to 

—f*{p+p0 5 

tlie quantity p is positive or negative, according as this pro- 
jection falls on kf, the direction of the motion of or on its 
production kt' ; and in like manner the projection p* will he 
positive or negative, according as it falls on ki / or on kf. 

Similar terms should be introduced into equation (5), for all 
the points in which two bodies of the system impinge on each 
other. It is necessary in practice to take these terms into con- 
sideration; the example of No. 477 is sufficient to show the 
influence that these terms, or the frictions from which they 
arise, may have on the percussions ; but when the question is 
^ 'relative to general theorems on the impact of bodies, they are 
not taken into account, and accordingly, in the sequel, they 
will he supposed to be cipher or insensible. 

In like manner, the quantities of motion produced by the 
o weight of the moveables during the continuance of the impact, 
are neglected, for since these quantities are proportional to 
this duration, they must be insensible. With respect to the 
u quantities of motion produced by the molecular attractions 
/ which are developed during the impact, either fromono body 
to another, when the distances of their surfaces become in- 
sensible, or in thejnje rior of each b odj, in consequence of the 
compressions or dilatations which it experiences, they have 
been already token into account in equation (5), and their 
total components are precisely the quantities which have been 
represented by m a, mn, wic, for m any point whatever. 

538. When a system of material points is. entirely free in 
space, so that equations (2), which express their connexion, 
contain only the mutual distances of these points, none of 
which is supposed to be fixed, or constrained to remain on a 
given curve or surface, the motion of such a system in space 
may be decomposed, as has been already done in the case of a 
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solid body entirely free (No. 433 ), into two simpler motions; 
namely, a motion of translation common to all tlie points of 
the system, and which will be that of its centre of gravity, 
and one of rotation about this centre. We now proceed to 
deduce successively from formula (1), the differential equations 
of these two motions. 

It is evident from the nature^f the system, that all its f. 
points may be displaced by the same quantity, in any given 
direction. If a, 0 , y denoto the projections of this common 
displacement on the three axes of the coordinates, we shall 
then have 

a = Sx = So/ = 8a", &c., 

0 = Sy = 8y' = 81 /", &c., 

7 ss 8 z = Sz' = 8s", &c. ; 
equation (1) will then become 

(* “ 2?) +^m(y-g)+ y2m (« - g) = 0 ; 

and as the three quantities a, 0, 7 are independent of each 
other, this equation can bo decomposed into the following, 

(jPcO (i^7 / fftz 

= Smi, S?/i^ = S»»y, ^ = Swiz. (0) 


Now, if x lt j/i, be the three coordinates of the centre of 
gravity of tho system, we shall have 


®iSm=: 2 j»®, yiS m = Smy, = S»»z j 


hence we obtain 


d 3 ®, 

dF 


= "Sitn 


d 2 ® 

dF’ 




d*z, 

dF 


S»J = Sift — 3 


d 9 ® 

di 5 


consequently, we shall have 
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d 2 Xi 

If 


2m = 2mx, 



2m = 2 j»y, 


cPzy 

2 m = 2mz, 


( 7 ) 


for the differential equations of the motion of the centre of 
gravity, which will be the motion of translation of the system. 
It appears from inspection of them that the motion of tho 
centre of gravity of every system entirely free, is the same aa 
if the masses of all the moveables were condensed into it, and 
their motive forces were transferred to it parallel to their di- 
rections, as in the case of a solid body (No. 438). 

If, among the points m, m!\ &c., there are any which 
are constrained to move on given surfaces, equations (4) and 
(7) may still subsist, by joining to the given forces, other 
forces of an unknown magnitude, whose directions may be per- 
pendicular to these surfaces, and which will express their resis- 
tances ; we are thus enabled to abstract from the consideration 
of the given surfaces, and consider the points m , m', &c., 

as belonging to a system entirely free. 

539. The nature of such a system enables us also to make 
all its points to turn at the same time about the samo axis, 
with the same angular velocity, sojhat their mujfcuaj distance^ 
will not vary. If this lino be supposed to pass through tho 
origin of the coordinates, and if X, |u, v are the angles which 
its arbitrary direction makes with the axes of a;, y , z 9 the co- 
sines of the angles which the direction of the displacement of 
m makes with parallels to the three axes drawn through this 

point, will he ^ in which A 3 is supposed to be equal 

to JJb 3 + Sy 3 + ; and as this direction exists in a plane per- 

pendicular to the axis of rotation, we must have 




Moreover, as the axis of rotation passes through the origin 
of the coordinates, the quantity & + y 2, + z 2 will not Vury 
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during the displacement of m; consequently we shall have 
also 

x8x + ydy + z$z = 0 ; 

and from these two last equations there may be obtained 
without any difficulty^), 

Sz c= (y cosX — ©cos^e, 

8 y =: (fljcosv — zcosX)e, - (8) 

Sx = (zcos/z — ycosv)£ ; 

c being an indeterminate factor. In like manner we shall 
have 

8*' = (] y ' cos X — xf cos /x) t', 

$y' = (d cosv — z'cosX) e', 

8©' = (z* cos fji — y'cos v) e 7 ; 

e 7 being also an indeterminate factor which must be equal to e,| 
in order thatjhe motion of rotation may be the same for m and j 
for rfj and that the distance of these two points may not vary.l 
In fact, as the square of this distance is (e^®') 2 -j- (y— ^) a + 
(z— s') 2 , and as it appears from the preceding formula that 
the two parts © 2 + y 2 + 2 ? and as 72 + 1/ 2 + d* of this quantity 
are constant, the variation of ax' + yy* + zz 7 must be like- 
wise cipher, hence there results 

x'Sx + y% + + x$d + yhj 1 + zSd =: 0 ; 

or which comes to the some thing, by substituting for 8©, 8a/, 
&c., their values(A), 

\{x f y — y'x) cosv + (z'x — dz)oos/i _ ( 

+ {tfz - dy) cosX] (e - s') = ° ; 

an equation which evidently cannot obtain for all the points ‘ 
of the system, unless e'= e. - ^ « ■ ’» - 


If in equation (1), formulas (8) be substituted for Sx 9 Sy , $z, 
there results, by observing that e, cob X, cos cos v, are quan- 
tities common to all the points of the system, q 




334 


GENERAL EQUATIONS OF THIS 


+ , . co., [* (g - x) - « (g - .)] 

+ i.oojXSm [» @ ®; 


and as the coefficients of the sums S are three quantities 
independent of each other, this equation may be resolved into 
three others, namely. 


_ ( <Py cPx\ , 

Sm \ x lt % ~ y 'de ) = ~ v*)’ 

( dPfij cPis\ 

z -d?- x d?) = ' 2m ( zx - xz )> 

0'S -*$)= sm( > z - **)» 


(9) 


which equations will be those of the motion of rotation of a 
system entirely free, about a fixed point which may be arbi- 
trarily assumed, and where the origin of coordinates is placed. 
These equations will still subsist, when all the points »*, #»', 
m", &c,, or a part of them, are constrained to exist at given 
^ distances from this origin, since in that case the valuos of 
1 8®, Sa^j &c., which we have made use of, satisfy this con- 

dition. 

If the system is reduced to one sole point, the motion of 
rotation will not then be distinguished from that of transla- 
tion ; in fact, equations (9) will only be a combination of equa- 
tions (6) ; and moreover, it is evident, that each of them, is a 
consequence of the two others ; for if the system be reduced 
to a point w, and if equations (9) be multiplied by z 9 j/, x 9 
respectively, and then added together, there will result an 
identical equation. 

In place of causing the system to turn about any axis 
whatever, in order to obtain at once the three equations (9), 
each of them can be obtained more simply, by making this 

^ I - [..if* £ £ 11.- Jai l. 1 f v ■ / i .} v . .f 
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line to coincide, as in No. 340, with one of the axes of the 
coordinates ; but the advantage of the preceding calculus is /. 
to show, that the consideration of the motion about any axis | 
whatever, can only furnish the three equations (9), in the ' 
same maimer as a consideration of the motion parallel to any 
axis whatever, can only give the three equations (6). 

If there is a fixed axis in the system, and if it be assumed 
to be that of z , for example, the first of the three equations 
(9) will be the only one that will subsist, and it will be that 
of the motion of rotation about a fixed axis, as in the case of 
a solid body (No. 391). 

540. If in the case of a system entirely free, in which 
equations (6) and (9) obtain simultaneously, the origin of the 
coordinates be transferred to the point of the system of which 
the variable coordinates are denoted by z i9 relatively 

to the first origin ; and if, for this purpose, we make 

x = x t + x j9 y = + * = *! + *,, 

x = x x + a;/, y'=y x + y/, z = z x + zf 9 
&c. 


so that z t , a?/, yf 9 zf 9 &c., may be the coordinates of 

w», mf 9 &c., referred to tbe new origin. The first equation (9) 
may be at once written as follows : 


* iSm (§- T )-* iSOT (S~ x ) 

/ (Pit (PX\ , V 

+ SW V B 'd?“ 2 ''dfV =Sw»(®,v-^x); 


the terms multiplied by x L and yi are respectively equal to 
cipher, in virtue of the two first equations (G) ; and by actually \ 
substituting the preceding values of x\ &c., in the remain- j 
ing part of the first member, we shall have j 


<P]f\ 

UP 




(P(C\ 

-jjr Stny, + 2m 

- I .-ihwrr’’^ 

= 2?» (*,Y - J/,x), 


\ ' dt* V ‘ di 1 ) 
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■whatever may be the moveable origin of the coordinates. But 
if this point is the centre of gravity of the system, the sums 
'Sms, and Smy, will be cipher ; consequently, the terms mul- 
tiplied by ^ and will disappear also, as well as those 

of which the factors are x x and y, ; by which means the pre- 
ceding equation will be simplified. By making similar re- 
dactions on the two other equations (9), we shall have 


» («, ^ -»,$)= - »■*)> 
*■ (*. w~ *•$) = (v - *' z) ’ 
*•(» '.w-’'w) = * a<v - v)1 


( 10 ) 


for the three equations of the motion of rotation of the system 
about its centre of gravity. It is evident from a comparison 
of them with equations (9), that this motion will bo the same 
as if the centre of gravity was a fixed point and the given 
forces which act on all the points of the system were not 
Ichanged ; ajjroperty which is peculiar to the centre of gravity, 
and which’ has been already demonstrated (No. 438) in the 
case of a solid body entirely free, 

541. If the same values as in No. 538, be assigned to the 
quantities Sa, 8y, &c., which equation (5) contains ; there will 
result 

2/na = SmA, 'Smb = SffJB, Sttzc = Swc ; (1 1) 


from this it appears, that in the sudden changes of velocity, 
the sum of the quantities of motion of all the points of a sys- 
tem entirely free, parallel to each of the axes of the coordi- 
nates, remains unchanged, and, consequently, this must be 
-v the case in any direction whatever. It likewise follows, that 
the magnitude and direction of the velocity of the centre of 
gravity, does not undergo any change ; for the components of 
this velocity, before and after the sudden change, are the 
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respective members of each of equations (11), divided by tliei 
total mass Em. Hence, in tho impact of two, or a greater f 
number of bodies, of any nature or form whatever, the velo- 
city of their centre of gravity, and the entire quantity ofl/ 
motion estimated in any direction, never experience any J 
change, as has been already remarked in a particular case 1 
(No. 364.) 

If a 9 by c, a', c', &c., are the components of the initial 

velocities of m, & c., and a, b, c, a', b', c', &c., the compo- 
nents of the velocities which would be impressed on them in 
any manner whatever, at tho commencement of the motion, 
if these material points were detached and isolated from each 
other, we shall have 

dx i dv i dz\ 

-77 2 m = S ffifl, — Em = S mb, — Em = Smc ; 
dt dt dt 


and, consequently, 

dx\ _ du i d‘zi\ 

Em = SmA, S m — Sf»B , Em := Emc, 


for JL== 0 ; by means of these equations, the given velocities 
a, a', 85c., or even the entire sum of the quantities of motion 
communicated to the system, parallel to the three axes of co- 
ordinates, will make known the components of the initial ve- 
locity of the centre of gravity. 

If the vnlues of S#, S y, Sz 9 given by formulse (8), are again 
substituted in equation (5), there results (t) 


Em (xb — ya) = S m (xb — ?/a), 
Em iza — xc ) = Em (za — a?c), 
Em (; yc — zb) = Em (ye — zb); 


( 12 ) 


from which it appeal's, that in all sudden changes of velocity,! 
the moments of the quantities of motion of all the points of a 
system entirely free remain unchanged, with respect to anjyuds 
whatever ; this theorem still obtains, though there should be 
VOL. 11. 2 x 
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one or more fixed points in the system, provided tlmt these 
| points exist on the axis of the momenta. 

If these equations (12) be supposed to refer to the com- 
.menccment of the motion, so that we may have 


(fa __ dy 

dt~ a ’ Tt 


b, 


dz 

Tt 


c, 


when t zz 0, and if, as in the preceding number, the origin of 
the coordinates be transferred to the centre of gravity of the 
system, which is assumed to be entirely free, these equations 
(12) will be changed into the following : 

(s Tt - y 'Tl )~ Swi (a: ' B - y ‘ K)> 

( dx dz\ , \ 

\ z ''dt~ x ‘~dt)-' 2m ( ZA ~ 


in whieh z j9 are the coordinates of m any point what- 

ever, with respect to the new origin. These equations will be 
those of the initial motion of the system about its centre of 
1 gravity ; and as they do not contain the components of the 
velocity of this point, it follows that this motion of rotation 
will be the sapae as if the centre of gravity was a fixed point, 
and the given velocities a, a 7 , 8cc., which occur in their second 
members were not changed ; a result which agrees with what 
has been already established, in another manner, in the case of 
a solid body (No. 436). 

^ I It may be observed here, that equations (11) and 

1(12) can he deduced from equations (6) and (9), by supposing 
% in these, that flax, mv, mz, mV, mV, mV, &c. are the compo- 
nents of motive forces, which acting on the points wa, mf 9 &c., 
!with great intensity, ar ecapable of producing in a very, short 
^inte rval of t ime, which we shall denote bjr 0, the given quan- 
tities of motion, ?ma, aib, me, mV, waV, m'c', &c. 

In fact, according to this, we shall have, 
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$o xd *" A ’ $ 

and if the points of the system are supposed to be in repose at 
the commencement of the time 0 , and if a, by c, af, f/y &c. 
arc the components of their velocities at the end of this inter- 
val of time, we shall have also 


® y dt = b, V® zdtz=c; 
0 JO 


CO<Px. 

)od? d, = a - 



' e 

Odtf 2 


dt = Cy 


V 


for m any point whatever. 

Now, if tlie first equation (6) be multiplied by dt 9 and if 
its two members be then integrated from i r 0 to £“0, we 
obtain 


Sm $oS rf ' = s, ”$o x * ; 


which coincides, by what precedes, with the first equation 
(11), and the same is the case for the two other equations 
(6) and (11). 

Moreover, if the displacements ot the points w, wa , &c., 

during the time 0, ure not taken into account, and if, conse- 
quently, their coordinates are considered as constant during 0 
tho action of the given forces, we can deduce from the first 
equation (9) 


which, in virtue of tho precoding suppositions, is the same ex- 
pression ns the first equation (12) ; and in the same manner, 
tho two other equations (12) may be obtained from the two 
last equations (9). 

643. As in the expressions for the increments of the co- 
ordinates given in No. 639, it ia assumed that the distances of r 
the respective points of the system from each other, and from J ■) , 
the origin of the coordinates, are invariable ; their expressions 
divided by (It, should coincide with the components of the vc- 
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* locity, relative to the elements of a solid body, turning about 
a fixed point ; it will not be useless to verify this. 

For this purpose, let oar, o y, 02 (fig. 30), be the axes of 
the coordinates, and 01 the axis to which the angles X, /±, v of 
No. 639, about which the system is mode to turn by an infi- 
nitely small quantity, refer. In this motion, the points of the 
system describe similar ares of a circle, and they have all the 
same angular velocity ; in order to determine this velocity, it 
will be sufficient to determine that of a point k, which may, 
for example, exist on the axis o z at the commencement of the 
instant dt . Now, in the ease of this point, we have x = 0, 
and y = 0 ; this reduces formulae (8) to 

2 ecos/i, 8y — 2c cos A, &rzz0; 


consequently, the absolute velocity of the point k will be 


\/ + 8y' 2 + 8 z* 

V 


dt * 


ZFBinv 

~dT y 


since cob s X + cos 2 /a + cos®v = I. And os its distance from 
the axis 01 is z sin v, its angular velocity will be equal to 
^ which will be that of the entire system(A). 

Hence if it be denoted by w, we shall have e = wdt , and 
by making 

wcosA = p, at cos/i = y, a) cos v = r, 
formulae (8) will become 

jg = (KP-»3), j| = (a r-zp), = 


J 


results which evidently coincide with those of No. 408, when 
in these last, the directions of the moveable axes ox , , 0 y , , os , , 
at the instant that they are considered, are assumed to be 
those of the fixed and arbitrary axes ox, oy , os. 

It may be observed, that if the plane moz describes first 
an angle rdt about the axis 02 , and if the motion has place 
from ox towards o^, or in the direction indicated by the sa- 
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gitta s 3 the increments of x, y, z, the coordinates of the point 
m 3 will be obtained, by making p = 0 and q zz 0, in the values 
of 8®, 8y, Sz ; consequently, its three coordinates will become 

x — yrdt, y + xrdt, z* 

If, after this first motion, the plane moy describes an angle 
qdt about the axis oy, by revolving from the axis o z towards 
the axis ox, the increments of the coordinates of m , will be ob- 
tained by malting p =: 0, and r = 0, in the values of § y, §£, 
and then by substituting the three preceding coordinates in 
the place of x,y, z\ from which it follows that after this se- 
cond motion the coordinates of the point m will be 

x _ yrdt + zqdt , y + xrdt, ar — (a? — yrdt) qdt ; 

and if infinitely small quantities of the second order be ne- 
glected, the third coordinate will be reduced z — xqdt . Fi- 
nally, if after the second motion, the plane mox describes on 
angle pdt about the axis o®, by turning from the axis o y 
towards the axis oz, we shall find, by neglecting infinitely 
small quantities of the second order, 

( x + (zq — yr)dt, y + (xr — zp)dt, z + (yp — xq) clt, ]' 

for the values of the three coordinates of the point m } at the 
end of the third motion, which were originally equal to 
y, z . 

Hence it follows that if a point m turns successively in i ^ 
equal intervals of time, about three rectangular axes, with an- j 
gular velocities denoted respectively by p, q , r, its final dis- ^ 
placement will be the same, as if it turned during ono of these 1 
instants, with an angular velocity denoted by w, about one ( 
sole axis, which makes with the three first, angles whose co- , 

p q f t , 

sincB arc . This remark relative to the three velocities j 

O) w w 

of rotation p, q , r , which are termed the components of the 
velocity u) (No. 407), may bo also applied to the components 
of tho velocity of translation. 
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The composition of velocities of rotation follows the same 
laws, and. is comprised in the same formulae as that of velocities 
of translation ; by means of this analogy between these two 
descriptions of motion., we are enabled to deduce the identity 
of the composition of forces and of the composition of mo- 
0 ments, which was already inferred (No. 281) from a similar 
analogy existing between the projections of right lines and the 
projections of surfaces. 


II. General Laws of Small Oscillations . 




544, Besides the motions of translation and rotation, in 
which, as all the points of any system participate, their mu- 
tual distances do not vary, there ore likewise other motions, in 
wliich the moveables recede from or approach to one another. 
Now, if their displacements are always very small, we can 
reduce the problem to linear equations, and determine, by ap- 
proximation, the coordinates of the moveables in functions of 
the time. A great variety of interesting phenomena depend 
on these small oscillatory motions, of which we now propose 
to explain the general laws. 

Let i denote the number of the moveables m 9 m f , Mi", &c., 
and v the number of equations (2) of No. 531, which express 
the conditions of the syBtem. The number of coordinates of 
these material points will be denoted by 3z, and, if we make 
3i — v = f2, equations (2) will determine a number v of the 
coordinates in functions of the n others, or, more generally, all 
the coordinates may be determined by means of these equa- 
tions, in functions of n independent variables. Let a, j3, 7, &c. 
be the initial values of these n variables, and a + u, (3 + v 9 
7 + ?o, &c., their values at the end of the time t 9 in wliich 
w, u, hj, &c. are supposed to continue very small quantities 
during the motion. Each of the coordinates of the moveables 
will be a given function of a + «, ]3 + v, 7 + tv 9 &c., which 
# may, besides^ contain tiie stime t , if this variable should occur 
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ioi tly equations ( 2 ). These functions may he developed 
convergent series, ranged according to the powers 
products of u f v , W) &c. Let these developments be re- 
futed as follows : 

» — - p + au + bv + cw + &c. 

£eu 2 + i/v^ + bffw* + huv + huw + Ivw + & c., 

- Pl + GiU + b v v + c x w + &c. 

4 - £e { u 2 + + \gito 2 + hlUV + + l { vw + &c. } 

— _ p 2 4 aju + h 2 v + c 2 w + Sec. 

4 _ 4* ^ t /* 2 ^ 2 + + Kw + k^uw + Lvw + &c., 

' p ( + a'w + b*v + c'w + &c. 

_ f- £ e'u 2 + i /V + vQ'to 2 + h'uv + kfuw + Vvw + &c,, 

* -= pi 4? ai'u + byV + Ci f w 4- &c. 

-4- + i/iV + iffi'u 2 + h\uv + k^uw + l/vw + &c., 

0 = p 2 + cl{u + bjv + c 2 w + &c. 

+ a/a /l?a + ^a'^ 2 + + ^ uw + h'vw + &C., 

&c. ; 

els by hypothesis, equations ( 2 ) are not supposed to con-' 

1 tlie time t explicitly, all the coefficients of the powers *} 
products of w, v , w 9 &c., in these series, will be given 

st; tints. 

If the system is actuated by a motion of translation or ro- 
on common to all its points, the variable parts of their co- 
Lntxtes, which result from this motion, must be comprised 
■lie first terms p , p i9 &c. ; but, for greater simplicity, we 
11 assume that this circumstance does not obtain, conse- 
uifcly, these first terms will be also given constants. 

A.S the components of the forces which act on the points 
9?*,' * m", &c., are given functions of their coordinates, if the' / 
ties of X) y, &c. be substituted in their expressions, they can 
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be then developed according to the powers and products of 
tt s v y Wy &c. By this means, we shall have consequently 

x = p + AM + bv + cw + &c., 

v =: Pi + + B L t; + c iW + &c. 5 

2 = Pa “H Ajtt *4" B«jl? -J- C%W &C., 

= p' + a'm + n'v + c'w + &c., 

Y l = P|' + a/w + b/m + Ci'v) -f &C., 

Z / “ P Aq^M “j" C2 U) d" &o*, 

&c. ; 

the first terms p, p b &c., and all the coefficients a, a 1? &c., are 
given functions of p, p lt &c., a, S, &c., which may, besides, 
t contain the time £, if this variable occurs explicitly in the ex- 
! presaions of the given forces. However we Bhall suppose that 
this is not the case, and shall therefore assume that the quan- 
tities P, Pi, &c,, a, a 15 &c., are given constants. 

545. This being established, in order to apply equation 
(1) of No. 531 to the motion in question, we should attribute 
to the independent variables u, v, 20, &c., infinitely small in- 
crements, which we shall denote by Su , Sm, Sw, &c. ; and then 
substitute in this equation (1), the corresponding values of 
Stf, 8#, Szj which, if infinitely small quantities of the second 
older be neglected, will be(/) 

8w = (a + eu + hv + kw 4- &c.) 8 m 
+ (b +/b + hu + Iw + &c.)Sv 
+ (p + ffw + ku + Iv + &c.) 8 m ; 

+ &c., 

8 y = {a, + Ci u + h x v + h x w + &c.) 8 u 
+ (&i +f& + ku + l x w + &c.)8*; 

+ { c i + + ku + liV + &c.)8m> 

+ &c., 
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8* = (Oa + + ?hv + hw + &c.)Sw 

+ Qh ^ + kw + &c.) dv 

+ (<?a + g&v + k*u + hv + &c.) 8 m; 

+ &c. 

The values of Bas', By', Bz' may be obtained from these for- 
mulro by marldng all the constants with a superior stroke ; and 
those of Sff" 8y", § 2 ", by marking them with two, &c. After 
the substitution of these values of 8aj, 8y, &c., is effected, as 
the quantities Sw 3 8u, Sto, &c., are arbitrary and independent, 
the coefficient of each of them Bhould be put equal to cipher, 
in the first member of equation (1). By this means, we shall 
have 

St n — x) (a + eu + hv + kw + &c.) 

+ (^— Y ) ( a i + c i M + *»» + A i w + &c *) 

+ — z) (flj + e a « + hv + k 2 w + &c.)J = 0, 

STB [^(^5 — X ) ( 6 +/ V + + & C ‘) 

+ iS ~ Y ) + ^ lV + A '“ + llW + &C,) 

+ (~ - z)z» 4 +Av+hu + hw + &C.)] = 0, 

STB UjfiS— X ) ( c + 9*° + ku + iv + &C -) 

+ ^3} _ y) (Cj + g x w + k x u + hv + &c.) 

+ _ z ) (c 2 +£qU> + Agtf + + &C.)] = 0, 

&c. 

in which the sums S are always supposed to extend to all the 
points tb, tb', m", &o., of the system. 

VOL. II. ^ y 
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It still remains to substitute in these equations, in place of 
x, y 9 &c., x, r, &c., their preceding values. If when this 
substitution is made, the squares and products of u, w , &c., 
5 iand also the products of these unknown quantities, and of their 
i 9 a (Pn iPv (PtV 

(differential coefficients -r^-, — r, &c., which likewise are 

j Cur db db 


always very small, be neglected in a first approximation, 
there will then result a number n of linear equations with con- 
stant coefficients, which we shall denote by (a), each of which 
will be of the form 


(Pu , cPv 


d 2 iv 


.. +^+^+ &c * 

+ GU + HD + KW + &C. = Q ; 


( a ) 


in which the coefficients n, u, f, &c., g, h, k, &c., and also 
the quantity q, denote given functions of the constants that 
occur in the preceding values of x , y, &c., x, y, &c. After 
having determined the approximate values of % v , to, &c., by 
means of these n equations, we should substitute them in the 
teimg of the rigorous equations, which have been neglected jp 
t his fir st approxi mat ion ; the new equations which result will 
differ from the first in this, that their second members, instead 
of being constant, will be known functions of 1 5 we can 
obtain from them other values of «, v, w, &c,, more accurate 
than the first, and so on, by the method of successive approxi- 
mations. According to the usual mode of proceeding in 
questions of this land, we shall restrict ourselves to the first 
approximation, When the number of material points m > mP) 
&c. is infinite, equations (a) will be. changed into equations of 
partial differe nces, common to all the points of the system, 
the number of which will be always equal to that of the un- 
|hnown_ quantities u, v, w, &c. This has been already ob- 
served, for example, in the problem of vibrating cords (No. 
483), in which the number of these unknown quantities, that 
express the displacements of any point whatever of the cord, 
in the direction of three rectangular coordinates, and whose 
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values depend on three equations of partial differences of the 
second order with respect to t 9 is three^. 

546, As the second members of equations (a), and the co- 
efficients which occur in the first, are constant quantities* we 
can always make these second members to disappear, by in- 
creasing each of the unknown quantities, w, u, w 9 &c», by a 9 
constant, which it is easy to determine. Consequently we can 
suppose, without Kmiting at all the generality of the question, J- 
that q = 0, in each of equations (a) ; this implies that a, /3, y, /, 
&c., the initial values of the n independent variables, refer to a! 
state of equilibrium(m) of the system, from which it has been! 
made to deviate, by displacing by ever so little the points 
my m!y m f \ &c., and impressing on them very small velocities. 

As these displacements and velocities must be compatible with 
the connexions of the points of the system, they are not the 
initial values of the coordinates a:, y, &c., and of their first j 

differential coefficients — , &c., which are given arbitral j v 

■ 

rily in each case, but solely the initial values of the inde- j 
pendent unknown quantities u , w 9 &c., and of their firstj 


differential coefficients &c. 

ut clt dt 


a i - 


it 


Equations (a), in which the second members are sup- 
posed to be cipher, may be satisfied by assuming 

u = rn sin (tf \/ p — r)y 
v = rn' sin (t \/ p — r ) 9 

w = RN^sin {tV p - r)y 
&c. 


(b) 


u and r being arbitrary constants, the second of which may 
be supposed to be positive and less than tt, and ^ n, n^, h", 
&c., denote constants which we shall have to determine- The 
substitution of these values of u, v 9 w> &c., in equations (a), 
will evidently give a number of equations equal to w, and of 
the following form(?z), 
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(dn + fiN'+ fn"+&c.)p=:gn + hn'+ kn"+ &c. 

If between these equations n— 1 of the quantities NjN'jN 7 ', 
&c., be eliminated, the quantity will disappear at the same 
time, and we shall have, in order to determine p, an equation 
of the n' h degree, which we_shall denote by 

A 5= 0. 


Moreover, the values of the n — 1 quantities n, n', n", &c., 
for example, of n', n", & c., which are obtained from these 
same equations, will be rational functions of the degree ra, 
with respect to p, having a common denominator, and all 
multiplied by the quantity n, which remains undetermined - 
/If this he made equal to the common denominator, the n 
(quantities n, n', n", &c., will be symmetrically expressed by 
^polynomials of the degree n/ Relatively to p. Now, in con- 
sequence of the linear form of equations (a), they may be 
satisfied not only by the preceding values of u , v , w , &c., re- 
lative to such a root as we please of equation a = 0, but also 
by taking for w, v, w, &c., the sums of all these particular 
values, in which the constants n and r will be changed at 
the same time as the root of a = 0, Therefore, if p, pi, p*? 
&c., be the roots of this equation, and if n, Ni,n 2 , &c., de- 
note the corresponding values of n; n', n/, n s ', &c., those of 
N y , &c.; equations (a) may be satisfied by means of 


u = RNsin ( t /p - + R]N] sin (t r,) + &c., 

v = RN'sin^V^— r)+R l N l 'sin(^v / pi-? , i)+&c., 
to = HN"sin (t /p — r) + n/N/'sin^ l/p, - r } )+ &c., 
&c., 


(0 


m which n, Hi, n a , &c., r, r l3 r 2 , &c.> are arbitrary constants, 
and as the number of them is 2 n, it follows that these formulro 
(c) will be the n complete integrals of equations (a), each of 
which is of the second order. 

In each case, the values of njjosr, i^cosru &l\, a sin r 9 
H] sin rj, &c. can^be deternoined by means of the given values* 


St 
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of the 2 n quantities w, v u w^ &e., &c., when t rr i 


As all these values are supposed to be very small, those of 
n, Ri ,n 2 , &c., will be so likewise; consequently, if p, pi , pa 5 &c., 
the roots of the equation a = 0, are all real and positive, the 
values of w, v 9 «?, &c., in functions of t 9 will be periodic, and\l 
will continue very small, as has been supposed, during the 1 t 
entire continuance of the motion. But, if one or more of - 
these roots are imaginary, or negative, the terms which cor- ; 'r,. / Y 
respond to them in equations (8), will be changed, by known 
formulse, into exponentials, and will increase indefinitely ; con- 
sequently, however small the values of «, fl, w, &c., may have 
been at the commencement of the motion, they will eventually 
cease to be bo, so that formulae (c) will no longer represent 
approximate values of these unknown quantities, except for 
very inconsiderable intervals of time. In the first case, 
which we propose to examine particularly, the state of equi- 
librium, from which the system has been made to deviate a 
little, is one of stability ; in the second case, this equilibrium / 
is instable, at least relatively to tho primitive derangements, ^ 
for which the coefficients r, r 13 u^, &c., of the terms that are 
not periodic, are not equal to cipher. 

547. When all the coefficients n, n 1} n 2 , &c., are cipher, 
except, for example, the first, formulae (c) become reduced to 
formula} (b) . Therefore, i fthej qiaares and w, \J 

&c., be always neglected, we shall have simply (No. 544), 


x - p + (/in + Z>n'+ cn"4- &c.)u.sin(tf/p — ?'), 
y + (ffiN + CiN /; + &c.)R.Bin(^V / p — ?■), 

z := p 2 + (a^N + & 2 N / +c a N // +&c.)R.sin(^V // p — r), 
rc'rr p f + («'n+ 5V+ c'n" + &c.)R.siu(i\/ p - ?•), 
y'=Pi+ (a/N + ^L ; N'+ c/n" + & c.) 11 . sin (t V p — ?-), 
z * “ P2 + («./n + />/ N y -j- c‘/n" + &c.) r . sin V^p - r) , 
&c. 
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As the first terms p,pu &c., and also the coefficients of 
the second terms are constant, it follows, that in this case, all 
the points of the system, will perform, in the direction of each 
of their coordinates, oscillations wliich will be isochronous 
and of a constant amplitude, the common duration for all 
these moveables, and in all possible directions, will be equal to 


-“—(o) * The relations which will exist between the ampli- 

Vp 

tudes for two different points, or two different directions, will 
be determinable, and will depend on the nature of the system, 
and on p the ro ot of the equation^ a ==0. As their absolute 
magnitude depends on the factor r, it will be arbitrary, and can 
not influence the duration of the oscillations. All the move- 
ables will return at the same time to their position of equi- 
librium, wliich answers, by hypothesis (No. 646) to u = 0, 
v = 0, w = 0, &c., or to x := p, y = p^ &c. ; the first return 

l will take place after the lapse of an interval t = — — , which 

.... Vp 

will depend, as also n, on their primitive derangement. 

If a system of material points, in which the connexion 
of these points allows a number n of independent vari- 
ables, be deranged very little from the state of equilibrium, 
it may assume a number n of motions similar to the pre- 
ceding, which correspond to the n roots of the equation a = 0. 
Moreover, in virtue of formulee (c), and of the corresponding 
values of the coordinates y y &c., all these small motions, or 
V a cer tu!n number of them, may have place at the same 
time in this system ; and conversely, whatever the initial de- 
rangement may be, the motion of each of these points can be 
always resolved in directions parallel to each axis of the coor- 
dinates, into a number ft, or less than n, of simple oscillations 
(like those which respect equations (d)), the independent 

2 _ 

durations of the initial derangement of which will be — — , 

V p 

27 r 2?r 

"7=9 77 = » When all these durations are commen- 

y Pi y P* 
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surable, the entire system will revert to the same Btate, after 
the lapse of each interval equal to thejongest, this is what, 
for example, obtains in the motion of vibrating chords, and * 
has not place in the transversal motion of plagtic rods (Nos. 
490 and 625). 

It is in this general theorem, that the principle qfthe co- * 
existence of small oscillations consists. It likewise obtains 
when the number of points m, »»", &c., of the system 
is infinite; and the number of simple oscillations which 
are then possible mayjbe also infinite ; but notwithstand- 
ing this, both their durations and the relations which exist 
between their amplitudes are still determinable quantities* 
Thus, in the transversal motion of a stretched chord, the I * 
length, the weight, and the tension of which are denoted by | 

Z, p, w, respectively, and the gravity by g, the durations ofj 
the simple oscillations can be no other than the quantity! 


!\/Z 

gu 


and its submultiples ; and by formula (d) of No. 489,! 


the amplitudes of the oscillation which corresponds to any, 
submultiple i, are to each other in the ratio of sin.^^ tci 

/ * l 

sin.^-, for those points of the chord, of which x and x ' dej 

note the distances from one of its extremitieB(jD). 

548. When the points m, ?»', &c., OBcillate in a resist- 

ing medium, x, v, &c., the components of the forces winch 

solicit them, will contain in their expressions, &c., the 

Gf€ Uu 

components of the velocities of these moveables. If the 
resistance of the medium be proportional to the square, or to^ 
a higher power of the velocity, it will not influence the mo- 
tion of the ay s tern, at the degree of approximation to which 

dift dio x 

we have restricted ourselves, since the terms — a , 

which result from it, in the expressions of x , y, &c., are of 
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the Bame order of smallness as the quantities which have been 
neglected. But if the motions of the points m, m n , &c., 
are not very rapid, then we should suppose, as in the case of 
very small oscillations of a simple pendulum, that the resist- 
ance is proportional to the first power of the velocity ; this 
supposition will introduce into the expressions x, y, &c., and 
by consequence, into equations (a), terms multiplied by 

doc dy dz . . _ _ _ _ , 

dt* Hi 9 ~d £ 9 ° eC,} ™ lc h ou &bt not to be neglected. 

These equations which we shall denote by (e), will then 
be of the form 


dhi , (Pv ^ cPw 
* dP + *dT i+v -dt' +8iC '’ 

+ au -f- HV + KW + &C.j 
,du , ,dv . ,dw , „ 

= ° r,+'‘ T l + ’-dt +Slc - s 


M 


d', e', f', &c., being likewise constant coefficients, which will 
be proportional to the density of the medium, and, for the most 
^ part, extremely small relatively to those which occur in the 
first member. Now this system of equations may be satisfied 
by means of formulas (b) multiplied by exponentials, that is 
to say, by assuming 

u = rn sin (t V p — r) er**, 
v zz im'sin (t\/ p — r) er*' e 9 

tv zz hn" sin (tV' p — r) er 
&c. ; 

in which w, w f , w", &c. are very small constant quantities, and c 
denotes, as usual, the base of the Naperian system of logarithms. 
The squares and products of these unknown quantities, and 
of the coefficients d ; , e', f', &c., are supposed to be neglected, 
and as the values of w, v y w, &c., already satisfy equations (e) 
if their second number he cipher, when the exponentials arc 


(0 



GENEIIAL LAWB OF SMALL OSCILLATIONS. 


353 


not taken into account, their substitution in equations (e), 
will furnish a number « of equations of the form 

2 dno) + 2 en V 4- 2 fn' V' = — (d'n + b'n # + &c.) } 

by means of which the values of the n unknown quantities 
w, to', to", &c., can be obtained^). 

Since the effect of the resistance of a medium is to dimi- 
nish gradually the amplitudes of the oscillations, these values 
will be positive. This diminution will be more or less rapid 
for the different independent variables u, v , w , &c. ; it will 
also depend on p the root of the equation a = 0, which occurs 
in the values of N, n', n", &c. ; so that the amplitudes of the 
simple oscillations of which the system is susceptible, will not 
all decrease with the same rapidity. However, the resistance 
of the medium will not otherwise have any influence on the 1 
duration of each of these oscillations, which will be always 

2 7 ^ 

i for that which corresponds to the root p. By taking 
Vp 

the sums of formulae (f), relative to all the roots of the equation 
,A 0, we shall have, as before, the most general values of 
u , v , to, &c, 

549. It results from the principle of No. 547, that if the 
points of the system are so connected together, that there re- 
mains only one independent variable, they can perform only 
one species of oscillations, for which the duration and re- 
lations between the amplitudes in the case of the several 
moveables, will depend on the forces that solicit them, and 
on the nature of the system. This case will obtain, for ex- \ 
ample, in the motion of two material points m and mf 9 attached j 
the one to the other by a thread of a constant length, and 
constrained to move on given curves. 

If, on the contrary, the points m, m\ m", &c., are not con- 
nected together, nor constrained to remain on given surfaces or 
curves, a circumstance that^docs not prevent them from being 
subjected to their mutual attractions or repulsions, and to other 
similar forces diioeted towards fixed points, all tlieir cool'di- 

VOL. II. 2z 
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nates will be independent variables ; and in this case, which 
| is in some measure the inverse of the preceding, the number of 
^ simple oscillations which may have place, will be triple of that 
of these material points(r). This is what in fact obtains in 
' ' the problem of No, 534, relative to the very Bligbt motion of 
; a point to, considered as entirely free, and subjected to the 
!. action of forces directed towards four fixed points. 

For another example of the application of the preceding 
principle, let us consider the small oscillations of a heavy 
material point such as to, on the surface of an ellipsoid, one 
of whose axes is vertical. Let 2 c denote the length of this 
axis, 2 a and 2 b those of the two horizontal axes, and, con- 
sequently, 

* + £+£-i 

a 8 + i 8 + c 8 ’ 

is the equation of the surface, the origin of the coordinates 
being at its centre. If this origin be transferred to the lowcBt 
point, and if the postive zs he supposed to be directed upwards, 
c — z should be substituted in place of z in tins equation. 
As the oscillations of the moveable on each side of this inferior 
point are supposed to be very small, the horizontal abscissa) 
sc and y will be so likewise, and its vertical ordinate will bo 
very small relatively to rcandy. Therefore, if after the sub- 
stitution of c — z in place of #, the square of z be neglected, 
we shall have(,s) 

car 1 cj/ 2 
2a 8+ 

and if h and k denote the radii of curvature of the two prin- 
cipal sections of the surface, with respect to the loweBt point, 
where x zz 0, y zz 0, we shall have, 



This being established, as in this question there are only 
two independent variables, namely x and y, the moveable can 
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only perform two sorts of simple oscillations ; and its most 
general motion will result from the coexistence of these two ^ 
particular motions. Now, if the moveahle he made to move 
from the lowest point of the ellipsoid, by impressing on it, in 
the section of which the horizontal axis iB 2 a, a velocity di- 
rected in the plane of this section, it is evident, that it will 
not deviate from it during its entire motion. Therefore, if 
the force of gravity be as usual denoted by < 7 , the duration of 


these small oscillations will be then 27 r 



like to that of 


the simple pendulum, the length of which is h (No. 183) ; and, 
at any instant whatever, we shall have 


x = n sin 



V = 0 ; 


4 


r and r being as before, two arbitrary constants. In the 
case, in which the small oscillations are performed in the 
phme of the Bection whose horizontal axis is 2 &, their dura- 


V 7 - 

v ff 

* = 0 , y = n J sin (< \/| — ^)» 


tion would he 2 -zr y and wo should have, at any instant 
whatever, 


11 / and ?■' being also arbitrary constants. Consequently, the 
most general values of x and of y will he the sums of these par- 
ticular values, that is to say, 



y = it' Bin ^ | — 


In order to determine the four arbitrary constants, n, n', 
r, r y , let us suppose that at the commencement of the motion, 
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then there results from this, 

n sin r — p 9 n' sin r* = — g, 

‘ — n' coa / ~ y'V^-S 


k cos r : 


0' ‘ <7 

hence, by substituting for the values of h and A, wo shall 
have, at any instant whatever(£), 

V gc 


X—P cos t - 


p a . 1/ 

=.sin^ 3 

a 


VI 

.Vac , q'b . ^ V ffc 
y = <7cos£ — — - + — sin< — j— . 

0 v 0 

In the case of cs = b = c, these formulae ought to coincide 
with those of No. 20 1 /, by making, os in them, 

x r= aO cos \p, y = a 9 sin t//. 

In fact, they then become, 

aO coa \p = p cos t + p' sin t \Z ^ 9 

a g a 

a 8 *in\p zz qcost MIL 4. a* sin t l/i ? ; 

a £ « 

but in this number we have supposed 

0 = 0, i/> = 0, ^ = 0, ctd^=:fi\/ga, 

when £ = 0 ; this requires that we should assume 

j9 = oo, i>'=0, ? = 0, s ' = /3Vffa; 

there will consequently result(«) 

0 cos ip = a cos t V^5 0 sin t// =: |3 sin ; 


hence we obtain 
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0* = i(a a + j3 a ) + i(«* - /3 s ) cos 2 1 


« tang ^ = (3 tang t 


y/l, 



as in the number already cited(s>). 
i550i Let us suppose generally, that 


u=z u, v = v, w = w, &c., 


are the values of the independent variables at any instant 
whatever , when 


u = u u 

11 

1 2 

du 

dv 

Tr u '> 

di~ V/ ’ 


w = &c., 

dw n 

df =w '> &c ” 


at the commencement of the motion ; likewise let us suppose 
that we have at any instant whatever, 

u -=. v f , v = v', w ~ w', &c., 


when 


u =: w/, v r= Vi 9 id r: w/, &c., 


du . dv . dw . 0 
— =«/» •£ = «/> " 7/7 = »/» &c -> 


dtf 


dtf 


for t = 0 ; and so on. Then, at the end of any time what- 
ever, we shall have 


u = v + u' + u" + &c., 
1? = V + v' -f V" -b &c., 
w = w + w' + W w + &c., 
&c», 


( s ) 


when we suppose that at the commencent of the motion, 

U — tt, + tl,' + Mi" + &c,, 
v = Vi + v/ + Vi" + &c., 
to = w y + w y ' + to" + &c., 

&c., 
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- u, + «/ + «/' + &c., 

dv 

J t = v, + v/+ V," + &c., 
dio 

+ W/ + w," + &c., 

&c. 

In fact, it is evident, from the initial values which have 
been supposed in the first instance, to have been given to 
„ du dv dto 

u, v , w, &c., — , — , — , &c., that formulas (g) will satisfy 

J' these last equations, when t = 0; moreover, as by hypothesis, 
the particular values of «, v, w, & c ., satisfy the differential 
equations of the motion, their sums, or formulae (g), will also 
satisfy them, since these equations are linear, and contain no 
terms independent of the unknown u, v, w, &c. (No. 64G) ; 
formulae (g) will therefore satisfy all the conditions of the 
question, and will, consequently, be the values of the un- 
known at any inBtant whatever. 

! 661, This general theorem may be denominated the prin- 

ciple qf the superimposition of small motions. We should 
take care not to confound it with that of the coexistence of 
small oscillations; it is independent of the particular laws of 
the small motions that have been considered, and results solely 
from this, that the displacements and velocities of the move- 
ables aTe treated as infinitely small quantities, since their 
products and all powers superior to the first are neglected. 

It is in virtue of this principle, that sonorous waves which 
issue from different points are propagated and superimposed in 
the air, without producing any modification in each other; so 
that at each instant the displacement and velocity of a mole- 
cule of the air in any direction whatever, are the sums of the 
displacements and velocities which would belong to all these 
waveB separately considered ; which circumstance enables us to 
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hear distinctly, and without confusion, Beyeral sounds produced 
by different sonorous bodies. Simultaneous sounds may also re- 
sult from the coexistence of small oscillations in the same sono- 
rous body. Thus, for example, when a stretched cord performs, 
at the same time, isochronous oscillations which correspond 
to its entire length, and also oscillations which correspond to 
the third of this length, the motion of the air is precisely the 
same, os if two cords, whose lengths were as one to three, 
performed simultaneously the slowest vibrations of which they 
are susceptible ; and, the fundamental tone of the given cord, 
and another more elevated tone, which is the fifth of the up- 
per octave , is heard at the same time. This is also the rea- 
son why the sounds produced by the longitudinal vibrations 
and by the transversal vibrations which have place at the Bamc 
time, in the same stretched cord, or in the same elastic rod, 
are heard distinctly. 

In consequence of the same principle, the waves produced 
in several points of the surface of water, are simultaneously 
propagated round about from these different centres, and muy 
cross in all directions on this surface, without modifying one 
another, so that at any instant whatever, the elevation of the 
water at each point will be the sum of the positive or negative 
elevations which would have place hi virtue of all these waves 
separately considered. 

The explanation which is given of the phenomenon of 
interferences in the theory of luminous undulations, is also 
founded on the principle of the superimposition of small mo- 
tions, which, it may be observed, is susceptible of numerous 
applications. 

In order to complete it, we may add, that if forces ema-( t / 
nating from moveable centres, act on the points of the system, 1 
the second members of equations (a) of their small motions 
(No. 545), will be linear functions of the components of these 
given forces. The same will be the case with respect to the 
complete integrals of these same differential equations ; hence 
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it follows, that the parts of N, w s &c., independent of the 
initial state of the system, and consequently, the similar parts 
of the coordinates of the moveables, will be the sums of the 
values which they would have, if the given forces acted sepa- 
rately. Thus, for example,, in the phenomenon of the tides, 

J the total elevation of the sea at each point, and at each instant, 
j is the sum of the elevations which would be produced by the 
| separate actions of the sun and moon ; and thk is the reason 
I why, every thing eke being considered as equal, the height of 
l the tides is greatest in the Byzygies, and least in the qua- 
i draturea. 

II. Principles of the Conservation of the Motion of the Centre 
qf Gravity , and of the Consei'vation of Areas. 

552. Since the motion of the centre of gravity of a system 
entirely free is the same as if the masses of all the moveables 
being united in it, their motive forces were transferred to it 
parallel to their respective directions, it follows that the given 
j forces, whose components parallel to each ordinate are equal 
and contrary, will not occur in the differential equations of this 
motion. Now, this case is that of the motive forces arising 
from the mutual actions of the points of the system, in virtue 
of the general law of action equal to reaction , which is always 
observed in nature, as we now proceed to explain. 

If a material point situated at m acts on another point 
situated at m and impresses on it, or tends to impress on it, in 
an instant, an infinitely small quantity of motion which we 
shall denote by /x, it is invariably observed, 

1st. That this action is directed along the line drawn from 
the point m' towards the point m, or along its production be- 
yond m'. 

2ndly. That at the same time the point situated at m', re- 
acts on the point situated at m, along the line drawn from M 
towards m', or along its production beyond m. 
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Srdly. That this reaction communicates, or tends to com- 
municate to the point situated at m, a quantity of motion pre- 
cisely equal to fx{x). 

The mutual action between these two material points is 
termed attraction or repulsion, according as it tends to in- 
crease or diminish the distance km' ; if they are entirely free, 
and if their masses are represented by m and the velo- 
cities by which they will be respectively actuated will bo 

— , — y , that is to sav, in the inverse ratio of their masses, and 
mm! J 

the quantities by which they approach to or recede from each^ 
other, in an infinitely small portion of time, will be equal to \ 
these velocities multiplied by the half of this time (No. 114)(ai). 1 
Moreover, the quantity p, will either depend on the nature of 
the bodies to which m and m* belong, or be independent of 
them, and proportional to mm' the product of these masses 
(No. 241), as in the cose of universal attraction (y). 

The first of the three propositions which have been now 
stated, may be considered as self-evident; for when the 
quantities of matter m and ml are reduced, to infinitely small 
dimensions, and placed at a finite distance from each other, 
there is no reason why the action of one of these points on tlio 
other should be exercised on one side of the line which joins 
them, and about which every thing is similar, rather than on 
the other; but with respect to the two other propositions, they 
can only be considered by us as tbe results of experiment, 
generalized indeed by induction, and confirmed by all the 
consequences which have been obtained from them. In 
fact, it cannot be considered, d priori , as impossible for a 
material point m to act on another m\ without the latter 
reacting on the first, in an opposite direction with equal in- 
tensity* Thus, the principle) of reaction equal and contrary to 
action may be admitted as a general law of nature, which is 
established by observation, in like manner as the law of 

VOL. II. 3 A 
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universal attraction* in the inverse ratio of the square of the 
distance. 

553. This being established, if all the material points of a 
| system entirely free are only subject to their mutual actions, 
/these motive forces, transferred to the centre of gravity of the 
j system, will destroy each other, two by two, consequently, the 
I motion of this system will be rectilinear and uniform, and will 
^constantly preserve its initial velocity ancl direction; hence 

' this theorem has been denominated the principle of the con- 

ft i 

[w. 1 servation of the motion of the centre of gravity . 

This motion is not altered by the impact of bodieB, what- 
ever may he their degree of elasticity (No. 541) ; and, in fact, 
jthe phenomenon of the impact is produced, as has been 
, : already stated (No. 499), by the mutual actions of the mole- 
cules of the striking and struck body, which actions are 
^ I , exerted at distances, which, although insensible, are of a finite 
^ /magnitude, and for which the law of reaction, equal and con- 
trary to action, must have place. For the samo reason, if the 
parts of a solid body in motion are separated by any internal 
explosion, the direction and velocity of tho centre of gravity 
of all its parts after the explosion, will be the same as the di- 
rection and velocity of the centre of gravity, which have place 
previously to this event. In general, the sudden changes of 
velocity which accompany these impacts or explosions arc the 
effects of the mutual actions of the molecules ; when the mo- 
lecules approach to or recede from each other, these forces vary 
in very high ratios, and they, consequently, cause the velocities 
of the bodies to vary also considerably, during very short in- 
tervals of time. 

, The principle in question is independent of the connexion 
of the points of the system, prgvhlefl that none of them is either 
| attache d to other points foreign fr om the system that is con- 
sidered, n or constrained to move on a fixed or moveable 
! curve or surface. Conditions of this kind, when they exist, 
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give rifle to forceB which should be transferred to the centre ol 
gravity, and which may cause its velocity to vary. This willi 
be also the caso, when there are forces applied to the points or 
the system, which do not arise from their mutual actions ; and,( . ^ 
in this case, the mutual actions may influence indirectly the! ^ ‘ 
motion of the centre of gravity, by diminishing or increasing',/ 
the distances of the points of the system from the fixed or 
moveable points from which the foreign forces emanate, and, 
consequently, changing their intensities. 

The inertia of a material point consists in this, that it 
cannot excite any motion in itself, nor in uny way modify the 
motion which it has received, without the aid of forces ema- 
nating from other points; in like manner, the inertia of a 1 
system of bodies consists in this, that the mutual action of its I jj 
partB can neither produce nor modify the motion of its centre 1 
of gravity, without the intervention of points against which 1 
the moveables are pressed, or of foreign forces* Hence, the 
motion of the centre of gravity of the sun, the planets, the 
satellites, and comets, must be uniform and rectilinear in space, 
when the action that the fixed stars exert on all these bodies, 
and the resistance of the medium in which they move, if any 
such exists, is not taken into account, 

The manner in which the different parts of a musclo act on 
each other, in order to produce its motions, is unknown to us ; 
and perhaps we shall be for ever ignorant of tho means by which 
the will puts these ports, that are of a different nature, in the re- 
spective dispositions which are required, in order that they may 
actually produce their mutual attractions or repulsions ; what- 
ever it may be, it cannot be doubted but that these actions are 
subjected to the law of reciprocity, like to all other natural 
forces ; hence it follows, that an animal, in whatever manner ^ 
it exerts itself, can never, by the mere act of volition, displace 
its centre of gravity, without the intervention of an exterior 
point against which it may press, A man or any other animal 
may cause their centre of gravity to rise or fall vertically, hv 
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pressing against the earth ; they may also cause it to advance 
horizontally by the aid of friction against its sur&ce ; but tlieir 
locomotion would be impossible on a perfectly polished plane, 
on which this resistance would be entirely insensible. In t o 
flight of birds, it is the centre of gravity of the animal mid of 
the entire mass of the air that it puts in motion, that ronru ns 
constantly at rest, and in a vacuo, it would be unable to 
displace its proper centre of pravity, whatever might bo 10 
rapidity with which it moved its wings. 

Neither can it be doubted, but that imponderable fluids arc 
subject to the law of reaction equal and contrary to notion, 
and that consequently, the principle of tho conservation of tlic 
motion of the centre of gravity which follows immediately 
from it, must likewise be observed in their motions as in that 
of all other substances, from which they differ only in their 
extreme tenuity. Thus, when electricity, heat, and light t)ina- 
uate from one side of a moveable, this body should recede m u 
contrary direction, in order that the centre of gravity of tho 
entire system may remain at rest; but the quantity of mo- 
tion by which it will be actuated will not be appreciable by 
the senses, unless that of the Imponderable fluid is so likewise, 
notwithstanding the extreme smallness of its mass, and it will 
be proportional to the magnitude of its velocity. This can 
only be decided by means of very delicate experiments. 

IIL Conservation qfthe Motion qf notation , 

564. It has been demonstrated that the forces arising from 
the mutual action of the points m, tn r 9 *»", &c«, of a system en- 
tirely free, do not occur in equation (7) of their motion of 
translation ; it may be likewise shown that they diBappenr from 
1 j the equations of its motion of rotation about the origin of tho 
coordinates (Nos. 638 and 639). 

In fact, letT be the force arising from the mutual action 
of m and m', which is the same for these two material points* 
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and directed, if the force be attractive, from m towards m' for 
the point m , and from m r towards m for the point tn\ If the 
distance of these two points be denoted by p, the cosines of the 
angles which the line mm ' makes with lines, drawn parallel to 
the axes of x , y 3 z 3 through the point will be 

ai' — cc y 1 ~y z * — s 

> 5 J 

P P P 

hence then, relatively to the force f, 


mI - m= ^£E, 

p p p 

will be the components of the motive force of m ; in the Bamc 
manner we shall find 


p p 

for the components of the motive force of m' 3 arising from this 
force f. Now, it is evident from these values, that 

77i(a!Y — yx) + — f/'x'):^ 0, 

m(zx—xz) + 7n'(z'x'— x'z*) = 0, 
m(y z — jstst) + ^'(^z'—zV) = 0 ; 

consequently, the terms arising from the mutual action of the 
points of the system mutually destroy each other, two by two, 
in the second members of equation (9) of No, 539. 

If therefore no other motive forces act on the points 
tn 9 m", &o., the motion of rotation of the system about the 
origin of the coordinates, will arise solely from the initial velo- 
cities impressed on these points ; so that unless there be some 
extraneous forces acting on the system, or some points against 
which the moveables presB, taken without it, the sole mutual 
action of its parts can neither produce any motion of transla- 
tion or of rotation common to all its points,, or in any degree 
modify that which it has primitively received. 
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555. The second members of equations (9) will be like- 
wise zero, when the points of the system, besides their mutual 
actions, are also solicited by forces directed towards the origin 
of the coordinates ; for tax, wy, twz, the components of such a 
force applied to the point _wi, are to each other as .t, y 9 z, the 
coordinates of this point, consequently we have 

xy = yx, zx = xz 9 yz = zy ; 


and the term which arises from it disappears from each of equa- 
tions (9). 

Thus, in every system entirely free, or which contains only 
one fixed point, and whose points ta, m'\ &c., arc only 
subject to their mutual actions, and to forces directed towards 
tins fixed point, when this point is taken for the origin of the 
coordinates, we shall have 


2 m ( 

f <Py 

dPtV\ 

1 = 0, 

x~~ 
b- df- 

y !tv 


r cPx 

(Pz\ 

1 = 0, 

2 m( 


X dp) 

2 /»( 

/ (Pz 

<Py\ 



■*-&) 

1 = 0. 


It there is no fixed point in the system, and if the move- 
ables are only subject to their mutual actions, we can assume 
any point we please, for the origin of the coordinates ; and as 
in this same case, equations (7) of No. 538, become 


_ d 8 ® _ „ dry (Pz 

Zm^O, S>»J=0, S» 3? = 0, 


(b) 


1 it follows that we can assume for this origin, a point which has 
; a umfom and rectilinear motion in space. 

In fact, if the coordinates of this moveable point be de- 
noted by a, fi, 7 , we shall have 
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and if the origin of the coordinates be transferred to it, we 
should make 

* = a -f *„ y = 0 + y „ z = y + z „ 

relatively to m any point whatever ; now by substituting these 
values in the first equation (a), it can be made to assume the 
form (k) 

+.a»g-(3a»5S=0; 

which, inconsequence of the preceding equations, will be re- 
duced to 

_ / Cpy / iPffA n 

and in like manner the two other equations (a) will become * 

»<•#-#>=■* 

when the origin of tlie coordinates is transfer! ed to a point, 
the motion of which is uniform and rectilinear. 

As in the case in question, the motion of the centre of 
gravity of the system is uniform and rectilinear (No. 663), it 
follows, that when this centre is taken for the origin of the 
coordinates, equations (a) should obtain. 

66C. Since 

'dx\ 

* Tt h 

dz\ 

Tt h 

d v\. 

tits’ 

if equations (a) be multiplied by (It, and then integrated, 
there results 


tPy 

(Pat , 

f dy \ 

“ dt 

-»ar =,i < 

*tr y - 

d! J x 

(Pz ,, 

f dz i 

'Y , 

dt 

1 

Sri 

il 

Z — X - 

< dt 


d l y . 

f dz 

V dt 

Z dt~ d ^ 

JTt~ z 
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sra (* : l-4)= c '’ 
sm ( s §- s l)= c "> 

c , c', c", denoting the arbitrary constants introduced by the in- 
tegration ; it appears from these equations, that in the mo- 
tion of a system entirely free, in which the moveables are only 
subject to their mutual actions, or to the actions of forces di- 
rected towards a fixed centre ; the moments of the quantities 
of motion of all the points of the system, with respect to three 
rectangular axes r that, intersect in this point, and conse- 
quently, with respect to any other right line drawn through 
jthis point, ore constant quantities. The value of these mo- 
iments will not he changed in the impact of the bodies of a 
system, or when an explosion takes place in one or more of 
them, for the forces which produce these phenomena, are the 
jmutual actions of their molecules ; this agrees with the result 
of No. 541. 

It results from the preceding number, that if there are 
no forces directed to a fixed point, this theorem also obtains, 
with respect to any axis whatever, which moves parall el to 
itself, and p asses constantly through the centre of gravity of 
^ ie system, or more ge nerally^through any point the motion 
of .which is uniform and rectilinear. Likewise it follows from 
equations (b), that m this same case, the sums of the quan-* 
tides of motion of all the points of the system estimated in the 
direction of three rectangular coordinates, and consequently, 
in any direction whatever, are also constant quantities ; this 
' j tJieorem may be regarded as contained in that which refers to 
sthe moments of these forces, the centre of the moments, and 
d the origin of the coordinates being supposed to be infinitely 
[distant. 
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557. The values of the constants c, d 9 c", will depend on 
the direction of the rectangular axes which are taken for those 
of the coordinates ; hut if we make 


+ d 2 + c" a = y tt , 


the quantity y will be not only independent of t 9 but also of 
this direction ; for it expresses the principal moment of a sys-' 
tem of forces (No. 281), the value of which does not depend 1 
on the arbitrary direction of the lines along which those forces 
are decomposed. Hence, when there is no fixed point in the 
system, the value of y will be the same when it is computed 
at two different epochs of the motion, the centre of gravity k 
being taken for the origin of the coordinates, whatever may 
be otherwise their direction, whether the same or different, at 
tHese two epochs. In these calculations, it is the relative 
positions and velocities of the moveables at the given epochs 
that are employed, namely, ar, y 9 the perpendiculars let fall 
from each point m on three rectangular planes drawn arbitrarily 

through the centre of gravity, and the differences 


between the components of the velocity of m 9 parallel to 
their intersections, and the components of the velocity of the 
centre of gravity in the same directions. Even if one or more 
impact or explosion of the bodies of the system should take 
place in the interval between the two epochs for which the 
value of y has been calculated, this value will not be changed, 
provided that in the case of an explosion, all the parts of the 
broken body are taken into account, in the calculation made 
at the second epoch. It follows, therefore, if this value of y |t/ 
is not the same at the second, as it was at the first epoch, 1 
that in the interval, foreign forces have acted on the move- 
ables, or other bodies which do not constitute a part of the 
system, have impinged on them. 

If a, a', a", be the angles which the axis of the principal 

3 B 
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moment makes, with the axes of ®, y, s, whose origin is at the 
centre of gravity, we shall have (No. 281) 

c c r 

cos a = - , COB a = cos a ;/ = — ; 

7 7 7 

hence, if these axes are constantly parallel to themselves, 
the quantities c, c", will not undergo any change, and the 
direction of the axis of the principal moment will he also in- 
variable, as well as the magnitude of its principal moment* 
The same thing has place with respect to a fixed point, when 
there is one in the system, and the origin of the coordinates 
is placed in it; this has been already observed in No. 416, 
relatively to a solid body. 

658. It is important to observe, that the terms arising 
from the mutual action of the bodies composing the system 
/ disappear in the second members of equations (9) of No. 539,' 
r * even when the intensity of this action varies with the time, 
(h[ independently of the distance, that is to say, when the com- 
ponents of tins force contain the time t explicitly. Equations 
(c), and, consequently, the invariability of the principal mo- 
1 ment, and of the direction of its axis, therefore, has still place 
, in this case, which occurs, for example, when the points of the 
system lose, under a radiating form, a part of their proper heat, 
a circumstance that diminishes, at equal distances, the intensity 
of their mutual action. Thus, if the action of the sun and moon 
on the mass of the earth is not taken into account, and if we 
suppose that our planet was formerly in a gaseous state, and 
then that it became solid by the effect of cooling, without 
losing any part of its ponderable matter, we may be assuroil, 
that in this transformation, neither the magnitude nor axis of 
direction of the principal moment of the quantities of motion 
of all its points, undergo any change. This axis becomes that 
of the figure of the earth about which it now turns ; and it is 
easy to perceive (No. 386) that in this motion 

4 7 = 
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is tho value of tho principal moment; w being tbe angular 
velocity of rotation, m the mass, and the moment of 
inertia with respect to the axis of figure. If the cooling ofj 
the earth is still going on, and if, in consequence, its radius 
diminishes, the value of k will diminish in the same ratio ; 
and since the quantity y is constant, the value of w will in- 
crease in the inverse ratio of the square of k 9 and the duration 
of the day will decrease proportionably to the square of the 
radius. A diminution, arising from this cause, of a ten mil- 
lioneth part in the duration of the day, would imply a de- 
crease of a twenty millioneth part in the length of the radius ; , 
and as we are certain, that for the last 2500 years, the day\ 
has not experienced this diminution (No. 443), it follows that 
tho mean radius of the earth has not varied a twenty mil- 
lioneth, or three metres very nearly in this long interval of; 
time, by the effect of cooling, if the mean temperature of the’ 
earth has not yet attained to a permanent state. 

No change can arise in the quantity y from earthquakes, 
volcanic explosions, the blowing of the winds against its sur- 
face, or the friction and pressure of the sea on the solid ports 
of the terrestrial spheriod, for all these phenomena are cases of 
the mutual actions of the parts of the system ; and os the dis- 
placements of these parts, which take place under all tlieso 
circumstances, are not considerable enough to produco any 
sensible change in the value of /t, these different causes will 
not produce any appreciable alteration in the rapidity of w the 
earth’s velocity, or in the duration of the day. 

559. The theorems which have been deduced from equa- 
tions (c) may be also stated in another manner. 

For this purpose, it may be observed, that the formula, 
£ ( xdy — ydx) expresses the area described during the instant 
dt 9 or the differential of the area described during the time t, by 
the radius vector of the projection of the point m , on the plane j 
of the axes of x and y, reckoning from the axis of the positive j 
x h towards the axis of the positive ys (No. 154). In the same I 
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manner, \(zdx~ xdz) is the differential of the area described 
by the radius vector of the projection of the same point m 9 on 
the plane of the axes of z and x 9 reckoning from the axis of s 
towards the axis of and \(ydz—zdy) expresses the diffe- 
rential of the area described by the radius vector of the pro- 
jection of this point on the plane of the axes of y and z 9 
reckoning from the axis of y towards the axis of z . 

This being established, the areas should be considered as 
positive or negative, according as they arc described ill each 
plane, in the direction indicated above, or in the opposite di- 
rection, Let £A be the sum of the areas described during the 
time t by the radii vectores of the projections of all the points 
of the system on the plane of the axes of x and y, and multi- 
plied respectively by their masses m 9 m u , &c. Lot J A' 
denote the sum of the areas described on the plane of tlic axes 
of z and x during the same time, by the radii vectores of the 
projections of these material points, and likewise multiplied by 
their respective masses. Finally, let ^ A" bo tlic sum of the 
areas described on the plane of the axes of y and z diuing this 
time t 9 by the radii vectores of the projections of these sumo 
points, multiplied also by their masses. These three sums 
will be functions of t 3 the values of which will vanish with this 
variable, and their differentials will be 

£ dA = ^ 2m (xdy ~ ydx) 9 
£ dA' = J 2 m(zdx — xdz), 
gdA" = J 2 m(ydz — zdy ). 

Consequently we shall have, in virtue of equations (a) 

<& = cdt , dk'zzc'dt, dWzz&’dt; 
and, by integrating, we obtain 

A = cty A ' = <?'*, A" = d f U 

Therefore, in the motion of a system entirely free, whose 
points are only subject to their mutual actions, the sum of the 
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areas represented by £ X, \ X', £ X", are proportional to the 
time in which they are described, and the Bums of the areas 
described in the unit of time, retain their initial values during 
the continuance of the motion ; the centre of the areas being' 
a fixed point, either the centre of gravity of the system, or 
indeed any other point, the motion of which is uniform and 
rectilinear. 

It is in this that the principle of the conservation of areas 
consists. It obtains also, when there is a fixed point in 
the system towards which the forces acting on one or more of 
the moveables are directed, provided that this fixed point is 
taken for the centre of the areas ; this comprehends the theo- 
rem of No. 164 relative to a single material point. 

It may be remarked here, that when the points m, m / 9 fn tf 9 
&o., turn in the same direction about the centre of areas, os 
the centres of the planets do about the sun, this will be also 
the case with respect to their projections on the planes of the 
coordinates ; so that the signs of all the terms of the sums 
^X, ^X', ^X" will be the same: on the contrary, they will 
have different signs, and these stuns may be either positive or 
negative, when a part of the moveables turn in ono direction, 
and the other part in the contrary direction, os is the case in 
the motion of the comets about the sun. 

660. Now, let o (fig. 31) be the fixed or moveable centre 
of the areas ; o®, oy, oz 9 the directions of the rectangular 
axes of the coordinates; m and the positions of any point m 
at the end of the times t and H- dt ; r and pj the projections of 
m and Mi on the plane of the axes of x and y . The triangle 
MOMi will be the plane area described during the instant dt by 
the radius vector of m , and the triangle pop! will be its pro- 
jection on the plane of the axes of x and y, or the area de- 
scribed during this instant, by the radius vector of the pro- 
jection of m on this plane. The projections of MOMi on the 
two other planes of the coordinates, will be likewise the areas 
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described by the radii vectores of the projections of m on these 
planes. 

This will be the case likewise for the areas described in 
space during all the infinitely small portions of t 9 by the radii 
, vectores of all the points of the system, and multiplied by their 
masses, or in other words, for all these areas increased in tho 
[ ratio of the masses m, m' 9 m!\ &c., to unity. Consequently, 
the quantities J X, J X', £ \ h considered above, will be the sums 
of the projections of these infinitely small areas on the three 
planes of the coordinates, and the theorems of No. 276 and 
the following numbers, may be applied to this system of piano 
areas and to their projections. 

Thus, among all the planes which can bo made to pass 
through o, there is one on which the sum of the projections 
of the piano areas, respectively affected with the sign which 
results from the direction of the motion relative to each of 
them, is a maximum. If the value of this greatest area be 
denoted by p, we shall have 

H* s X a + X' 9 + X //3 ; 

and, if oh be the perpendicular from the centre o to tills plane, 
by making 

so h = j3, yon zz (3 zoh = /3", 
we shall have also 

cos/3 = cos|3'= — , cosQ"= — . 

P fl l 1 

Now, from the values of X, X', X", given above, it is evi- 
dent that these formulae are the same thing as 

cos cos/3'= cos/3 ; (d) 

c, c *i 7 being the same constants as before. Hence it ap- 
pears that the direction of the piano of the greatest area will 
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remain constant during the continuance of the motion, and 
that the normal to this plane drawn through the centre of the j 
areas will always coincide with the axis of the principal mo- 
ment of the quantities of motion of all the points of the 
system. 

It follows from this, that in the motion of every Bystem 
entirely free, the material points composing which are only 
subject to their mutual actions, there exists a plane passing 
through the centre of gravity, which remains constantly pa- 
rallel to itself, and whoso position can be determined at each 
instant, by means of the masses of all these points, of their co-j 
ordinates referred to the centre of gravity as their origin, an 
of the excess of the components of their velocities over those 
of the velocity of this centre. 

We are indebted to Laplace for this theorem, who has de- 
nominated the plane in question the invariable plane, and he 
proposed to make use of it in astronomy, in order to refer to its 
constant direction the variable directions (No. 244) of the 
planes of the planetary orbits. 

561. It is to the plane of the orbit of the earth, and to a 
right line drawn in this plane through the centre of the sun,^ 
and in a direction parallel to the line of the equinoxes, that as- 
tronomers refer the positions of the stars, and the directions of 
the planes in which they move. As the true ecliptic and the 
line of the equinoxes are in motion in space, their positions, at 
a given instant, ore determined by comparing them with those 
of the stars ; but as the proper motions of the stars, which are 
for the most part unknown, may, after the lapse of several ages, 
lead us into error os to the absolute displacements of the orbit 
of the earth, it is useful, in order to prevent mistakes, to be 
able to assign its true direction at any instant whatever. 

Let us therefore suppose that the plane of the axes of a? 
and y is the plane of the ecliptic at a given instant, or more 
accurately, a plane parallel to that of this ecliptic, and drawn 
through o the centre of gravity of the solar system. Through 
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the point o (fig. 32), let the axes ox and oy be drawn arbi- 
trarily in this plane ; and also let the values of the quantities 
c, (f 9 c u be supposed to be computed by means of the co- 
ordinates and the actual velocities of all the points of the solar 
system, referred to the rectangular axes ox, o y, o z, and tho 
masses of these points. If oh is the perpendicular to the in- 
variable plane of this system, and eoe' the intersection of this 
plane with that of the axes of x and y , then by equations (d) 
we shall have 

cos ho# = tangEoai = (e) 

by means of which the direction of the invariable plane rela- 
tively to that of the axes of x and y, can be determined. But 
in order to be able to infer reciprocally, the absolute direction 
j of the plane of the ecliptic parallel to that of the axes of x and 
j I y, it is moreover requisite that there should exist, on the in- 
^ 1 j variable plane, a line which remains constantly parallel to 
jitself, and whose direction may he known at each instant* 

1 ox being this line, the angle kox will be known at the epoch 
in question. The angle eok can be deduced from this angle, 
and the angles ho# and bo# ; and the two angles ho# and eok 
will completely determine the absolute direction of the plane 
of the ecliptic. 

Now, the existence of the invariable plane in the solar sys- 
tem, supposes, implicitly, that the action of the stars on the 
, sun and on the planets, is not taken into account, and that all 
the parts of the system are subjected solely to their mutual 
actions. But, in this case, the motion of o, the centre of 
gravity of the system is uniform and rectilinear ; consequently, 
unless the direction of this motion is exactly perpendicular to 
the invariable plane, the line which the point o describes in 
space, when projected on this plane, will continue parallel to 
itself. There does not appear to be any other line that can be 
taken for the line ok ; but to be able to make that use of it 
which we have indicated, the direction of the motion of the 
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centre of gravity of our universe should be previously deter- 
mined by observation, which is at present very imperfectly 
known. 

If the values of the angles ho# and eok be determined at 
two different epochs, the real displacements of the ecliptic 
which take place in this interval will be known, and in this de- 
termination it will appear that the angle H 02 , or the inclination 
of the moveable plane to the invariable plane, is not sufficient 
of itself to determine them completely. Nevertheless, if the 
quantities c f and d ! are very small relatively to c, the angle ho z 
will he also very small, and very small differences in the values 
of c and c" will produce considerable ones in the values of noa?, 
and consequently of eok; so that in thiscftBe, it would appear 
that oe, the intersection of the ecliptic and of the invariable 
plane, will have experienced a considerable displacement on 
this plane. But, in general, this displacement will he only 
apparent, for the small differences of the values of c' and c u 
will arise, in a great measure, from the inevitable errors in the 
observations, by means of which these values are determined, 
and from the quantities winch we are obliged to neglect in 
calculating them. 

In fine, when the angle woz is very small, that is to say, 
when the inclination of the ecliptic to the invariable plane is 
inconsiderable, the angle eok, which it is then extremely diflb 
cult to determine, has very little influence on the true direction 
of the plane of the orbit of the earth. 

5C2. As the number and masses of the comets are un- 
known, the terms which correspond to them in the values of 
c, c\ c ", relative to the solar system, must be neglected; how- 
ever, the values of c, c\ d\ furnished by formulae (c), will be 
very little affected by this omission, in consequence of the 
smallness of these masses, and also, because the terms of these 
formulae, which respect the comets, are in a great measure de- 
stroyed by the opposition of their signs (No. 559.) 

The parts of r 7 d> d\ which belong to the sun, the planets, 

vol. ir. 3 c 
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and the satellites, may be determined in the following man- 
ner. 

Let m be the mass of one of these bodies, and dm the ele- 
ment of this mass, whose coordinates referred to the axes oa;, oy, 
oz 3 are x, y, z . Let a?i , y \ , z l9 denote the coordinates of the 
s centi’e of gravity of m, with respect to the same axes, and 

y n z f y the coordinates of dm, referred to parallels to these 
axes, drawn through this centre of gravity ; so that, at any 
instant whatever, we may have 


0 = a i + V = V\ + y 4i z = *i + 

dx^dx { dXf dy __dy\ dy, dz dz x dz t 

m ~ dt + dt* + dt* di~ dt + dt' 


The origin of the coordinates x t , y . , ss t9 being at the centre of 
gravity of m, we have 

^x t dm ~ 0 , $ydm = 0 , ^z f dm = 0 , 

^d, consequently, 


i 



dm = 


0 , 





0 ; 


in which the integrals are supposed to extend to the entire 
mass. Now, if these values of x, y , z , ^ he substi- 

tuted in the first equation (c), and if m and S be changed into 
dm and there results (a) 



from which it appears, that the moment of the quantities of ma- 
o' jdonofM with respect to the axis o z, consists of two parts; tlie 
first depends only on the motion of the centre of gravity of M, 
and is the same as if this mass was concentrated in this point ; 
the second is independent of this motion, and the same as if the 
centre of gravity of m was at rest, and the axis oz was trans- 
ferred to this point, parallel to itself. The same result is 
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applicable to the quantities c 1 and c", and also obtains with 
respect to any axis whatever. Now, if a, n, c be the momenta 
of inertia of m, with respect to the three principal axes which 
intersect at its centre of gravity ; p , r, the components of 
its angular velocity of rotation relative to the same axes; 
A, fiy v the angles which their directions make with a line 
drawn parallel to the axis 02 , through their point of inter- 
section ; then by what has been established in No. 409, we 
shall have 



dm ZZ A p COS A + Bf/COSjti + C/*COSy, 


it' 


for the moment, with respect to this parallel, of the quantities 
of motion of all the points of m, arising from its rotation about 
its centre of gravity. Hence it follows that the complete 
value of c will be 

c = 2m ^)4-S(ApcosAH-B^cos/ti+crcos v ); (f) 


in which the two sums S comprehend the sun, all the planets | 
and their satellites, and therefore consist of thirty terms. I 
Now, as tho relations of a, b, c to m, depend on the internal 
constitution of this body m, they will be, without doubt, * 
always unknown ; all that we know respecting them is, that 
these three relations differ very little from each other, in con- f ' 
sequence of the nearly spherical form of the heavenly bodies, 
and also that they are less than if these bodies were homo-!^ 

r 1 

geneous, because the densities of the con centrical strata de- 
crease from the centre to the surface of m. It would therefore^ 
he impossible to calculate the values of c, c', c", if it was ne- 1 
cossary to take into account that part of each of these quan-j 
tides, which arises from the rotadon of the heavenly bodies. 1 
But whatever may be the form and internal constitution of m, 
the part of ApcosA + ngcosp + creosv, which is due to the 
initial state of this solid body, remains constant during the 
entire continuance of its motion (No. 416) ; so that this quan- 
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tity cannot vary, for each heavenly body, except on account 
of the attractions of the other bodies, inasmuch as their resul- 
tant does not pass exactly through the centre of gravity of 
'that is to say, as far as they are exerted on the non-spherical 
part of m, i. e. the part by which it deviates from a sphere. 
It follows from this, that for each heavenly body the variable 
part of the second term of the formula (f ) is very small, and 
may be neglected with respect to the part of the first term, 
which is relative to the same body. Thus for example, if the 
radius of the terrestrial globe be denoted by A, the angular ve- 
locity of its motion of rotation about its axis of figure by to, 
and the angle which this axis makes, with the parallel to the 
axis o z by 8 , the second term of formula (f), which respects 

the earth, will be less than — — w cos 8 , which would be its 

value if the earth was homogeneous ; likewise, if p and 0 be 
the mean radius of the orbit of the earth, and its mean velo- 
city in its annual motion ; the value of the first torn of 
formula (f), relatively to the earth, will be consequently 
Mp a fl. Now, if the axis o z is perpendicular to the plane of 
this orbit, in which case 8 will denote the obliquity of the 
ecliptic, then a variation of five degrees in the magnitude of 
this angle will not produce a variation in the value of 
2m A a 

~ 0 — w cos o, which is a hundredth millioneth part of the 

quantity Mp a 0. It is easy to be assured of this, by observing 
that the ratio of w to 0 hardly exceeds 366, that that of p to 
A is about 2400, and the angle 8 very nearly 23° 28 The 
same will be the case with respect to all the other planets. 
In the case of the sun, there is reason to think that the 
variable part of the second term of formula (f) which corres- 
ponds to it, is altogether insensible, because all observations 
indicate that its form is nearly spherical, and as the centri- 
fugal force, compared with the weight, is extremely small in 
different points of this body (No. 260), we may also assume 
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that its interior strata are likewise nearly spherical ; hence it 
follows that the resultant of the attractions of the planets must ^ 
constantly pass throughits centre of gravity, and, consequently, 
cannot cause any perturbation in its motion of rotation about 
this point(Zi), 

It follows from these considerations, that if the Becond term 
of the second member of equation (f), be made to pass into 
its first member, the invariable part of this second term may 
be comprised in the constant c, by affecting it with a contrary 
sign; and if its variable part be solely neglected, and if si- 
milar operations he performed on the equations which furnish 
the values of c f and c", we shall obtain, to a degree of accuracy 
much superior to that given by observation, 

£-»$)• 

. (g) 

c ' =s, ( ! ' , w 

5G3. The origin of the coordinates a? i5 y i9 z i9 which occur 
in these formulse, is at the centre of gravity of the solar sys- 
tem ; it will be more convenient to transfer it to the centre of 
gravity of the sun. For this purpose, let ff 9 h 9 k 9 be the co- 
ordinates of this point referred to the same axes as x l9 y u ; 
and let y, ss denote the coordinates of the centre of gravity 
of m, referred to parallel axes passing through the centre of 
gravity of the sun ; we shall then have 

®i = ® — g* y\ = y - A, z^z—U\ J 

hence, if these values be substituted in the first equation (g), 
it will bocome(e) 

• = sm s " 

- ijl* f + - § 2 m* i 
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and the expressions of c ' and e" may be transformed in the 
same manner. Moreover, as the origin of the coordinates 
x u Vu is at the centre of gravity of the system, we have 


ySM = Smt, ASm = SMy, ASm ss Sm z, 
and, consequently, 

§S»=a.^, *2 m = S»S; . 


if by means of these equations, y, A, A, ~ , be elimi- 

nated from the expressions of e, c', c", they will finally become 



The coordinates x 9 y, z s of the centre of gravity of each 
planet or satellite, and the components of its ve- 


locity, may be regarded as the data furnished by observations 
( made at the different epochs, for which it is proposed to cab- 
1 culate the values of c, o', c", and, consequently, the angles 
ho z and eo® relative to the direction of the invariable plane, 
by means of equations (e). As the origin of the coordinates 
is now supposed to be at the centre of the sun, the sums S 
which relate to them will not contain the mass of the sun. 
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which as it will therefore solely occur in the denominator Sm, 
the second term of each of the formulro (h) will be very small 
relatively to the first(c). 

IV. Principles of living Forces and least Action - 

564. When equations (2) of No. 53 1 do not contain the 
time explicitly, equations (3) of the Bame number may be 
satisfied, by assuming for S#, §j/, 8z, So/, &c., the differentials 
dsc, tfy, rfz, dx\ &c., relative to this variable ; for then these 
last equations will become the complete differentials of the 
first, namely, 

dh =: 0, dh 1 = 0, dh n m 0, &c., 

and since by hypothesis, the quantities l, l', l", &c., are 
cipher, during the entire continuance of the motion, their 
complete differentials taken by considering x , 7 /, z, &c., as 
functions of t , are likewise cipher. But if l, for example, 
contains the time explicitly, its complete differential will be 

dh — % dt + ^ dx + ^ d\j + 8ec. ; 
dt dx dy 

and by assuming 

8# = dx, Sr/ = rfy, S-s = dz, — dti^ &c. ; 

the first equation (3) will not agree with the equation dh =: 0, 
except for those particular values of t , if any such exist, for * 

which 0. We shall suppose in what follows, that the 1 

condition of the system of material points 772, wz', w", &c., ex- 
pressed by equations (2), are independent of the time t ;|j 
moreover, the quantities l, l', l /; , &c., may be any functions)' 
whatever, of the coordinates of these moveables, which may 1 * 
not involve solely their mutual distances ; for the system 1 
may contain fixed points, and also points constrained to remaia* 
on immoveable surfaces or curves. 

This being agreed upon, if the preceding values of &c, 
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Sy, &c., be substituted in equation (1) of the number cited, 
it will become 

/{Pin , d?i/ , cPz , \ 

2W \d? * X + ~dt* dy + dz ) = 2,n ( xdiC + Ydy + 


But if v, v\ v", &c., denote the velocities of the points 
w, m , in", &c., at the end of the time t, we shall have, rela- 
tively to«i any point whatever, 


dx 1 dy* dz a __ 
di 1 + dp + dP ~ 


a 5 ; 


and by differentiating with respect to t, there will result 


i j . (Bat . cPy <pg 

Id^^dJt+^dy + ^dzi 


dr 


from which it appears, that the preceding 1 equation may be 
changed into the following, 

$d. 'ZimP = S m (xdx + rdy -f zd%). (ft) 

Now, if the points of the system are attracted or repelled 
by forces emanating from fixed centreB, and if these forces be 
any functions whatever of the distance, the formuke xdx + 
Ydy + zdz will be an exact differential (No. 158), for each 
of the moveables in particular. Moreover, if the points 
W2, w i', tnf f 9 &c. ? are subjected to their mutual actions, the 
intensities of which are likewise functions of their respective 
distances, and which satisfy the law of reaction equal and 
v contrary to action, the sum of the quantities xdx^ydy^zdz 
and Y f dy J ~ {- z f dtf relative to the mutual action of in 

and m\ will be also an exact differential (No. 346 ) ; and tlic 
same is the case for all the other parts of the sum S, taken 
two by two. It follows, therefore, that if there Is no force 
directed to_an extraneous moveable centre^ which would in- 
troduce the time t into the expressions x, Y, &c., nor any 
resistance of a medium, for which these expressions would 
contain the velocities of the moveables, so that the points 
,H h m", &c., may be only subject to their mutual actions. 
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and to attractions or repulsions emanating- from fixed centres, 
we shall have 

2 m (xdx + y dy -f- zdz) = ^ (#, y , #, x\ &c.) ; 
in which $ denotes a given function of the coordinates of 
m, m\ m ff , &c., depending on the laws of these forces in func- 
tions of the distances. Then, if equation (a) be integrated, 
we sh al l obtain, by denoting the arbitrary constant, introduced 
by the integration, by c, 

Swy 2 — c -I - 2 <j> (a?, y, , &c.). 

In order to eliminate c, if the initial velocities of w, m /f , 
&c., be denoted by k } A', A", &c., the initial coordinates of m , 
by a, ft, c , those of wi', by a\ V , c', &c., we Bhall have at the 
commencement of the motion, 

2 mfc 2 = c 4- 2(p (a, ft, c, o', &c.) ; 

and if this equation be taken from the preceding, there will re* 
suit, at any instant whatever, 

2i mv % — S rf = 2</> (a, &c.) — 2 0 (a, ft, c, a , &c.) (b) 

The quantities Sw* and SwA 2 are the sums of the living 
forces of all the points of the system, at this instant, and at 
the commencement of the motion ; it therefore appeal’s from 
this equation, that the difference of theso two Bums depends 
solely on the coordinates of the moveables, at those two 
epochs, and not at all on the manner in which they are con- 
nected together, or the routes which they describe in passing 
from their initial positions to those which they occupy at tlie 
end of the time t. It is in this, that the law of motion, which 
has been denominated the principle of living forces, consists. 

665. It follows immediately from this principle thus ex- 
pressed : 

1st. That the sum of the living forces is constant when the 
points of the system are not subject to any motive force, and 
that their velocities do not vary in magnitude and direction, 

3 T) 
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except in consequence of tlieir mutual connexions, or because 
they are constrained to move on fixed and given curves or 
surfaces. 

2ndly. That if all the points of the system occupy the 
same positions at two different epochs, the sums of their 
living forces will be also the same at these two epochs. 

As the forces which produce the impact of bodies of any 
nature whatever, arise from the reciprocal actions of their 
molecules (No. 553), it follows that equation (b) has place 
during the entire continuance of this phenomenon. Now, in 
the impact of bodies endowed with perfect elasticity, the 
moveables are supposed to resume, after the percussion is over, 
the exact form which they had previously, so that all their 
,points revert to their primitive positions ; if, therefore, this 
jhas actually place in the case of two or more bodies of any 
(form whatever, then when they commence to separate from 
leach other after the impact, the sum of the living forces of 
j all their points will be the same at this instant, as it was the 
first moment of the percussion, or, in other words, there will 
i be no loss of living force in the system, as has been already 
observed (No. 361), in the particular case of two homo- 
j geneous spheres, whose centres move in the same right line. 

566. If the force of attraction or repulsion which emanates 
from a fixed centre, and acts on the point m , be denoted by 
r, and if r be the mutual distance of these two points, we 
shall have (No. 158) 

m (xdx + y dy + z dz) r: ± n dr \ 

in which the superior sign has place when the force is re- 
pulsive, and the inferior sign in the case of an attractive force, 
and r denoteB a given function of r, which may be always 
regarded as positive. Consequently, if the distance r is a at 
the commencement of the motion, and u at the end of the 

^ time t , ± 2 ^ ndr will express the variation of the living 

force of the system, produced by the force R during the time t 9 
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that is to say, it will be the part of the second member of 
equation (b), which belongs to this force. Consequently,! 
when this force is repulsive, there will be an increase or dimi-\ 
nution of living force, according as the distance r shall have 
been increased or diminished, and the contrary will be the 
case when the force it is attractive. It is evident from what has 
been observed in No. 34G, that this will also have place with 
respect to the mutual actions of the points of the system ; and 
in fact, if, as in No. 55 4, we denote the mutual action of m 
and m', for example, by f, and the distance mm' by p, we shall 
have 


(af-x)v W-y)* (2'-z> 

p p p 

P P P 

the sign is — or +, according as f is repulsive or attractive ; 
hence since 

p*= « o*+ (f— y>*+c»— o*. 

pdp = (x - xT) (dx—daf) +(y-y') (dy—dy') + (z—z')(dz —dz% 
there will result 


m (xda? + y dy + zdz) +m r {x!dx* + y'di/ + v!dx) = ± f dp, 
for the part of tho second member of equation (a) which cor- 
responds to the force f, and consequently, ± 2 ^f dp will be ^ 

the variation of the living force of the system, which this force 
f will produce, while the distance p changes from p = a to 
p = u. As the superior sign has place when the action is re- 
pulsive, and as the quantity f is always positive, it is evident 
that tliorc will be an increaso or diminution of living force, 
according as u > a or u Z a, that is to say, according as p is 
increased or diminished ; it follows, for example, that the mu- 
tual action of the molecules of a gas which tends to increase 
their mutual distances, produces always an increase of living 
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force, in the system of which this fluid constitutes a part, when 
it is actually dilated, and a diminution when it iB condensed. 
When the force f is attractive, the preceding quantity should 
be affected with the inferior sign, and it will produce opposite 
effects. It appeara also that if a weight p be applied to a 
machine or any system of material points, it will produce an 
increase of living force expressed by the product 2 p A, when it 
^descends through a vertical height A, and a diminution, like- 
jwise equal to 2 pA, when it is elevated the same height, what- 
ever be the route which the body pursues in these two cases, 
whether a right line or a curve. 

fi67 . If the point in is constrained to remain on a moveable 
, surface, the equation of which is l — 0, then l is a given 
function of y, z, t. If the resistance of this surface, acting 
in the direction of one of the two parts of the normal, be de- 
noted by n, and if for conciseness, we make 


-[<$)’<)*+ (§)T. 

then we Bhall have, for the components of this unknown 
force n, 

dh d'L dh 

CTX=N7 ^’ wy=NV ^’ wz = NV di- 

Hence the part of the second member of equation (a), 
which correspends to this force, will be 

m(xdx+Ydy + zdz) = Nv^~dx + ~dy + ^ds^ ; 

and as by differentiating completely the equation L = 0, with 
Tespect to t, s, y, z, we obtain 


1 


dh , dL , dL , dh , 

** + S* f + 3£ <% ' + , E‘ fa = 0 ’ 


it is evident that this part may be reduced to — n v~ dt. There- 
fore m order to take the force n into account, in calculating the 
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living force of the system, we should add the double of the 
integral of this quantity to the second member of equation (b); 

consequently — 2 Jnv^^ will be the variation of the livingi 
do i 

force, produced by the force n, during the time t 9 the integral! 

being taken in such a manner that it may be cipher, when; 

t = 0(d). 

This variation will be positive or negative, according to the 


sign of — , and according to that of v, which last will depend 


on the direction in which the force n acts. As the magnitude 
of this resistance n depends in part on the centrifugal force of 
the point m 9 in order to know it, and consequently to he able 
to calculate the value of the preceding integral, the velocity , 
of the point m and its trajectory must have been previously i 
determined; this supposes that the problem with which we 
are occupied has been resolved, as far as concerns the point 
m. The variation of living force produced by this unknown 
force, will be no longer independent of the track which this fJ 
point pursues in going from one position to another ; and the 
principle of living forces, such as it has been announced above, 
will not have place ; indeed its demonstration implies, that the 
equation l = 0 does not contain the time explicitly. 

5C8. Neither will this principle have place, although the 
surface, of which l zi 0 is the equation, may be immoveable, 
when the friction of the point m against this surface is taken 
into account ; as the variation of the living force produced by 
the friction, depends on the pressure, which is equal and con- 
trary to the unknown force n, we cannot calculate d prion 
the magnitude of this variation ; however it is easy to prove 
that the eifcct of the friction will be always to produce a dimi- 
nution of living force. 

In fact, as the friction is proportional to the pressure, that 
of the point m against the surface, the equation of which is 
l = 0, may he represented by / n, in whieh/denotes a given 
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fraction, which, as well as the unknown n, will be a positive 
quantity. Moreover, a & the friction acts in the direction of n 
tangent to the trajectory of the moveable, and as this direction 
is contrary to that of its velocity, if the arc described by tlxc 
point m during the time t be denoted by the components of 
the force fm parallel to the axes of a?, y, will be 





consequently, as dx 1 + dy a + dz 1 r: ds the term of the second 
member of equation (a), which arises from this force, will be 
reduced to — >/N<£s(e), and, there will occur in the second 
member of equation (b), a term — in wliich the intc- 

, B 1 ®! should be taken in such a manner, that it may vanish 
with j, and this evidently indicates a diminution of living 
force. 

This result will equally agree to the case, in which one 
body of a system slides on another ; by assuming for ds the 
element of the curve described by their point of contact in 
virtue of this sliding, for n the reciprocal pressure of these 
two bodies, and fory a coefficient depending on the nature of 
their surface, the quantity — 2 ^ finds will still express the di- 
minution of living force, which arises from this friction. 

In the same manner it may be shown that the resistance of 
a medium produces constantly a diminution of living force, 
wffich will, depend on the velocity of the moveables. Thus, 
the frictions of the parts of a system against each other, or 
against fixed obstacles, and the resistances of the medium which 
the moveables traverse, diminish continually the sum of the 
living forces of all these bodies i and it is in this manner, that 
these forces eventually reduce the entire system to a state of 
rest, if it has been put in motion, and then abandoned to itself, 
without being subjected to the action of other motive forces, 
which may reproduce continually the living forces destroyed 
by these resistances. This is what, for example, the force of 
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the spring effects in common time-pieces ; its action restores,] 
to the vibrating body, the living force, which, without this, it 
would have lost at each return to the vertical, and thus causes 
it to reascend constantly to the same height, notwithstanding l 
the effect of friction and of the resistance of the air. In time- ; 

1 

pieces moved by weights, the living force lost is restored to 
the pendulum by a weight which descends a very email space 
during each oscillation. 

569. If the coordinates of the centre of gravity of a system 
m, m ", &c. of material points, be denoted, at any instant 
whatever, by x u y X9 z ia and, if we make 


x = Xi + x /9 y = y t + y„ zzzz x + z,j 

so that x, 9 y, 9 z n may be the coordinates of m any point 
whatever, referred to this centre as the origin, we shall have 


^ dx. n ^ dy. . „ dz. 

Sm -J 7 = 0, 2m-gf=:0, 0, 

at at at 


and because 


w = a? 9 


there will result^) 

W= 2m + 2m 

or, what comes to the same thing, 

2 mvF 55 Ui a S?n + Sbii;,*, 


in which V\ denotes the velocity of the centre of gravity, and 
v, the velocity of the point in its motion about this centre. 
Consequently, the sum of the absolute living forces of all the| 
points of the Bystem, will be obtained by adding the product 
of the square of the velocity of their centre of gravity and of 
the sum of their masses, to the sum of the living forces of alii 
these same points in their relative motion about this centre, j 
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It appears from this theorem, that if m denotes the mass of 
one of the heavenly bodies, u the sum of the living forces of 
all its points in its motion of rotation about its centre of gra- 
vity, and« the velocity of this centre in space, u + mu 2 "will be 
the sum of the absolute living forces of m. Consequently, if 
equation (b) be applied to the solar system, we shall have 


2u + '2mi 2 = d + 2 0 (x, y, x\ &c.) ; 

in "which the sums 2 comprehend the sun, planets, satellites, 
and even the comets, if their mosses were known ; d is an arbi- 
trary constant, depending on the velocities and positions of all 
these bodies at a given instant, and 0 denotes a function rela- 
tive to their mutual attractions. We Bhall likewise have, in 
virtue of the same theorem. 


W = v s 2 m + S m( 

\ dt % r 


in which v denotes the velocity of the centre of gravity of the 
solar system in space, and y l} z x the coordinates of the centre 
of figure of w, referred to this centre of gravity as their origin. 
Consequently, the equation of living forces will become 


2P + v» Sff» + SCT (- 3+ ^ a+<fe/8 ) =D + 2 ^( A -,y >gja /,&c.) (c) 


In order to obtain the expression of the function 0, it may 
be observed, that in consequence of the nearly spherical form 
of the heavenly bodies, and the smallness of their dimensions 
compared with their distances from each other, we may con- 
sider them as mosses condensed into their centres of gravity 
(No. 242). Therefore, if the intensity of universal attraction 
at the unit of distance, and referred to masses taken to repre- 
sent unity, be denoted by^ the masses of two of these bodies 
by ?ji and wt 7 , and the distance of their centres of gravity by p t 

their mutual attraction will be expressed by and the 

P 
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value of the corresponding term of the function 0 will be 

. ftilDl* 

1 hence we shall obtain for its complete value, 

P 

. y « V y, 

0 v®» Vi * 9 &c«) = — f 2 ^ ; 


in which the sum 2 extends to all the heavenly bodies, taken 
two by two. 

Let it now be observed, in order to simplify equation (c),| 
that if the action of the stars on the bodies of the solar sys-J 
tem is not taken into account, the motion of its centre of, 
gravity is uniform and rectilinear, and the velocity v is a con-! 
stant quantity. Moreover, if the perturbations of the motion 
of rotation of each of the celestial bodies, which arise from 
the attractions of all the others on that port of the one in 
question, by which it differs from a sphere, be not taken into 
account, the quantity u is likewise constant for each body in 
particular (No. 419) ; hence, if the variable part of Su be ne- 
glected, equation (c) will become, by substituting another con- 
stant c in place of d — Sftyu — v* J 2fl?, 




= c - 2/s 


mm* 

P 


(d) 


If the origin of the coordinates be transferred to the centre 
of the figure of the sun, and if 0 , y , z be the coordinates of 
the centre of m referred to this centre, and g, A, A the coordi- 
nates of this centre referred to the centre of gravity of the 
solar system, then we must have 

a, - - g, y,= y - A, z,- z — A, 


for the coordinates of the centre of m, whose origin is at the 
centre of gravity of the system ; there will result from these 
equations, 

dg dc dh dy dk dz 

*=a«- s , Tt ^m=^m Tr , 

3 u 


0 
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and because 


2ot 


• dx,'+dy,*+d** ^ _ s?n ^ dx 2 + dy 3 + dz 3 


dp 


dP 


’) 


dt dt dt dt dt dt 


+( 


dy 1 + d,K l + dK 1 

dP ~~ 


) Sot, 


equation (d) will be changed, by eliminating the quantities 

% 5? §' i,,t0 the follo '™e-(?) ; 

+(>-Sn=-v>=t 

__ . , . , _ mm! ... 

<*> The sums 2, with the exception of 2»* and 2 — Will « ot 

contain the mass of the sum- However we can also separate 
from these two sums, the terms relative to this star, namely, 

m ni m m* m m n 0 
Mj “JT? ~y~' ^ C,J 


by denoting the mass of the sun by m, and the distances of the 
centres of m\ w", &c., from m by r, r', r* 9 &c. By this 
means the equation of living forces applied to the solar system, 
will finally become 

in which the sums 2 extend only to the planets, the satellites, 
and, if it is possible to estimate their masses, to the comets 
also; the origin of their coordinates being in this expression at 
the centre of the sun. 
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We may remark on this occasion, that the most direct 
meansof determining whether the combined action of thccomets 
has any sensible influence on the system of the world, would 
be to calculate at epochs separated by considerable intervals 
from each other, the value of the quantity c, deduced from 
this equation, by means of the relative velocities, the mutual' 
distances, and the masses of the other celestial bodies, at 
these different epochs ; if the values of c are found to be 
sensibly unequal, their variations must be ascribed to the 
action of the comets, as we suppose that the action of the 
stars is always neglected, and that no impact or explosion 
takes place in this interval ; for we shall see immediately, j 
that sudden changes of velocity alter the sum of the living i 
forces of the system, and, consequently, produces a change I 
in the value of the quantity c. 

570. It is evident from No. 346, that the function denoted 
by 0 in equation (b), is a maximum or a minimum for the 
values of the coordinates a/, &e., which belong to a 

position of equilibrium of the system; it follows, therefore, 
that the sum of the living forces of all its points ceases to in- 
crease or decrease as often as the system, during its motion, j 
passes into a position in which it would remain in equilibrio, j 
if its points were not actuated by any acquired velocities ; and j 
as these functions of the time must bo alternately mamma, 
and minima , it results also, that the positions of equilibrium 
through which the system passea will be alternately stcMc ' 
and instable ; the latter corresponding to the minima of the 
function 0, and tire former to its maxima . 

Nevertheless, as the distinctive character of the two states 
of equilibrium has been merely stated in No. 347, it remains 
for us to prove, that, in fact, the stability of equilibrium ob- 
tains when the function 0 is a maximum, which we proceed 
to do by means of equation (b). 

For this purpose, let a, 5, c , a', b' 9 c' i &c,, bo the coordi- 
nates of the points w, w", &e., in a state of equilibrium of 



396 


PRINCIPLE OF LIVING FORCE. 


the system, then let them be made to deviate by ever so small 
quantities from their positions, by impressing on them very 
small velocities A, A', A", &c., so that at the end of the time i, 
the coordinates of the same points may be 

x-a+p, y = b+q, z = c + r, 
x=a'+p f , y'z:b / +q / y z'^ze'+r*, 

&c. 


It is proposed to show that the variables p, q> r 9 p', &c.> 
will always remain very small, if the quantity 0 ( [a,b , &c.) 

is a maximum . 

In fact, if 0 (a?, y, z 7 x\ &c.) be developed according to 
the powers and products ofp, <7, r,p', &c., then by the com- 
mon property of maxima and minima , tlio sum of the terms 
depending on the first powers of these variables will he always 
cipher, whatever the number of independent variables, which 
occur in the question, may he. It is also demonstrated in 
| the differential calculus, that the sum of the terms depending 
on the squares and products of p, q 7 r.p 7 , &c., that is to say, 
the sum of the terms of the second order, with respect to 
these quantities, may, in the case of a maximum , be decom- 
posed into _os many squares as there are independent vari- 
ables, each of wMchJs_ affected with the sign Hence, if 
the remainder of the series which includes the terms of the 
third and higher orders be represented by n, we shall have 


* y, 2, a/, &c.) - 0 ( fl5 ^ & c .) _ ( 5 s + ^a + y/a + &c ,) + tt ; 

5^, &c, } being linear functions of p, q*r 9 p f 9 &c., which 

nf l the 8aine M ^ variables. If this value 

of 0 be substituted m equation (a), we obtain 


the commencement of the motion, 

this is thp ’\ >P ' ^ C ‘* 616 ver y sm all S and, as long as 
18 U ^ CaSC > the ^ties ,, * &c ., arc equally fe so . 
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and, conversely, when the values of s 9 -s', s ", &c., arc very 
small, those of p 9 q 9 r , p* 9 & c. must be so likewise. More- 1 
over, for such values, each term of the second order is greater, 
without reference to the sign, than n, which only contains 
terms of an order superior to the second; consequently, how-; 
ever small the squares s 1 , s ' a , s " a , &c., may be, each of them k 
surpasses the value of r. 

This being established, we are justified in concluding that 
all the quantities s , s ' , s", &c., will con tinue ve ry small, and j 
that none of them will ever surpass \/ £ 'Zmk 1 ; for as these 
quantities vary by continuous degrees, this cannot take place 
before that*, the greatest of them, for example, becomes equal 
to v / \ 2w/A a ; and as this value of s will continue very small, 
since by hypothesis all the quantities k , hf 9 h" 9 &c., arc very 
small, we should have at the same time, 

s 1 = ^ S# 3 , s n > r, s" a > R, &c., ( 

^ S77iU a = — (s n + s ,/a + &c.) + r ; 

which, as £ S mv 2 is essentially positive, would be absurd, i 
Consequently the variables p , q , r 9 p' , &c., will continue I 
always very small, and the system will only oscillate about ' 
its position of equilibrium, which will be therefore a stable l 
equilibrium, as we proposed to demonstrate. 

When the quantity tp (a, b 9 e, a ', &c.) is a minimum , the 
sum of the terras of the second order in the development of ^ 
<p (x 9 y , z 9 x*, &c.), is a positive quantity ; the equation of 
living forces may then subsist, though the variables/*, q 9 r f p f 9 
&c., be not always very small ; but this is not sufficient to 
justify us, in concluding that they will in fact cease to he so, 
at the end of a certain time, however small they and the initial 
velocities k 9 k' 9 h" 9 &c., may be supposed to be at the com- 
mencement of the motion; and it is only by determining, in ^ 
each problem, their values in functions of t 9 that we can be 
certain that they are not restricted to narrow limits. 
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571. As the initial velocities by which the points m, m', m”, 
&c., are actuated at the commencement of the motion, and. of 
which the components have been represented by a , b, c, o', l /, c 7 , 
&c., in No. 535, satisfy necessarily the given conditions which 
connect the moveables with each other and with the other 
points of space ; and since by hypothesis these conditions arc 
expressed by equations, namely, by equations (2) of No. 531, 
it follows that if an infinitely small portion of time be denoted 
by 6, and if we assume 

Sa; = <ze, 8y r= be, Sz zz ce, 8a/ z= a'e , &c. 

the displacements of the points m 9 m\ &c., which corres- 
pond to these increments of their coordinates, and also the 
contrary displacements, will satisfy the given conditions, that 
is to say, equations (3), which have been deduced from equa- 
tions (2) in No. 531. We may therefore employ these values 
of 8®, 8 y y &c., in equation (5) of No. 535 ; so that if at the 
commencement of the motion, the factor e common to all the 
terms be suppressed, we shall obtain the equation 

Em [(a - a) a + (b — b) b + (c — c ) c ] = 0, («) 

between a, b, c, a 7 , &c., the components of the velocities by 
which the points tn, w", 8cc., would be actuated if they 
were free and detached, and those of the velocities by which 
they are actually actuated. 

It is easy to verify this equation in the initial motion of 
rotation of a solid body about a fixed point. In fact, if m bo 
changed into dm, and S into $, and if we make 

$ (a a + 5 a + c a ) dm — h\ 

so that h may represent the sum of the living forces of all the 
points of the body, the preceding equation will become (A) 

$ (a« + b 6 + cc) dm = h. (/) 

Besides, we shall have (No, 408) 

a =: qZj— ry n b = rx, — pz n c = py, — qx l ] 
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x /9 y n 2 n being the three coordinates of dm referred to the 
principal axes of the body which intersect at the fixed point, 
and p, < 7 , r denoting the components of the velocity of rotation 
about these some axes. Moreover, if the principal moment, 
relative to the fixed point, of the quantities of motion impressed 
on all the points of the body, be denoted by A, and the angles 
which the axis of this moment makes with the axes of x n y i3 z , 
by a, / 3 , y, we shall have 

s (b#, — at/,) dm = h cos y, 
s (as, — cx ; ) dm = k cos j3, 
s (cy, — nz,) dm = h cos a ; 

for it Ls evident that the first members of these equations are 
the moments, with respect to the axeB of z i3 y n x n of the 
quantities of motion, of which k is the principal moment; 
so that the values of these integrals might be deduced from 
the value of A, by multiplying it by cosy, cos/3, cos a (No. 
281). Now, if the values of a 9 b , c be substituted in equation 
(f), there results, by taking into account these last equa- 
tions^'), 

h [p cos a + q cos /3 + r cos y) = h ; 

consequently, if the component of the angulur velocity of ro- 
tation about the axis of the principal moment he denoted by w, 
so that we may have 

o) = p cos a + q cos (3 + r cos y, 
there will result 

x k(o = | 

which agrees with the theorem of 419, according to which; 
this component of the velocity of rotation is equal to the sum j 
of the living forces, divided by the principal moment of the j 
quantities of motion. 

£572. Now, if a sudden change should take place, during 
the motion, in the velocities of the moveables, we may assume 
for 8 ®, Sy, &c., in equations (5) of No. 53 5, the infinitely 
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small displacements of all the points of the system, which 
actually take place at any epoch whatever of this change, 
provided, as is explained in the following number, that at 
this instant the points of the parts of the system that aro iu 
fl contact, are actuated by the same velocity for the two adjacent 
parts, in the direction which is perpendicular to their common 
surface. This being so, there will be two distinct cases to 
consider : 

1st. If the sudden change is produced by the meeting of 
two or more bodies of the system, or by the impact of these 
moveables against fixed obstacles, the condition in question 
will be satisfied at the instant of the greatest compression 
(No. 468). Hence if a , &, c, a', 8cc., the components of the 
velocities of the moveables, be supposed to refer to this instant, 
and a, u, c, a', &e., to the commencement of the impact, we 
may assume, as in the preceding number, 

8# = oee, Sy = be, =z ce, So/ 5= a'e, &c. ; 

^and equation (e) will obtain between the components of the 
^velocities at these two epochs, which will be those of the 
commencement and end of the stock, when the moveables are 
t destitute of elasticity, Now, this equation (e) gives 

(a a 4- b& + cc) =: 2 m (a 2 + 6 2 + c*) ; 

and as 

Sro [(a - a) 2 4- (b - b ) 2 + (c - c) 2 ] 

:= Sw (a 2 + b 3 + c 2 ) + 2 m (a a + b * + c 2 ) — 2 2 m (a a + nb 4* cc), 
there results (A) 

2m (a 2 + b 2 + c 2 ) - 2 m (a 2 + b*+ c 2 ) 

= 2?n [(a - a) 2 4- (b — df-h (o — c) 2 ] ; 

"so that the excess of the sum of the living forces of all the points 
of the systembefore the impact, over the sum of the living forces 
after the impact, is a certain sum of living forces, and, conse- 
quently, a positive quantity. Hence, in the sudden changes of 
velocity, arising from the impact of bodies destitute of plasticity, 
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against each other, or against fixed obstacles, there is a loss 
of living force ; tliis has been already observed in the cusc of 
the impact of two spherical and homogeneous bodies, whose 
centres move in the same right line (No. 361). 

2ndly. When the sudden change is produced by internal 
explosions, which break in pieces one or more bodies of the 
system, the condition of No. 536 will then be satisfied by 
a, n, c, a', &c., the components of the velocities at the com- 
mencement of the phenomenon, and not by a, 6, c, a', &c., 
the components of the final velocities ; so that in tliis case, we 
can no longer employ the preceding values of Sy, &c., in 
equation (5) of No. 535. But if the infinitely small portion 
of time be denoted as before by e, we may assume 

Sm = Ac, Sy = He, $2 = cc, 8a/ = a'c, &c. ; 
by means of which equation (5) will be changod in the fol- 

2m [(a — «) A + (n — b) n + (c — c) c] = 0 ; 
hence we obtain 

2 m (a a + ft 2 + c 2 ) — 2m (a 2 + b 2 -f c a ) 

= 2m [(« - a) q + (b - n) 2 + (c — c) a ] ; 

from which it appears, that the sum of the living forces of all 
the points of the parts of moveables, after the explosion, is 
always greater than the sum of their living forces before the 
explosion. It is evident, in fact, that if the moveables be at 
rest before the separation of their parts, tliis separation will 
be always followed by an increase of living force ; but in 
virtue of the theorem that has been just stated, whatever may 
be the motions of translation and rotation of a body, the ‘sud- 
den change produced by an internal explosion will always 
produce an increase of living force, and not a diminution, as 
in the case of the impact of bodies destitute of elasticity. 

Without it being necessary to add anything to what has 
been stated in No. 469, respecting the impact of elastic bodies, 
VOL. jl 3 v 
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it is evident that the first part of this phenomenon, from tlio 
commencement to the termination of the greatest compression, 
is analogous to the first of the two preceding cases, and the 
second part, i. e., from this instant to the separation of the 
moveables, to the second of these two cases; there is, conse- 
quently, a loss of living force experienced during the fir*t 
part, and an increase during the second. Moreover, if the 
moveables are perfectly elastic, so that they resume, when 
they separate, the same form which they had before the 
impact, and if the two parts of the phenomenon are perfectly 
similar, the increase of living force, during the second part, 
will be equal to the diminution which takes place during 
the first ; consequently, the sum of the living forceB of the 
system will be the same before and after the impact, agreeable 
to what has been observed in No. 565. This, however, 
implies, that no account is taken of the loss of living force, 
which will always take place in the case of the friction, or ot 
the sliding of the bodies, the one against the other, during 
the continuance of their contact. 

573. The principle of the least action , which it remains 
i for us to consider, consists in this, that if in tlie motion of a 
'system of bodies, for which the principle of living forces lias 
place, the product of the velocity of each material point of 
> the system, of its mass, and of the element of its trajectory 
5 be taken, and if the sum of similar products for all the move- 
jables be taken and then integrated, from a given position of 
‘the system to another position likewise given, the value of 
this integral will be generally a minimum. 

This theorem is an extension of that of No. 160, and may 
be demonstrated in tbe same manner, on that account, we 
shall, for the sake of conciseness, suppress the demonstration of 
it here. If the element of the trajectory of m be denoted by ds 
and its velocity by v 3 it will be the integral of S mvds, whose 
value will, in general, be a minimum ; but in some cases, as 
- in that of the motion of a material point on a surface which 
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returns into itself, the minimum may be replaced by maximum; 
and all that can be demonstrated on the subject is, that the 
infinitely small variation of is always equal to cipher.'"* 

Because ds = vdt> if wo make v = 2 mv*, the integral in 
question is the same thing as Therefore, the principle 

of the least action implies, that the integral of the product of 
the living force of the system, and of the element of the time, 
is generally a minimum ; so that, in nature, when a Bystem ^ 
of bodies is transferred from one position to another, the least 
quantity possible of living force is expended. When the move- 
ables aro not subject to the action of any motive force, the 
quantity v is constant (No. 565), and it is then the time of 
the transit which is a minimum . If the principle of least ue- ^ 
tion be compared with the principles of living forces, of the 
conservation of the motion of the centre of gravity, and of the 
conservation of areas, it is evident that the first is merely a 
rule to enable us to form the differential equations of motion, 
which is now useless, since these equations may be obtained 
in a more direct and general manner, by means of formula (1) 
of No. 531 ; whereas the other principles, at the same time that 
they indicate important properties of motion, have also the 
advantage of furnishing the integrals of these differential 4 
equations, which, in the greater number of problems, is the 
only thing that con be known respecting them. 

The principle of the conservation of the motion of the 
centre of gravity furnishes three integrals in finite quantities, n 
namely(?»), 

Smx = alEm + a /, 

2w? y = + b£, 

'Siwz = cSrw + ct; 

a 9 5, c, a, n, c, being rix arbitrary constants, the three first 
of which represent the coordinates of the centre of gravity of 
the system at the commencement of the motion, and the three 
others are the sums of the quantities of motion imptossed, at 
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this epoch, on all the points of the system parallel to the axes 
of the coordinates. 

The integrals which result from the principle of the con- 
servation of areas are three integrals of the first order, namely, 

2m (xdy — ydx) =: cdt 9 
Sm (zdx — xdz) — &dt , 

Sw (yds* — ztfy) — c*dt ; 

c 9 c', c" being three arbitrary constants which express the 
moments of the initial quantities of motion of all the points of 
the system, with respect to the axes of x 9 y s or double of the 
areas described, in the unit of time, about these same axeB. 

Finally, the principle of living forces furnishes only 011 c 
integral, which is equation (b) of No. 564, and which may 
be written as follows, 

jlmf g±g±g) = D +♦(.,** *',&=•) ; 

n being an arbitrary constant. 
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HYDROSTATICS. 


CHAPTER I. 

PRELIMINARY NOTIONS. 

574. Hydrostatics is the part of statics which treats of 
the equilibrium of fluids. A fluid is a collection of materinl\ 
points, which yield to the least effort that is made to separate/ 
them from one another. The fluids which we meet with in 
nature approach, in different degrees, to a state of perfect 
fluidity ; the adherence which exists between the molecules ot 
several of these substances, and which is termed their viuculity , 
prevents the'separation of their parts ; but in the theory which 
we now proceed to explain, we shall only consider the case ol 
perfect fluids, and, with the exception of certain liquids whose 
viscidity is considerable, we shall find that the luws of equili- 
brium at which we shall arrive, may, without sensible error, 
be applied to all other fluids. 

These substances are, like solid bodies, composed of de- 
tached molecules, and separated by empty spaces ; but if a 
fluid bo divided into parts of an insensible extent, each of 
which, nevertheless, contains an immense number of mole- 
cules, we may admit that the conditions of the equilibrium of 1 
each part arc the same as if it was infinitely small, that it 
always retains its fluidity, and that its density is that of thc^ 
body, such as it has been defined in No. 08. This comes, in 
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fact, to the same thing, as if the fluid was regarded as a con- 
tinuous mass, whose density is constant, or variable by in- 
sensible degrees. 

575. Fluids are divided into two classes, namely, liquids 
and aeriform fluids. 

Liquids are also termed incompressible fluids, but, in 
point of fact, they are substances which can be compressed 
sensibly, only when they are subjected to very great pres- 
sures. If, for example, a vertical cylinder is filled with water 
to a certain height, and if we suppose that the only pressure 
on its upper surface, is that of a weight equal to the atmo- 
spherical pressure, it appears" from observation, that in this 
case, if tire cylinder retains the same diameter, and if its 
sides do not yield to the pressure transmitted to them through 
the liquid, the primitive height of the water is diminished 
only by 46 millioneths. If the pressure on the upper surface 
be increased until it becomes equal to several hundreds of 
atmospherical pressures, the condensation of the water, as 
given by experiment, increases proportionally to this pres- 
sure. Mercury is still less compressible than water, and wu 
luive not succeeded by any effort hitherto made, in diminishing 
its volume in an appreciable manner. 

Aeriform fluids, under which denomination the atmospheric 
air, and the different gases are supposed to be included, are 
compressible, and endowed with perfect elasticity ; bo that they 
can at once change the form and volume by compression, and 
exactly revert to their original form, when this compression 
ceases. They have been, in consequence, denominated elastic 
fluids . 

+ Vapour 8 are also elastic fluids ; but for a given temper- 

ature, a given space can only contain a determinate quantity 
of vapour; so that if, when the vapour has attained this limit, 
cither the space or temperature be diminished ever so little, a 
f' portion of the vapour liquefies. It appeal’s from experiment^ 
7 that this maximum of vapour is always the name at equal 
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temperatures, in space void of air, and in space filled with 
air more or less dilated or compressed. In general, the 
density of the vapour is inconsiderable, relatively to that of 
the liquid from which it arises ; but if, when a liquid is con- 
tained in a vessel closed on every side, of which it occupies,, 
for example, the third, or the half, its temperature be ele- 
vated to a very high degree, the entire liquid, after being di- 
lated, is suddenly converted into a transparent vapour, whose 
density is a third, or one-half, of the primitive density of this 
same liquid. 

The air and the gases are denominated permanent fluids, in 
con tradiatinction to vapours ; but there iB reason to believe that 
they may be liquefied by the application of a very great com- 
pression, or by means of a very great refrigeration, i. e. by 
reducing their temperature considerably, and this, in fact, has 
been verified in the case of several of them. 

676. The characteristic property of fluids, which distin- 
guishes them essentially from solids, and which is the basis on 
which the theory of their equilibrium is founded, is the faculty 
which they possess of transmitting equally, and in all directions, 
the pressures exerted on their surfaces. In the author’s me- 
moirs on the general equations of the equilibrium and motion of 
elastic fluids, inserted in the twentieth volume of the Journal 
of the Polytechnic School, it is shown how (this property 
arises from a mutual disposition of the molecules of the fluid, 
to which it reverts very rapidly,) when it has been compressed 
or dilated ; and how the resultant of the molecular attractions 
and repulsions, which produces the interior pressures, may 
vary in a very high ratio, for the very small variations of dis- 
tance of the molecules, which have place in the liquids. But, 
in this present treatise, we shall consider the property in 
question, as furnished by experiment, and as admitted by all 
philosophers and geometricians who have treated on hydro- 
statics, so that its accuracy cannot be questioned, In the 
same way, when the equilibrium of the elastic plate was dis- 
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cussed (No. 306), we set out from a secomlary principle, in- 
stead of referring to the molecular actions from winch it was 
derived. 

577. In order to obtain an exact notion of the equality of 
pressure in all directions, we shall first consider tho case of 
incompressible fluids. 

Let a prismatic vessel, which is at right nnglcs to its 
base, and rests on a horizontal plane, be filled up to kf witli a 
liquid such as wateT, for example, and let abcd (fig. 33) re- 
present a vertical section of it, likewise let this vessel be sup- 
posed to be exactly closed by means of a horizontal piston. In 
order to simplify the question, we will not take into account Lite 
weight of the water, so that this fluid does not exercise of itself 
any pressure on the sides of the vessel. Finally, let a given 
weight p be laid on the piston, in which weight that of the 
piston itself is supposed to be included. It is evident tliut the 
horizontal base of the prism will be pressed in the same man- 
ner as if the weight f was laid immediately on this base, and 
uniformly distributed throughout its entire extent. All its 
points will experience equal vertical pressures, and the pres- 
sure that will result for a, any portion whatever of this base, 
will be proportional to a, and it will be equivalent to a vertical 
force applied to the centre of gravity of the area n, and ex- 
pressed by a denoting the area of tho entire base of the 

prism, which is also that of the base of tho piston in contact 
with the liquid. Now, the principle of the equality of pres- 
sure in all directions, consists in this, that the pressure which 
the weight p exerts on the upper part of the water is trans- 
mitted by the intervention of the fluid, not only on the base of 
the vessel, but also on its lateral faces; all tho points of the 
vessel are equally pressed in directions perpendicular to the 
sides ; and an area a, taken on one of the lateral fucos of the 

prism, experiences the same pressure — , as if it constituted 
a part of its horizontal base. 
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^Vierally, if the form of the veBsel is that of any poly- 
whatsoever, of which figure 34 represents a section, 
this vessel is exactly filled with a liquid devoid of gra- 
^ ^ ^*iid then exactly closed ; when one of the faces of this 
*b removed, and replaced by a piston, to which a given 
' * s applied perpendicular to the surface of the adjacent 

1 * the vessel and the fluid will remain at Test, and by the 

% just explained, the pressure which the force p exerts 

r adjacent surface, will be transmitted, by the intervention 
liquid, on all the faces of the polyhedron. All the points 
Vessel, and also the points of the base of the piston, will 
^J^^lly pressed from within outwards, in directions perpen- 
^ to the sides ; and, relatively to an area a, taken on one 
sides, or on the surface of the piston, the pressure will 
^ ^^Vce perpendicular to its plane, applied to its centre of 


and e q Ua i to — , a being the entire area of the base 

CL 

e piston, in contact with the liquid. 

transmitted pressure actB in the same manner in the 
3 n op of the liquid; so that if we conceive a portion of the 
to be terminated hy plane faces, or if a solid polyhedron 
plunged into it, any part such as a of one of its faces will 


ra M 

3 "Wise experience a normal pressure equal to — , and acting 
‘without inwards. 

TTiiese results may, without difficulty, be extended to the 
e in which the pressed surface is no longer piano; it is 
y sufficient to decompose it into infinitely small elements, 
Loh may then be regarded as the plane faces of an infini- 
.mal polyhedron ; and if w denotes the area of one of these 


ments, — will be the normal pressure which it will expe- 

ice ; a being always the area of the piston, and p the per- 
lcjicnlar force applied to it. If the constant pressure which 
►lfine area equal to unity experiences be denoted by p, then 


410 


HYDROSTATICS— preliminary notions. 


p 

we shall have - = p, and the products pu and pa will express 

the pressures on the element w and on the plane urea equal 
to a. 

If the liquid has a certain degree of viscidity, the property 
of pressing equally in every direction has still place, only in 
this case, the pressure is not transmitted laterally with the 
same rapidity as in the direction of the force v itself; but, 
after the lapse of a definite time, the lateral pressure becomefl 
equal to the direct pressure; and, it is at this instant, that 
the equilibrium of the fluid is considered. 

578. When the liquid contained in a vessel is heavy, it 
transmits the pressure exerted on its surface in the same man- 
ner as when it is devoid of weight, but it exerts besides, oil the 
aides of the vessel, a pressure which arises from its weight, 
and is variable from one point to another : the same is the 
case when the points composing the liquid are solicited by 
the action of gravity and by other given forces, and it is 
in equilibrio in the vessel. If the sides of the vessel are 
necessary, in order to secure the equilibrium, so that if an 
opening be made, the liquid would immediately escape ; it ne- 
cessarily follows that the sideB experience in oaeh point a par- 
ticular pressure directed from within outwards, along the nor- 
mal to the surface of the vessel ; for it is only in this di- 
rection that a surface can prevent a materiul point in contact 
with it from moving, and thus destroy, by its resistance, the 
motive force of this moveable. 

The same thing has place in the interior of the liquid, both 
with respect to portions of the liquid itself, and also relatively 
to bodies plunged in it, as has been stated in the preceding 
number. T.he pressure on any point whatever is an unknown 
quantity, which we shall determine in tho sequel, and which 

^depend on the position of this point and on the motive 
forces which act on the fluid. As m general, it changes from 
one point to another, it can only bo supposed rigorously con- 
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stonfc for an area of an infinitely small extent ; now, in order to 
measure the pressure on a determinate element of a surface, we 
suppose a plane area which is assumed to represent unity, and 
which experiences, through its entire extent, the same pressure 
as this element, then if p be the total pressure which this area 
sustains, and to the infinitely small extent of this element, the 
product pto will be the pressure corresponding to this element, 
and normal to the surface of which it constitutes a part. The 
coefficient p will be a function of the coordinates of this same 
element, which we shall term the pressure referred to the unit 
of surface. 

This being established, if a plane portion of the surface of 
the vessel be taken away, and if it be replaced by a piston of 
the same extent, it is evident that when a force equal and con- 
trary to that which tjus pprtion of the vessel experiences, is 
applied to this piston, the equilibrium will subsist as before. 
Moreover, if the vessel is closed on all sides, and is every 
where in contact with the liquid, and firmly secured, the 
equilibrium will not be disturbed, by increasing this first 
force by the addition of any other force such as p; for since 
the forces applied to the points of the fluid are in equilibrio, 
every thing takes place relatively to this force f, as if these 
forces had no existence, in like manner as in the preceding 
number. Consequently, the pressure exerted by this force p 
on the surface of the liquid in contact with the piston, will be 
transmitted equally in every direction, by the intervention of 
the fluid, and the pressure p referred to the unit of surface, 
will be increased in each point by a constant quantity equal to 

- ; in which a always denotes the area of the piston which is 

in contact with the liquid. 

It is important to distinguish, as has been done here, the 
two descriptions of pressures which are exerted against the 
sides of a vessel that contains a liquid in equilibrio, or which 
the parts themselves of this liquid sustain ; one of these pres- 
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sures, namely, that which arises from the weight and other mo- 
tive forces that act on the fluid mass, varies from one point to 
another ; the other, which arises from the forces applied to its 
surface, and is transmitted through its intervention, remains 
the same throughout the entire extent of the fluid. The com- 
bined effect of these two pressures at each point constitutes the 
.totul pressure. 

579. In consequence of this property which fluids possess 
of transmitting equally in every direction the pressures exerted 
on their surface, an incompressible fluid contained in a vessel 
firmly secured, must bo considered as a veal machine ; for a 
machine is in general an apparatus by means of which a force 
acts on points that are beyond its direction, and exerts on 
these points efforts which are greater or less than if it wns im- 
mediately applied to it, and this is evidently the case of the 
force r, which has boon considered in the preceding numbers. 

The principle of virtual velocities lias place in the equi- 
librium of this machine, as in that of all other known machines. 
In order to prove it, let us consider an immoveable vessel of 
any form whatever, which may have os many openings as we 
please, let a cylinder which extends indefinitely without the 
vessel bo applied to euch of those openings, then let this vessel 
ho filled with any liquid, such as water, the given weight of 
which wo shall not take into account ; and let, us suppose that 
the water rises in all the cylinders to a certain distance from 
their orifices, and that it is terminated by plane surfaces per- 
pendicular to the lengths of the cylinders. Finally, let pistons 
be introduced into the cylinders which fit them exactly, and 
which at the same time aro at liberty to slide without friction 
in the direction of their length. Let a , ct\ d\ &c., be the 
buses of these pistons, which aro likowiso those of the cylin- 
ders ; and let the forces V, i*', i l ", &c., bo applied to these 
bodies, in a direction perpendicular to their bases, and acting 
from without inwards, and finally, let the given forces which 
act on one another through the intervention of the water, be 
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in equilibrio. In tliis state, the pressure referred to the unit 
of Burface must be the same on all the sides of the vessel and 
on the bases of the pistons (No. 577). If therefore it be de- 
noted by p , the total pressures which the bases of the pistons 
sustain from within outwards, will be pa^ p r a^ pf*d) &c. In 
order that there may be an equilibrium, these pressures must 
be respectively equal to the forces p, p', p", &c. ; consequently 
we shall have 

p = ap, p ' = a'p , p" = af'p, & c. (a) 

By means of one of these equations, the value of p can bei 
determined ; and by substituting it in the others, the equa- 
tions of the equilibrium of the system will be obtained, the 
number of which will be.less by one than that„of the pistons.; 1 
Now if we conceive, agreeably to the definition of the prin- 
ciple of virtual velocities, that the parts of the system are 
displaced in such a manner that the pistons actually correspond 
to the sections cd, c'd', c"d", &c., of the cylinders. One 
set of these bodies will have advanced, and another set 
must have receded ; let these displacements be denoted by 
7i, A', A ", &c., and let them be considered as positive or nega- 
tive, according os the pistons have advanced or receded j then, 
in the figure, the distance A comprised between the sections 
ef and cd is positive, and the distance b! comprised between 
the sections e'f' and c'd' is negative. The volumes of water 
which issue from the cylinders, and flow into the vessel, cor- 
respond to the positive values of A, h\ A", &c., and those which 
issue from the vessel to flow into the cylinders, correspond to 
their negative values. Both the one and the other will be 
expressed by the products a A, a'A', a n h u , &c., no reference 
being made to the signs. Consequently, water being con- 
sidered as incompressible, and the figure of the vessel as in- 
variable, the sum of these positive or negative products must 
be cipher, and we shall have 

ah +dh' + ft"A" + &c. = 0. (b) 
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If this equation be multiplied by p, there results, In conse- 
quence of equations (a), 

vh + p'A' + p"A" + &c. zz 0, (c) 

which is the equation resulting from the principle of virtual 
velocities, applied to the forces p, r # , p", &c., and to A, A', 
A", &c., the displacements of their points of application 
The condition of the system, which in the present caso is the 
invariability of the volume of th£ liquid, is expressed by 
equation (b). Not only do the displacements A, A', A", &c., 
satisfy this condition, but also the opposite displacements, 
— h y — A', — A", &c., as is required by the principle of vir- 
tual velocities (No. 331). The magnitudes of the quan- 
tities A, A', A", &c., may be finite, provided that none of tho 
pistons enters into the vessel, or moveB beyond the cylinder 
in which it ought always to be contained. 

580. The principle of the equality of the pressure in every 
direction, belongB to elastic fluids as well as to liquids ; but 
in the case of the first, in order that they may press against 
the sides ofthe vessels which contain thorn, it is not necessary 
that any motive forceB should act on their molecules, or that 
any pressure should he exerted on their surfaces, tho elasticity 
of these fluids, in virtue of which they continually endeavour 
to occupy a greater volume, is sufficient to produce this pres- 
sure. Hence, if we suppose a mass of uir, of gas, or of any 
vapour to he contained in a vessel closed on all sides, and if 
the weight of the fluid is not considered, the sides of the vessel 
will sustain equal pressures in all their points, directed from 
within outwards, along the normals to these sides. The pres- 
sure referred to the unit of surface, will bo the same through- 
out the entire extent of the vessel; in order to detormino it, 
let an opening be made in any purt whatever of the vessel, and 
let a piston be applied to this opening, then if the force neces- 
sary to maintain it in equilibrio be divided by the area of tho 
base of the piston in contact with the fluid, tho quotient will 
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express the required pressure, which will be always the same 
quantity in whatever part of the vessel the opening is made. 

If, for example, the vessel represented by figure 35, is filled 
with an elastic fluid, the forces p, p', p 7 ', &c*, that should be 1 
applied to the pistons, which close the cylinders, in order to 
hinder them from sliding, will be proportional to the bases 
a, a', a", &c. ; the ratio of each force to the corresponding 
base will be the same for all the pistons; and equations (c) 
will still have place, but only for the motions of the system in 
which the total volume of the fluid undergoes no change. 

This constant pressure, which an elastic fluid exerts on the f - 
sides of the vessel that contains it, depends on its matter, its Jr 
density, and its temperature. It has been also termed the v 
elastic force of the fluid . It appears from experiment, that 
for the same fluid, when the temperature is not changed, the 
elastic force is proportional to the density ; so that if p denote 
the measure of the elastic force, that is to say, the pressure re- 
ferred to the unit of surface, and p the density, we have in each 
fluid 

p = kp; 

k being a coefficient which depends only on the matter and 
temperature of the fluid. When the gravity of the fluid is 
taken into account, or more generally, when its molecules are 
solicited by given forces, the pressure p varies from one point \ 
to another of the vessel, according to a law which depends on 
these forces, and which we shall determine in the sequel. 
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GENERAL EQUATIONS OF THE EQUILIBRIUM OF FX.UIDS. 

68 L In order to discuss the question in the most general 
manner, let us consider a fluid mas9 abcd (fig. 36), which may 
be either homogeneous or heterogeneous, compressible) or in- 
compressible, all whose material points are solicited by given 
forces, and let it be proposed to express the conditions of its 
equilibrium by equations. 

Let 2/3 * be the coordinates of m any point whatever of 
this moss, parallel to the rectangular axes ox 9 oy 9 os ; we shall 
suppose for greater clearness, that the plane of the axes of«; 
and y is horizontal, that the axis o z is drawn in the direction 
of gravity, and that the mass abcd is comprised below the 
1 plane of the axes of x and y i in the solid angle, contained by 
l the three planes of the positive coordinates. Let the fluid 
mass be distributed into ports, which, agreeably to what is 
stated above (No. 674), we shall consider as infinitely small 
elements ; and let these elements be supposed to bo comprised 
between planeB infinitely near to each other, and parallel to 
those of the coordinates ; so that these elomonts mny be each 
of them rectangular parallelepipeds, the adjacent sides of 
which are parallel to the axes, and equal to the differentials of 
the coordinates, the two horizontal bases of that which corres- 
ponds to any point such as m, and which is represented in the 
figure, will be equal to dxdy , its vertical height mm 7 will be 
equal to dz 9 and its volume will be dxdydz . 

If the density of the fluid in this point, such as it lias been 
defined in No. 98, be denoted by p 9 and the differential element 
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0 f tli 0 mass corresponding to this same point by dm, we shall 

lia.V e 

dm = pdx dy dz . 

In homogeneous liquids, if the small compressions that they 
e 2 Cp er ^ ence > and which maybe unequal in different points, be 
not taken into account, the factor p will be a constant quan- 
tity 5 and it will be a known or unknown function of the co- 
ordinates x, y, z, in heterogeneous liquids, and also in elastic 
fluids, which are not equally compressed in every direction. 

ZLetx</wj,Yd// 2 ,zdm denote thecomponents of the motive force 
•which acts on the element dm resolved parallel to the axes of 
j / 9 z, so that x, y 3 z may be the components of this force re- 
ferred to the unit of mass, or of the accelerating force relative 
to t;l 1Q point m. Each of these three quantities will be a func- 
tion of z, z, the values of which shall be regarded as posi- 
tive or negative, according as the force which it represents 
tends to increase or diminish the coordinate to which it is pa- 
rallel Moreover, the element dm will be pressed from with- 
out inwards, on its six faces, by the surrounding fluid, and, in 
order that it may remain in repose, these exterior pressures 
must be in equilibrio with the interior forces xdm, zdwz.^ 
This being the case, if the vertical pressure which is exerted 
on. the upper base dxdy, in the direction of gravity, be de- 
noted by pdxdy, p being the pressure which corresponds to 
the unit of surface on this infinitely small base (No. 577) ; 
tills quantity p will bo ah unknown function of x, y, z ; 
and at the point m', the coordinates of which are x, y,z + dz, 

it *will become p + — ^ dz, and it will express the vertical 

pressure, relative to the unit of surface, exerted on the infe- 
rior base of dm . Consequently, this second base will ex- 
perience, in the direction of gravity, a pressure equal to 
dv 

O* *+’^dz)dxdy\ the resistance of the fluid on which the 
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element dm presses, is a force equal and contrary to this pres- 
sure ; so that this element dm is urged in a vertical direction by 

the two opposite forces pdxdy and (p + — dz) dxdy , or by a 
-) force equal to their difference ^ dx dy dz , and directed up- 


wards. Now, in order that this element dm may bo neither 
moved in the direction of gravity, nor in the contrary direction, 
this force must be equal to z dm> the vertical component of 
the motive force which acta downwards, consequently, we 
shall have, 


jjjjj dxdydz = z dm ; 


in like manner, if q and r denote the pressures, referred to the 
unit of surface, which correspond to tlio faces of dm parallel 
to the planes of the axes of x and 2, and of y and z , then, 
in order that the element dm may not inovo either in the 
direction of the axis of y , nor in that of the axis of wo should 
have 


^dxdydz = Ydm 9 


dxdydz = xdm. 


Now if in these three equations, the preceding value of 
dm be substituted, they become, by suppressing the common 
factor dxdydz , 



dq dr 

i = as"**- 


0 ) 


582. If the elements into which the mass abcd is divided 
be solid, bo that this moss may be regarded as a collection of 
’solid rectangular parollellopipeds, in juxtn-position with each 
other, it is not necessary that any relation should subsist be- 
tween the pressures which each of these parallellopipeds ex- 
periences on those faces which are not parallel; the element 
dm may, for example, experience a considerable pressure on 
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its horizontal bases, and none at all on its vertical faces ; but 
as this infinitely £m&U element must, be cpimdere^^fli^dj as 
well os all the ports of the entire mass, which should have a 
finite magnitude (No. 574), it follows from the fundamental 
property of fluids, that the three quantities p, q t r, must be 
equal to each other, or at least, if they differ, the difference 
can be only on infinitely small quantity, which may be 
neglected in equations (1). 

In fact, the pressure which the surrounding fluid exerts on 
each of the feces of the parallellopiped dxdydz , is transmitted 
on the other faces, by the intervention of the fluid, of which 
the element dm consists ; this transmission is made in the 
manner already explained, from which it follows, that if the 
pressure which has place from without inwards, on the upper 
horizontal base, be denoted by pdxdy, the pressures trans- 
mitted on the lateral faces, and which act from within out- 
wards, will be represented by pdxdz and pdydz ; moreover, 
wo should add to these transmitted pressures, those which 
result from the motive force of the fluid dm , consequently, if 
the pressure due to this force, and exerted, for example, on 
the face dydz , he denoted by y, the entire pressure which has 
place from within, outwards, or from light to left, on this fece 
6 ? 2 /tftf,will be expressed by pdydz*]- y. On the other hand, the 
pressure arising from the surrounding fluid, and exerted from 
without inwards, or from left to right, on this fece dydz> has 
been represented by rdydz ; this force is the resistance which 
the surrounding fluid opposes to the interior pressure pdydz + y ; 
consequently, we must have 

rdydz~ pdydz +*y. 

Now, although the value of y may be unknown, we are 
nevertheless certain, that this quantity can only be an infi- | 
nitely small one of the third order, like the motive force oU/ 
</>»(«), from which it arises; hence if y be neglected relatively 
to pdydz , we shall have r = p ; in the same way it may be 
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also shown, that we must have q zr p. Tlic conclusion would 
be still the same, if the element dm> instead of being a rec- 
tangular parallellopiped, was any polyedron whatsoever, all 
whose sides were always infinitely small; and it may be de- 
monstrated in the same manner, that the exterior pressure, ex- 
erted in a direction which is perpendicular to all the faces of 
the surrounding fluid, is proportional to their respective areas, 
and independent of the motive force of the polyedron. It 
follows, therefore, that all the elements of the surface which 
pass through the point m, experience the same pressure re- 
ferred to the unit of surface, and that if w he the area of one 
of them, the normal pressure which it sustains on one or 
other of its two Bides, is equal to pw, whatever may be the 
direction of the plane to which it belongs. 

In consequence of the condition r -=.q = /?, equations (1) 
become 





( 2 ) 


and they are the general equations of the equilibrium of fluids, 
which it was proposed to find. 

583. The conditions of equilibrium which they express, 
are reduced in each particular case, to our being able to find 
for p a function of a?, y, z , which satisfies at the same time 
these three equations. Now, if they be respectively multi- 
plied by dx, dy , dz 9 and then added together, there results 

dp = P ( xdx + y dy + z dz) ; (3) 

therefore, in order that the value of p may be possible, the 
product of p, and of the formula xdx + y dy + z dz, should 
be an exact differential of a function of three independent 
variables #, z . Conversely, when this condition is satisfied, 
p will be the integral of this product, and in this manner 
equations (2) will he satisfied. 

If the coordinates of any point whatever of the surface of 
abcd be substituted in place of x , p, s, in this value of the 
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pressure at tliis point on the side of the vessel in which this 
fluid mass is contained, will be had ; this pressure will be 
always destroyed, provided that this side is fixed and suscep- 
tible of indefinite resistance ; but in those parts, where the 
vessel is open, and wheTe the fluid is entirely free, there is 
nothing to destroy the pressure p, consequently, its value 
must be cipher, for all the points of the free surface of a fluid 
mass in equilibrio ; this gives for the differential equation of 
this surface 

xdx + y dy + z dz = 0. (4) 

This equation also obtains, when there is a constant pres- 
sure made on the free surface of the fluid ; for then we must 
have dp = 0, for all its points, and as p the density is not 
cipher, equation (4) results at once from formula (3). If by 
any means whatsoever, a pressure be made on the free surface 
of a fluid, which is variable from one point to another, and if 
this pressure, referred to the unit of surface, be represented by 
/(a, 7/, z ), the value of p deduced from equation (4), should 
coincide, for all the points of the free surface, with the given 
function of x,y,z ; and, in this case, the differential equation 
of this surface would be f 

p (xdx + y dy + z dz) =: d/(x, y> as). J 

In the subsequent part of this treatise we shall always 
suppose that the exterior pressure is either cipher, or con- 
stant throughout the entire extent of the free surface of a 
fluid in equilibrio. 

As the pressure p is proportional to the density in elastic 
fluids (No. 580), it follows that this pressure can never be 
cipher in a fluid of this nature, as long as the density does not 
vanish, that is to say, as long as the fluid exists, and has not 
lost its entire elastic force by the effect of cold. Hence an 
clastic fluid cannot be in equilibrio, except when it is con- 
tained in a vessel which is closed on all sides, or, which is the 
same thing, when a pressure is made on its surface directed 
from without, inwards. 
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584. It follows from equation (4), that the resultant of 
the accelerating forces x, y, z, which act on each point of the 
free surface of a liquid in equilibrio, is perpendicular to this 
surface, both in the case where there is no exterior pressure, 
and also when there is exerted on this surface, a pressure 
which is constant from one point to another. In fact, if any 
curve whatever be traced on this free surface, and if ds be the 
differential element of this curve corresponding to the point 

whose coordinates are x 9 y 9 z 9 so that may be the 

as as as 

cosines of the angles which the tangent to this curve, at this 
same point, makes with lines drawn parallel to the axes of the 
coordinates, and if r be the resultant of the forces x, y, z, since 
the cosines of the angles which its direction makes with these 

X Y Z 

parallels, will be by dividing equation (4) by Rcfe, we 

R R R 

shall have 

R ds m ds ' r ds ’ 

from which it appears, that the direction of the force r, and 
the tangent to the curve traced arbitrarily on the surface, are 
perpendicular, the one to the other, and consequently, this di- 
rection must coincide with the normal to the point which is 
considered. In general, this pressure will act from without 
inwards ; but when the exterior pressure is not cipher, it may, 
on the contrary, be directed from within outwards. 

If equation (4) be integrated, and if there be assigned to 
the arbitrary constant, introduced by the integration, any series 
of particular values, the determinate equations which will re- 
sult will belong to as many different surfaces, and equation (4) 
will be the differential equation of each of these, and conse- 
; quently, each of them will possess the property of being equally 
pressed in every direction throughout its entire extent, and of 
2. intersecting at a right angle, in all its points, the direction 
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of the resultant of the forces x, y, z. Such of these surfaces 
as, from the value of the arbitrary constant, must, when 
produced, lie in the interior of the fluid, are termed surfaces 
of level. If this arbitrary constant be made to increase by 
infinitely small degrees, the fluid mass will be divided into an 
infinite number of infinitely slender strata, and comprised be- 
tween two consecutive surfaces of level, which, on this ac- 
count, have been termed strata of level. 

The value of the constant which belongs to the exterior 
surface will be determined in each case, by means of the given 
volume of the liquid ; so that the exterior pressure will have no - 
influence, either on the figure of equilibrium, or on the dimen- 
sions of this fluid considered as incompressible. If the liquid 
should be reduced to a state of solidity, the equilibrium would 
not be deranged ; hence it follows that a constant normal pres- 
sure acting from without, inwards, on all the elements of the 
surface of a liquid or solid body, is destroyed of itself, and can- 
not impress on this body any motion either of translation or ro- 
tation. For a liquid, this equilibrium of exterior pressures results 
from the characteristic property of fluids, of transmitting equally 
in every direction, the pressures exerted on their surface (No. 
577) ; in the sequel it will be shown that this is true, inde- f 
pendently of this property, and that it equally obtains for a 
solid body of any form whatever, 

585. Let us now suppose that the fluid in equilibrio is 
composed of homogeneous matter, and that it has every where 
the same density and temperature. As the quantity p is 
constant, it follows from equation (3), that the formula 
xdx + y dy + zdz must be an exact differential of a function 
of three independent variables. If this is not the case, the j : 
equilibrium is impossible in the fluid mass, whatever form may " 
be given to it, even if it be contained in a vessel closed on 
every side. 

But the condition of the integrability is always satisfied, 
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with respect to forces which are either attractive or repulsive, 
and whose intensities vary in functions of the distances from 
the centres from which they emanate (No. 158). Conse- 
quently, the equilibrium of a homogeneous liquid, subject to 
the action of similar forces, will be possible; and in order that 
it may actually have place, there should be such a form given 
to the fluid, as that its free surface may intersect at right 
angles, throughout its entire extent, the resultant of these 
forces, whether they be attractive or repulsive (5). 

If, for example, the fluid mass be supposed to be entirely 
free, and that a constant pressure is exerted on its surface, 
then when the only force which acts on its particles is directed 
to a fixed centre, the figure of the mass abcd in equilibrio 
about this point, will be that of a sphere whose centre is this 
point, and radius, a line depending on the given volume of 
this mass. If the force directed towards the fixed centre be 
supposed to be attractive, and to vary in the inverse ratio of 
the square of the distance, and if the intensity of this accele- 
rating force at the surface of the liquid be denoted by c/> its 

qcft 

radius by a , and the exterior pressure by n, will be the 

attraction at the distance r, and it follows from equation (4), 
that p the pressure at the same distance is equal(c), 

P = n + “ - gpa. 

This will also have place, if the fixed centre be replaced by a 
solid sphere, all whose points attract tlibse of the liquid in the 
inverse ratio of the square of the distance ; but in this case, if 
the radius of this sphere be c, the value of p is furnished by 
the preceding equation only for values of r comprised between 
r = c and r = a. When the attraction is changed into a re- 
pulsive force, it is only necessary to change the sign of g; so 
that we shall have 

P = n + gpa — 
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The least value of p belongs to r = c, and will be 

u _?pa(a-£' 

c 

It must be positive, in order that the liquid stratum may not 
detach itself from the solid body and be dispersed in space; con- 
sequently, the external pressure n must surpass the quantity 

— Q(d). In general, it is necessary in the equilibrium 

of a fluid, that the value of p the pressure, should be positive 
throughout the entire extent of its mass, in order that the 
contiguous parts may press against one another, and the fluid 
be not separated. 

When the radius c is very great, the attractive forces di- 
rected towards the centre of the sphere are sensibly parallel, 
and the surface of the liquid is, for an inconsiderable extent, 
sensibly plane and perpendicular to the direction of this force. 
This is the case of a heavy liquid, which will be particularly 
discussed in the following chapter. 

586. If, whatever be the forces of attraction or repulsion 
directed towards fixed centres, which act on all the points of 
any fluid mass abcd, we make 

xdx + y dy + z dz = d<j> ; 

in which 0 denotes a function of the coordinates y, z 9 de- 
pending on the laws of these forces in functions of the dis- 
tances, equation (3) will then become 

dp = pd<j>. 

In order that it may subsist when the density p is variable, 
this density should be a function of the quantity <p ; and con- 
versely, when this condition is fulfilled, there is always a value 
of p which satisfies this equation of equilibrium. Now, by 
equation (4), the quantity ^ is constant throughout the entire 
extent of each stratum of level ; therefore in a heterogeneous 
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fluid and in a compressible fluid in equilibrio, it is necessary 
that the density should be constant throughout the entire ex- 
tent of the same stratum ; and as the superficial stratum, sub- 
jected to a given constant pressure, is a stratum of* level, 
it is likewise necessary that it should have the same density 
throughout its entire extent(e). 

If the fluid is incompressible, the density p may be any 
function whatever, either continuous or discontinuous, of the 
quantity <j > ; when it is given, the value of p in a function of p, 
may be obtained by integrating the formula pdty, and deter- 
mining the arbitrary constant, by means of the constant and 
given magnitude of the external pressure. 

In the case of a heterogeneous liquid, subjected to the ac- 
tion of a central force, it is necessary, in order that there may 
be an equilibrium, that its mass should be composed of con- 
centrical spherical strata, whose density must be the same 
throughout the entire extent of each of them, though it may 
vary arbitrarily from one stratum to another^). In like man- 
ner, if several heavy liquids are contained in a vessel, it is neces- 
sary, in-order to an equilibrium, that each horizontal and infi- 
nitely slender stratum should consist of only one liquid; this 
condition will be satisfied, if the upper surface which is sup- 
posed to be subjected to the action of a constant pressure, and 
' the surfaces which separate two consecutive liquids, are all 
plane and horizontal. Moreover, in order that the equilibrium 
may be stable, it is necessary that the densities of the super- 
imposed liquids should decrease from the lowest to the highest 
stratum, in order that the centre of gravity of this system of 
bodies should be the lowest possible (No. 348). 

587. In an elastic fluid, the density is connected with the 
pressure (No. 580), and cannot be arbitrarily assigned, as in 
the case qf an incompressible and heterogeneous fluid. By 
dividing equations dp pety, and p =s ftp, the one by the other, 
ther^Tesults 


dp _ d(j) 


( 5 ) 
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If the temperature be every where the same, k will be a 
constant quantity, and, by integrating, we shall have 


t 

p = ne\ 


n £ 

P = k e > 


( 6 ) 


which expresses the laws of the density and pressure in the 
state of equilibrium of the fluid ; e denoting the base of the 
Naperian system of logarithms, and TI an arbitrary constant, 
which expresses a certain pressure, that may be determined 
from knowing the pressure in a given point(g). If the tem- 
perature varies from one point to another, A will likewise 
vary ; but in order that equation (5) may subsist, it is neces- 
sary that this quantity should be a fun ction of jh which may 
be arbitrarily assigned. Consequently, the temperature must 
be also a function of 0, and therefore it is constant throughout 
the entire extent of each stratum of level of an elastic fluid in 
equilibrio. This condition being satisfied, equations (6) should 
be replaced by the following, 


P 




When the centrifugal force and want of sphericity of the 
earth are not taken into account, the direction of the weight 
of the molecules of the air is towards the centre of the earth, 
and the strata of level are spherical and concentrical. There- 
fore, in order that the atmosphere may remain in equilibrio, 
it is necessary that the temperature should be every where the 
same at the same height above the surface of the earth, and 
that it should only vary with the elevation of the concentrical 
strata. Now, this is never the case ; for the heat of the sun 
acts un equally on the different points of the surface of the 
earth and of each atmospherical stratum. As the temperature 
depends on the latitude, it is not possible that an equilibrium 
could have place, and this is the cause of those permanent 
winds which are, in fact, observed near to the equator. 


428 


GENERAL EQUATIONS OF THE 


Q 

J 
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j Moreover, the condition of the equilibrium of the atmospherical 
strata can throw no light on the variation of temperature in 
the vertical direction; for equation (5) obtains whatever may 
be the value of k in a function of <£, and consequently, what- 
ever may be the law of this variation. 

When the mass abcd is composed of several gases of diffe- 
rent natures, the conditions of equilibrium may be satisfied 
in £wo different ways ; when these gases are completely mixed 
together, so as to constitute a perfectly homogeneous fluid, 
and when they are, on the contrary, disposed in strata, resting 
the one on the other, so that their surfaces of separation are all 
faces of level. The first _case obtains in an atmosphere of 
which the composition is the same at all heights. This state 
of perfect mixture is that of the most stable equilibrium ; and 
when two different gases are placed the one over the other, in 
a vessel closed on all sides, they will become eventually per- 
fectly mixed together, unless we take care to secure the vessel 
which contains them, from the slightest agitations. 

588. The centres of the attractive or repulsive forces, 
which act on each point such as M of the fluid mass abcd, 
may be all ijie other material points of this mass. In this 
case, x, y, z, the components of the total accelerating force 
acting on the point m, will consist of an infinite number of 
terms, and if we suppose that the natural law of action equal 
and contrary to reaction, obtains in their mutual attractions 


and repulsions, and that besides, all these points are subjected 
^ to the action of the same extraneous forces, this will not pre- 
vent them from being certain functions of a?, y, z . 

In the case of nature, these mutual actions are of two dif- 
ferent kinds ; the one varies in the inverse ratio of the square of 
2 * the distance, and the intensities of the others are expressed by 
functions which decrease with extreme rapidity, so that their 
values are only then sensible, when the distances are insensible, 
x, y, z, the total components of the forces of the first species, 
are computed by distributing the mass abcd into infinitely 
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small elements (No. 98), and then determining by the integral 
calculus, the sums of the attractions or repulsions of all these 
points, along each direction. Wi th res pect to the actions of 
thesecond species, which are properly termed molecular forces, 
and which are attractive or repulsive, according as the attrac- 
tion of the ponderable matter is greater or Jess than the calo- ' 
rificjrepulsion, they ought not to be taken into account in the ] 
calculation of the forces x, y, z, relative to an interior point ! 

M ; for it is precisely these molecular forces, which produce 1 f 
the pressure p, that is equal in every direction about m, and I 
which was already considered in forming the equations of ; 
equilibrium. 

■ It results from this last consideration, that equations (2) of 
No. 582 are the necessary and sufficient conditions of equili- 
brium of all the forces, the molecular actions among the rest, 
which act on dm any element of the fluid mass ; so that the 
equilibrium has certainly place, when there is such a value of 
p as satisfies these equations for all the poi nts of tlm fluid, 
st- ’which coincides with the value of the pressure at the free sur- 
face, that is given directly, and which should not become \ 
negative in any point, in order that the parts of the fluid ma jJ 
remain contiguous. 

If the law of the molecular forces, in a function of the dis- 
• tance, was given, and if we could deduce from these forces the 
expression of the quantity p in a function of the mean interval 
of the molecules (No. 98), then by substituting this expression ^ 
in equations (2), one of them would determine the magnitude 
of this interval, about the point m, in the state of equilibrium, *•>' 
and the two others would express the conditions of this equi- 
librium. The numerical value of p would then result from 
that of the mean interval, or from the corresponding value of 
the density; and in the memoir cited above (No. 576), the 
author has explained how this pressure p may vary in a very 
high ratio, for the very small variations of the density which 
are observed in liquids. But as the direct determination of 
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the pressure p is impossible, its value must be deduced from 
the conditions themselves of equilibrium, or from formula (3), 
which is a consequence of them. 

When the point m is situated on the surface of the fluid, 
or is less distant from it than the radius of activity of the 
molecular forces, these forces, and the rapid variation of the 
superficial density, should be taken into account in the calcu- 
lation of the components x, y, z, and, consequently, of the 
value of p deduced from formula (3). There results from 
this, an influence of molecular forces on the figure of the 
fluid in equilibrio, which, in general, is not sensible, and 
which only becomes so in capillary spaces. In this treatise, 
these are not taken into account ; and for every thing con- 
cerning the phenomena of capillary forces, the reader is re- 
ferred to the new theory of capillary action lately published 
by the author. 

589. If a homogeneous, or heterogeneous liquid turns 
uniformly about a fixed axis, we can by means of the pre- 
ceding formulae determine the conditions which are necessary 
and sufficient to be satisfied, in order that it may retain a per- 
manent figure, and move like a solid body. For this purpose 
it will suffice to join to the components x, Y, z, those of the 
centrifugal force which results from this rotation. 

Let then the axis of rotation be that of the coordinates of 
z 9 r the distance of any point m from this line, so that we may 
have 

r 2 =zx 2 + y\ 

let a denote the constant angular velocity, which is common 
to all the points of the fluid, ra will be the absolute velocity 
of the point m, and since it describes a circle whose radius is r 9 
the value of the centrifugal force will be ra*(No, 174). As 
this force acts in the direction of the production of r, its com- 
ponents parallel to the axes of x and y will be obtained bymul- 

tiptying it by - and - ; this gives, for their respective values, 
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xc? and ?/a 2 , which should be added to the forces x and Y ; 
and as the force z is not changed, formula (3) will become 

dp = p (xdx + y dy + z dz + d 2 xdx + a 2 ydy). (a) 

The quantity comprised between the parentheses will be 
still an exact differential, namely, the differential of the func- 
tion ^ of No. 586, increased by ^a 2 (x 2 + y 2 ) or by \ a 2 r 2 . 
Consequently, the permanent form will be possible; and if 
the free surface of the liquid experiences a constant pressure 
throughout its entire extent, the equation common to this sur- 
face, and to all the surfaces of level, will be 

xdx + y dy + z dz + a 2 (xdx + ydy) = 0. (b) 

In the case of a homogeneous liquid, it will be sufficient 
to determine the free surface by the integral of this differential 
equation, and its arbitrary constant can be determined by 
knowing the entire volume of the liquid, as we shall see im- 
mediately by an example. In the case of an heterogeneous li- 
quid, it is moreover necessary that it should be composed of 
homogeneous strata, whose figures may likewise be deter-^ 
mined by the integral of this same equation, and which will 
only differ from the exterior figure in the values of the arbitrary - 
constant. 

590. Let equation (b) be applied to the case of a heavy 
homogeneous liquid, subject to the action of gravity ; let it 
be supposed to turn about a vertical axis, and to be contained 
in an open vessel. If the gravity be denoted by </, and if the 
coordinates of the positive zs be estimated in the contrary di- 
rection to this force, we shall have 

x = 0, y = 0, z = - g, 

>* 

consequently, equation (b) will become 

ffdz = a 2 {xdx + ydy ) ; 

hence, by integrating and denoting the arbitrary constant by 
c, there results 
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z = (** + ^ + c> 

from which it appears, that the free figure of the liquid is that 
of a paraboloid of revolution, whose axis will be that of the 
rotation. 

In order to determine the constant e, let us suppose that the 
vessel is a vertical cylinder with a circular base, and let its axis of 
figure be that of the coordinate z 9 or of rotation ; let its radius 
be a , and h the height through which a body should fall in 
order to acquire the absolute velocity of the surface, namely 

aa 9 so that we may have a 2 a 2 =2gh 9 and, consequently, 
hv 2 

z — -1- c ; likewise, let b Be the height of the water before 

the commencement of the motion, 7 ra 2 b will be the volume 
of the liquid, which remains the same during the rotation ; 
now, if the paraboloid be divided into infinitely slender cy- 
lindrical strata, whose common axis is that of the axis of 
z 9 then 2irrdr will be the base, and 27 rzrdr the volume of 
the stratum of which the radius is r, and the thickness dr 9 
therefore, the entire volume will be obtained by integrating 
2 Trzrdr from r zz 0 to rzz a; hence it follows that 

a 2 b = 2 ^ zrdr . 

By substituting for z its value, and performing the integration, 
we obtain for the value of c(A), 

c zz b — \h. 

The equation of the upper surface will therefore be 
z “ "#2 + ® 

The least and greatest values of % which belong to r = 0, and 
I r = a 9 will be b — \li 9 and b + \h 9 so that the depression of 
the liquid about the axis, and its elevation at the circumference, 
which are produced by the rotation, will be the same, and their 
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value will be half the height through which a body should fall / 
to acquire the velocity of the circumference. 

591. When the forces of which x, y, z are the components, 
arise from the attractions of all the points of the liquid, in 
the inverse ratio of the squares of the distances, or according . 
to any other laws, the total values of x, y, z, depend, in ge- 
neral, on the form of the liquid and on its strata of level, and, v 
conversely, this form depends on the values of these compo- 
nents. This mutual dependence of the attractions of the 
fluid and of its figure, renders the determination of the latter, 
by means of equation (b), extremely difficult. Even in the 
case, when the fluid is homogeneous, the problem cannot be 
resolved in the ordinary case of the attraction varying in the 
inverse ratio of the square of the distance, except on the sup- 
position, that the centrifugal force is so inconsiderable, that 
the fluid differs very little from the spherical form, which it 
would assume if this force was cipher, that is to say, if the 
fluid was at rest. It might, in this case, be demonstrated by 
an analysis founded on the consideration of series, but which 
cannot be introduced here, that the figure of the fluid is ne- 
cessarily that of an ellipsoid of revolution, whose compression^ 
may be determined by means of the magnitude of the centri- 
fugal force at the equator, compared with the attraction of 
the fluid at this same point. 

But it is easy to verify the above statement, namely, that 
the elliptic figure always satisfies equation (b), when the 
velocity a does not pass a certain limit, and that then there 
are two ellipsoids of revolution, which correspond to the same 
value of this velocity of rotation. In fact, if the equation of 
the surface of the fluid, in its permanent state, is 


z 2 x 2 + y 1 
? + c s (l + /) 


1 , 


(«) 


which is that of an ellipsoid of revolution, whose axis of figure 
and equatorial diameter are respectively 2 c and 2 c 'Z 1 + y’ 1 , 
VOL. II. 3 K 
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and if x, y, z are the components of the accelerating force 
arising from the total attraction of this body on the point of 
its surface whose coordinates are x, y, z, estimated along the 
productions of these coordinates, that is to say, in a direction 
opposite to that of the components, the expressions of which 
were given in No. 106 ; then, by changing the signs of these 
expressions, and observing that the mass of the ellipsoid is 
expressed by %tt P c s (1 + 7 2 ), we shall have(«) 

x _ |- y _ (i + ^ arc ( tang _ 

Y _ ^ _ (j +(y2 ^ arc ( tang _ ^ 

4 7r/o (1 +y 2 )z 

z = 7““^ [ arc ( tan £ = t) - 7] ; 

in which/ expresses, as in the number just cited, the inten- 
sity of attraction at the unit of distance, and between masses 
respectively equal to unity. It will be, therefore, necessary 
to prove, that these values, joined with equation (c), satisfy 
equation (b). Now, if they be substituted in this equation, 
and if all its terms be multiplied by which implies that y 
is not cipher, by making, for conciseness, 

a 

4^“ £ ’ 

there results 

[4y — 4 (! + Y 2 ) arc ( tan g = y) + sy 3 ] (xdx + ydy) 

+ (1 + y 2 ) arc (tang = y) — 7] zdz = 0 ; 

by differentiating equation (c), we obtain 

xdx + ydy + (1 + 7 2 ) zdz = 0; 

and, in order that this differential equation may coincide with 
the preceding, it is necessary, and it suffices, that we should 
have 

4 y — 4 C 1 + 7 2 ) arc (tang = 7) + sy 3 = arc (tang = y) — y, 
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or by rcducing(A) 

3y4-2f7 3 

~ TT7 arc (tang =: 7 ) = 0; (d) 

so that it only remains to ascertain whether this equation has \ 
real roots, and to determine their number. 

For this purpose, let its first member be represented by j3, 
and let a curve be supposed to be traced, of which the corres- 
ponding values of 7 and (S are the abscissa and ordinate ; this 
curve will cut the axis of the abscissa at the origin ; however, 
the root 7 = 0, does not belong to the question, as long as 
the velocity a, and consequently e, is not cipher. The other 
roots of equation (d) are equal two by two, and of contrary] «, 
signs; but it will be sufficient to consider its positive roots,) ' 
since equation (c) only contains the square of 7. This being! 
so, if the differential of j3 be put equal to cipher, we obtain(/)“ 

£7 4 +2(56 - 1)7 2 + 9s = 0, ( e ) 

by means of which the abscissae corresponding to the maxima , 
or minima, of this ordinate, may be determined. Now, as 
this equation is of the second degree with respect to 7 s , it fol- 
lows that there can be only one maximum , or minimum , on 
each side of the origin of the abscissae, hence it is evident, that 
the curve can only cut the axis of the positive abscissae, beyond 
this origin, in two points, so that, at most, there will be only 
two positive and real roots of equat ion (d). Moreover, we 
may observe, that if equations (d) and (e) have place for the 
same value of 7, the curve will(m) touch the axis of the ab- 
scissae in a point which corresponds to a double root of equation 
(d). Now, from equation (e) we can deduce 

7 2 

£ -(l + y' 2 )( 9+7 2 )’ 

and if this value be substituted in equation (d), there results(ra) 

7 7 5 + 3 O 7 3 -f- 27 7 
a+ 7 2 )(3 + 7 a )(9+y i ) 


= arc (tang = 7) ; 
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an equation which can have only one positive root, besides 
7 = 0. This root really exists, and its approximate value is 
found by trial to be 

7 = 2,5293. 

The corresponding value of g is 

e = 0,1123; 

from which it follows that for values of g less than this fraction, 
there are two distinct intersections of the axes of the positive 
abscissae, and two unequal roots of equation (d) ; that for this 
value of g, these intersections coalesce into a contact, *and the 
two roots become equal ; and that finally, for greater values 
of g, equation (d) has no real roots, and the intersections have 
not place. It is certain that these roots correspond to the less 
values of g, and not to the greater ; for when g r: do, equation 
(d) has no value different from cipher ; and on the contrary, 
when g is a very small fraction, the two real roots of this equa- 
tion may be easily determined (o). 

When by means of equation (d), the two approximate 
values, which answer to a given value of g less than the pre- 
ceding fraction, shall have been determined, the preceding 
values of x, y, z will make known the attraction of the fluid 
in any point whatever of its interior or of its surface, and 
the values of c can be deduced from the volume of the fluid, 
which is also given. When the value of s surpasses this frac- 
tion, we are not justified in concluding that a permanent 
Jr figure of the liquid is impossible, but only that it cannot be 
^ an ellipsoid of revolution ; for, with the exception of the case 
t in which this figure is supposed to differ little from that of a 
j sphere, it has not been yet demonstrated that the elliptic figure 
of revolution is the only one which suits the equilibrium of the 
centrifugal forces and of the mutual actions of the molecules ; 
it has not been even proved that the sphere is the only figure 
-which a fluid mass at rest can assume, when its molecules 
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mutually attract each other, however natural it may appear ' 
to be. 

592. If the quantity e is a very small fraction, equation 
(d) may be satisfied by making y a very small quantity. We 
then have 

arc (tang = y) = y - ^ 7 3 + & c . ; 




and if these values be substituted in equation (d), we obtain 
by suppressing the factor y, which is common to all the terms, 
and then neglecting powers of y superior to the first (p), 


2 _ 


15 e 


2 3 


which corresponds to an ellipsoid very little compressed. 

As the two semiaxes are c and cV 1 + y 2 , the compression 
must be very nearly equal to \ y 2 ; a 2 c may be taken to ex- 
press the centrifugal force at the equator, and § Trfpc the at- 
traction in a point of the surface ; which would be the exact 
values of these two forces, if the body was exactly spherical. 
The ratio of the first to the second is 3 e ; consequently when] 
a homogeneous fluid turns about a fixed axis, and differs very 
little from the spherical figure, its compression is equal to five ; 
times the centrifugal force at the equatpr divided ^ four times | 
the, attraction at the surface^). It may be also demonstrated 1 
that if the fluid is composed of strata that are very little 
compressed, whose densities decrease from the centre to the . 
surface, the compression will be always less than in the case of 
homogeneity, but still greater than the two-fifths of that^ 
which answers to this case(r). 

In the motion of rotation of the earth, the ratio of the 
centrifugal force to the gravity, or to the terrestrial attraction, 
is about qls (No. 177) at the equator. Therefore if the earth 
was a homogeneous fluid mass, its compression would be 
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the two-fifths of which is the value which results 

from observation, is comprised between these two limits, as in 
the case of a fluid mass, whose density decreases from the 
centre to the surface. 

By making 

* = </~x 2 + y 2 z z c Vl+y\ 


in the values of z and V x 2 + y 2 , and then developing accord- 
ing to the powers of y, we find (s) 



for the attractions which have place at the poles and at the 
equator. By adding to the second the centrifugal force 
whose value is, by what precedes, ijfrpce, or the product of 

iirfpc and , there results 


v'^+v* + A=-M£(i_i +Ste .) > 

for the weight at the equator. If z the weight at the pole be 
taken from this expression, and if it be then divided by z, we 
obtain ( t ) 

:so that if the square of y 2 be neglected, this ratio is equal to 
| the compression \y 2 , and consequently, the sum of these two 
'quantities is equal to five times the centrifugal force divided 
by twice the weight at the equator, conformably to the theorem 
cited in No. 193(w). 

In this same case of a very small value of s, equation (d) 
may he also satisfied by means of a very great value of y. 
For such a value of y, we have the identical equation 
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arc(tang = y) = \ n — arc (tang = -^ ; 

therefore we shall have in a converging series 

arc (tang = y) = ^ir- - + ^ + &c. ; 

7 7 7 

in like manner we have 


1 _ 1 
7 2 +3 ~ y 2 


i + &c. ; 


and if these developments be substituted in equation (d), a 
value of y may then be obtained, arranged according^ to the 
increasing powers of e, namely, 


7 



— - + &c 

7T 


•J 


which, will be the second real root of this equation(y). 

For more details on this important theory, and on its ap- 
plication to the figure of the earth, the reader is referred to the 
second and fifth volumes of the Mechanique Celeste . ' J 

5 93. There is a n esse ntial difference between the surfaces 
of level traced in the interior of a liquid, subject to the mutual 
action of all its points, and those described in a fluid the points 
of which are only solicited by extraneous forces, that is to say, 
by attractions or repulsions, which emanate from fixed centres, 
and are functions of the distances from these centres* Let 
abcd (fig. 37) be the free surface of a liquid at rest, or for 
greater generality, turning about a fixed axis. Let efgh be a 
surface of level traced in its interior, and let r be the resultant 
of all the forces which act on m any point whatever of this 
surface. In the two cases adverted to above, this force will act 
in the direction of nmp the normal at this point ; now, since, ^ 
in the second case, its magnitude and direction do not at all 
depend on any action of the points of the fluid, it will continue 
to be perpendicular to the surface eegh, though the stratum 
of liquid comprised between efgh and abcd should be taken 
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away, so that after this abstraction, the liquid terminated by 
efgh will still remain in equilibrio ; but in the case of the 
mutual actions of the points of the system, the force r will de- 
pend on the action of this interior liquid, and on that of the 
exterior stratuin ; in general, its magnitude and direction will 
be changed, when the stratum comprised between abcd and 
efgh is suppressed, and the equilibrium of the fluid terminated 
by efgh will no longer have place. In order that it should 
be reestablished, the form of the surface efgh should be 
changed, so as to become perpendicular in each point to that 
part of the force r which remains. 

The action of the exterior stratum comprised between abcd 
and efgh, will be nothing on all the points of the interior 
fluid and of the surface efgh, when the entire mass of the fluid 
being homogeneous, it deviates very little from the spherical 
figure, and its points are only solicited by their mutual attrac- 
tions in the inverse ratio of the square of the distances, and by 
the centrifugal force. In fact, all the surfaces of level are then 
similar ellipsoids, and, consequently, the stratum comprised 
between abcd and efgh, two of these surfaces, does not 
exercise any action on the points situated in the interior space 
(No. 105). But this nullity of action of a stratum terminated 
by two surfaces of level on the interior fluid, is not a condition 
of the equilibrium of fluids ; for if the forces be such as have 
been supposed above, it has no longer place, for example, when 
the liquid is heterogeneous ; this renders the surfaces of level 
dissimilar, though they are still elliptical, and such that the 
ellipticity of any surface whatever as efgh depends on the 
, thickness and constitution of the exterior stratum. See Me* 
chanique Celeste , tom ii. p. 85, and following pages. 

In the case of homogeneity, the elliptic stratum comprised 
between abcd and efgh, may be taken away or replaced at 
pleasure, without deranging the equilibrium or changing the 
form of the interior fluid, provided that the velocity of rotation 
remains always the same. But there are also other strata 
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which may be added to the fluid terminated by efgh, without 
deranging its equilibrium, although their attraction on the 
points of this liquid may not be cipher. It is evident, that the 
exterior surface of the additive stratum may be an ellipsoid 
similar to efgh, and having its centre in a point of the axis 
of rotation different from the point o. The exterior surface 
of this stratum may also have its centre in this point, and be 
an ellipsoid whose compression is different from that of the 
interior surface. In order to make this appear, let abcd and 
a'b'c'd' (fig. 38) be the two different ellipsoids which satisfy the 
condition of equilibrium of the same homogeneous fluid, turning 
about a fixed axis with a given angular velocity (No. 591) ; 
likewise let efgh and e'f'g'h' be two surfaces of level traced 
in the interior of these ellipsoids, respectively similar to the 
exterior surfaces, having the same centre o as these, and in- 
tersecting at the point m; we can, without deranging the 
equilibrium of the liquid terminated by efgh, add to it the 
stratum comprised between the two dissimilar and concentrical 
surfaces efgh and a'b'c'd'. It should be observed, that not only 
the action of this additive stratum on the points of the interior 
liquid, and of the surface efgh, is not cipher, but that this 
action on each point of the surface is not even directed along 
the normal. Thus, at the point m, the action of the stratum 
comprised between the surfaces efgh and a'b'c'd' is not di- 
rected along nmp the normal to the first surface; for the 
action of the interior liquid terminated by this surface, is 
already directed along nmp, and if the action of the additive 
stratum had also this direction, the action of the entire mass, 
terminated by the surface a'b'c'd', would be still directed along 
this normal, while we know it should be directed along n'm V, 
the normal to e'f'g'h', the other surface of level. 

Whatever may be the nature of the forces which act on a» 
heterogeneous or homogeneous fluid mass turning about aj 
fixed axis, we should not forget that thejsqle conditipn of 1 
equilibrium is the existence of a quantity p which satisfies ' 

VOL. II. 3 L 
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equation (a), and which must be cipher or constant at the free 
surface of the liquid. All other conditions which we may 
wish to add to this, are already comprised in it, or if not, the 
equilibrium cannot have place. 

594. Among the different laws of attraction, there is one 
which is not that of nature, but which possesses some remark- 
able properties. This law is that of a mutual action in the 
direct ratio of the distance, and one of the properties to which 
5 we refer is, that the resultant of the actions of all the points of 
a body on any point whatever, is independent of the form and 
constitution of this body, whether homogeneous or hetero- 
geneous, and is the same as if the entire mass was condensed 
into its centre of gravity (a?). 

In fact, if x 9 y 9 z be the coordinates of the attracted point, 
x' 9 y\ z', those of an attracting point, fi the mass of this se- 
, cond material point, u the distance of the two points, ky.u the. 
accelerating force directed from the first point towards the se- 
cond ; k being a constant coefficient, the components of this 
force in the direction of parallels to the axes of the coordinates, 
drawn through the attracted point, will be hfiix'—x), kpiy'—y) 
kfx(z'—z), for the cosines of the angles which its direction 
makes with these lines are the differences a/—#, y'—*y> z'—Z) 
divided by u. Consequently, if the total components of the 
accelerating force of the attracted point be x, y , z, we shall 
have 

x = ASjua?' — AaiSju, 
y = k'Sifiy' — ky'SfX) 
z = ASj \xz f — kz'Sfx ; 

in which the sums 2 extend to all the points of the attracting 
body. Now, if the entire mass of this body be denoted by 
and the three coordinates of its centre of gravity by x x , y Xi z x , 
we shall have 

Sju = m 9 
Sjuoj' = mx x , 

^y‘= my 1 9 

'Sifxz 1 = mz x ; 
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consequently, there will result, 

x = km (a?i — x) 9 
y = km (y x - y ), 
z = km (zi — z) ; 

equations which evidently contain the proposition to be 
proved. 

If these values of x, y, z be substituted in equation (b), 

a 2 

and if we make, for conciseness, — = s, there results 

(x l —x)dx + (y x - y)dy + ( z^z)dz + e(xdx + ydy ) = 0 ; 

hence, by integrating and denoting the arbitrary constant by 
c, we obtain 

(a; — a?i) 2 + {y — y x ) 2 + (s - *i) 2 - £ (x 2 + y 2 ) = c. 

This equation will be that of the surfaces of level in a 
liquid turning about the axis of z s and whose points are at- 
tracted in the direct ratio of the distance; it shows that all these’ 
surfaces are concentrical, and of the second degree. More- 
over, if the origin of the coordinates be transferred to their 
common centre, that is to say, to the centre of gravity of the 
fluid, the first powers of the corresponding coordinates must 
disappear, which cannot be the case unless x x = 0, y x =s 0, 
si = 0 (y). The preceding equation will be therefore reduced to 

z 2 + (i - «) 0 2 + y 2 ) = c '> (0 

consequently, the surfaces of level are ellipsoids, or hyper- 
boloids of revolution, according as cZ 1, or «>1 ; and, in 
each case, they have the same axis of figure, which is the 
axis of rotation. When the volume of the liquid is given, the 
hyperboloid is not possible, except when the fluid is contained 
in a vessel, and then equation (f) is solely applicable to the 
free part of its surface. Therefore, when 1, the perma- 
nent figure of a liquid which is free on all sides is impossible, 
in the case of such forces as we have just considered. If 
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e Z 1, all the surfaces of level are ellipsoids, which differ 
from each other in the values of c. In order to determine the 
value of this quantity, which corresponds to the exterior sur- 
face, the volume of the ellipsoid, the expression of which is 
c 

^ should be put equal to the given volume of the liquid. 


■ It is remarkable, that in this example, the law of the den- 
sities of the strata has no influence on its exterior figure, or 
on that of its strata of level(s). 



CHAPTER III. 


OF THE EQUILIBRIUM OF FLUIDS ACTED ON BY GRAVITY. 

595. If in a vessel abcd open at its upper surface, and of 
which the horizontal base ab rests on a fixed plane, a heavy- 
homogeneous liquid be poured to the height a'b', then, in 
order that this liquid should be in equilibrio, it is necessary 
that the free surface a'b' should be horizontal or perpen- 
dicular to the direction of gravity, and this equilibrium will 
not be deranged if a constant pressure of any magnitude what- 
ever be made on this surface. 

The pressure referred to the unit of surface, will be the 
same throughout the entire extent of each horizontal section 
of the liquid. If it be denoted by p at the depth z below 
a'b', and if the constant density of the liquid be denoted by 
p, and the gravity by p, then by equation (3) of No. 583, 
we shall have dp zz pgdz . Hence, by integrating, we shall 
obtain 

P = pg* + n ; 

II being the exterior pressure, which will be generally the 
atmospherical pressure corresponding to z zz 0. This con- 
stant pressure will be transmitted, without alteration, on all 
the elements of the sides of. the vessel, and of the bodies 
plunged in the liquid ; and it should be added, in each point, 
to the variable pressure due to the gravity of the liquid. It 
will be therefore always easy to take it into account ; and, for 
greater simplicity, we can suppose it equal to cipher, and 
thus reduce the preceding equation to 

p-pgz- 
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Let b denote the area of the base ab of the vessel, p the 
entire pressure exerted on this base, h the distance of a'b' from 
this same base, or the height of the liquid, then we shall have 
at the same time 

2 = h, p =z bp = pgbh ; 

from which it appears, that the pressure exerted on the hori- 
zontal base of a vessel, is equal to the weight of a cylinder 
filled with the liquid, whose base is equal to that of the vessel, 
and height that of the liquid, so that the mass and volume 
will be consequently pbh and bh . 

This pressure p is therefore independent of the form of the 
vessel ; so that if three vessels represented by fig. 40, having 
equal bases, and placed on the same horizontal plane, be 
filled with the same liquid to an equal height, the pressures 
exerted on their bases are equal, although one of the vessels 
may be a right cylinder, another a vessel of the form of a 
truncated cone resting on its lesser base ; another a similar 
cone resting on its greater base. The common pressure on 
each of the three bases, is the weight of the liquid contained 
in the cylindrical vessel ; this remarkable result is fully con- 
firmed by experiment. 

In the case of several liquids placed one over the other in 
a vessel, it will be sufficient and necessary, in order to insure 
their equilibrium, that the surface of separation of two con- 
secutive liquids should be horizontal (No. 586) ; and in fact, 
if this is the case, each new liquid will exert on all the points 
of its base a constant pressure, which will not derange the 
equilibrium of the inferior liquid. The total pressure exerted 
on the bottom of the vessel may be determined in the fol- 
lowing manner. 

596. Let a new liquid, the density of which is p\ be 
poured on the fluid in equilibrio in the vessel abcd (fig. 
39), and then if its superior surface a"b" be horizontal, as 
that of the first, these two fluids will be in equilibrio in the 
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vessel, and if b! be height of a"b" above the level of a'b', and 
V the area of a'b', which is the base of the second fluid, it will 
exert on this base a pressure equal to p'gh'b '. This pressure 
will be transmitted, through the intervention of the inferior , 
liquid, on ab the bottom of the vessel, and the area of ab 
being denoted by 5, there results from it a pressure on this 
plane surface, expressed by p'gh'b (No. 577); consequently, 
the entire pressure exerted by the two fluids on the horizontal 
base of the vessel, will be pghb + p'gh'b. 

If a third liquid, whose surface a'"b'" is also horizontal, be 
poured into the vessel, the equilibrium will not be deranged; p" 
being its density, h" the height of its level a'"b'" above a"b", 
the upper surface of the second liquid, and 6" the area of this 
last surface, this third liquid will exert on its base a"b" a 
pressure equal to p"gh"b'\ which will be transmitted by the 
second liquid, and become p"gh u b ' , on a'b', or 6', the upper 
surface of the inferior liquid ; this pressure will be transmitted 
in like manner, by the intervention of the inferior liquid, and 
become pgh"b on the bottom of the vessel ; consequently, the 
three superimposed liquids will exert on the bottom of the 
vessel, a pressure equal to pghb + p'gh'b + p'gh'% or to 
(ph + ph‘ + p"h") gb. 

By continuing in this manner, it is evident that when any 
number whatever of liquids of different densities are super- 
imposed and in equilibrio in the same vessel, the pressure 
which they exert on the horizontal base of this vessel, depends 
only on the extent of this base, on the thicknesses of the dif- 
ferent, fluids, and on their densities. In the case of a cylin- 
drical and vertical vessel, it will be equal to the sum of the 
weights of all the fluids ; and it will not change with the form 
of the vessel, provided that neither the extent of its base, nor the 
thickness or density of each liquid undergoes any change. 

As this result is independent of the thickness of the hori- 
zontal strata, it subsists even when these strata are infinitely f 
slender, that is to say, when the density of the fluid mass 
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varies byjsontinuous degrees in the vertical direction, and 
consequently corresponds to the case of compressible fluids. 
It is equally true when the gravity varies from one stratum 
to another with the density ; this is the case when the height 
of the liquid cannot be neglected relatively to the radius of 
the earth. This also may be inferred from the equation 
dp = pgdz, which obtains in the equilibrium of all fluids, whe- 
ther compressible or not, and in which the gravity g, and 
the density p, may be supposed to be functions of the vertical 
brdinate #. 

597 . Let us now consider the equilibrium of liquids subject 
to the action of gravity contained in several vessels, and which 
may flow through lateral openings from the one to the other. 
If all these openings are closed at once, the equilibrium will 
not be deranged ; Jt is therefore, in the first place, necessary 
that the liquids should be arranged in each vessel, in horizontal 
strata p but this condition is not sufficient, and it is also neces- 
sary that when the openings are not closed, a certain relation 
should subsist between the elevations of the liquids in the diffe- 
rent vessels, which will depend on the ratio of their densities. 

If the same liquid is contained in the different communi- 
cating vessels, the level of this liquid must be the same in all 
these vessels. For if a homogeneous liquid is contained in 
two vessels, for example, which communicate laterally by the 
canal ef (fig. 41), and which are placed on fixed horizontal 
planes ; and if this liquid rises to ab in one of the vessels, 
and to cd in the other, if these two horizontal sections do 
not exist in the same plane, so that when the plane of cd, 
the section of one of the vessels, is produced, it may intersect 
the other vessel in a section a/3, situated lower than ab, by 
the distance 8, then if in this state the equilibrium subsists, it 
■will not be deranged by substituting for the open section cd, 

5 the fluid contained between ab and a/3 will 
exert on a/3 a pressure equal to pg 7 S, p denoting its den- 
sity, and 7 the area of this section a/3 ; this pressure will be 
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transmitted by the intervention of the liquid contained in the 
two vessels to the plane cd ; and there will result from it, a 
pressure on this horizontal plane directed upwards, and ex- 
pressed by pOyC) c denoting’ the area of cd. Consequently, 
if the plane cd be removed, the equilibrium will not have 
place, unless 8 the difference of level of the liquid in the two 
vessels be cipher ; which was proposed to be demonstrated. 

The two sections ab and cd being comprised in the same 
plane, if a liquid be poured on ab to a height a'b', and if its 
density be denoted by p\ it will exert on ab a pressure equal 
to pgbh ; b being the area of ab, and h the distance comprised 
between the horizontal sections ab and a'b'. This pressure 
will be transmitted on cd, where it will be equal to p'gch, and 
it will act from below upwards ; in order to destroy its effect, 
the vessel should be closed by a fixed plane at cd, or a 
fluid should be poured on cd, the pressure of which on cd 
should be equal and contrary to pgch. In this last case, if the 
fluid rises to c'd', and if its density be denoted by p n and the 
distance comprised between cd and c / d / by /e, the pressure 
exerted by this fluid on cd, will be p t cjkc ; and so that in order 
to an equilibrium, we should have pji — p'h . 

Therefore, it appears, that when different liquids contained 
in communicating vessels, are in equilibrio, their densities 
should be in the inverse ratio of their heights aboye the sec- 
tions of these vessels made by the same horizontal plane. If 
new liquids be poured over those which have been now con- 
sidered, it will appear in the same manner, that denoting the 
thicknesses of the liquids in one of these vessels by h , h' 3 h'\ 
& c., and their densities by p', p", p"', &c., and representing 
the corresponding quantities in the other vessel, by &, k t , k n , 
&c., jO //5 p /,/9 &c., the equation 

ph + p"h! + p tn h! r + &c. = p)t + pjz 4 4- P//A/ + &c., 

must obtain ; hence it results, that the pressures referred to 
the unit of surface, will be equal on the two upper sur- 
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faces ab and cd, of the homogeneous liquid which communi- 
cates between the vessels, and it may be either that whose 
density is p' s or that of which the density is p / , or more gene- 
rally, any other liquid whatsoever, provided that the two sur- 
faces ab and cd which terminate it, exist in the same horizontal 
plane. 

It may observed, that infinitely thin strata comprised in 
different vessels, and contained between the same horizontal 
planes, will experience the same pressure referred to the unit 
of surface ; but, above the plane which terminates the inferior 
liquid, they may contain different liquids ; so that the pro- 
perties of strata of level, or those which are perpendicular to 
the direction of gravity, have place as to equality of pressures, 
but not as to the homogeneity of the liquid (No. 586), when 
these strata are separated by fixed planes. 

598. The laws of the equilibrium of heavy fluids in com-r 
municating vessels, are susceptible of a great number of ap- 
plications, we shall restrict ourselves to the consideration of 
those that are most common. 

That which first presents itself, and w r hich we shall merely 
state, is the theory of levellings, and of instruments that 
have been termed levels . 

In the syphon , the tw r o branches of which are open at their 
upper part, and which contains water, or any other liquid, 
the equilibrium has place when the two extremities of the 
liquid are comprised in the same plane, whatever the magni- 
tude of the atmospherical pressure at these two points may be. 
The equilibrium may also exist in the inverted siphon, pro- # 
vided that then the pressure of the atmosphere has a suitable 
magnitude. 

Let abc (fig. 42) be this inverted tube, b its highest point, 
e and f the points at which the liquid is sustained in these 
two branches, and which are situated in the same horizontal 
plane, lip denote the density of the liquid, and h the height 
of the point b above this plane, the pressure on the unit of 
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surface, exercised by the liquid on these points e and f will be 
equal to pgh ; and if n be the pressure with which the at- 
mospheres urges each of these points upwards, we should 
have EL > pgh> or at least n z: pgli) in order that this pressure 
may prevent the liquid from flowing out. In the second case, , 
the pressure on the point b will be cipher ; in the first, it will 
be equal to n — pgh ; if EL Z pgh) the pressure at the point b 
will be negative, the liquid will be separated at this point, and 
will flow out through the two branches of the syphon. More- 
over, in the inverted syphon, the equilibrium of the liquid 
is but instantaneous, and can only obtain in consequence of 
the adherence of its molecules among one another, or to the 
interior of the tube ; from the instant that its extremity f is 
ever so little below or above its extremity e, the excess of 
the atmospherical pressure above that of the liquid is greater 
or less at the point e than at the point F, and the liquid flows 
through the branch bc or the branch ba of the syphon. In 
the common application of this inverted tube, the shortest 
branch ba is plunged in a vessel H, containing the liquid that 
rises to the point d of the tube, then a vacuum is made by 
exhausting the air contained in this tube, the liquid rises 
above its primitive level until it reaches b the summit of the 
tube, and it thqn descends to the point c, and thus flows out 
at this extremity of the tube. The flowing out of the liquid 
stops when the point d is so depressed in the branch ba that it 
becomes lower than the point c ; this, however, never can be 
the case, since ab is supposed to be the shorter of the two 
branches of the tube(&). 

The hydraulic press, the invention of which is attributed 
to Pascal, consists of a prismatic vertical vessel H (fig. 43), 
open at its upper part, and filled with water to ab. A lid 
cover placed on ab, while it fits the vessel accurately, can 
slide along its sides ; and below ab there is an opening c, to 
which a bent tube cde is fitted, whose vertical branch de is 
open at its upper part e. The water in the vessel flows through 
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the orifice c, and, on account of the weight of the cover placed 
on ab, this liquid rises in the tube de to a point f, situated 
above the production of this horizontal section ab. This 
being so, if an additional weight x be added to the weight of 
the cover, the liquid will descend to a'b' in the vessel H, and 
rise to f' in the tube de. By this addition of x, the pressure on 
the unit of surface will be greater on a'b' than on ab, by the 
x 

quantity b denoting the area of the horizontal section of h ; 

at the same time, the pressure on the unit of surface and due 
to weight of water contained in the vertical tube de, will be 
increased by the quantity pgx, p denoting the density of the 
liquid, and x the elevation of the point f' above the point f. 
Therefore, in order that the equilibrium may subsist, we 
must have . ^ % 

/ x = pgbxjj 

an equation, by means of which, when x is determined, the 
weight x will be known. Care should be taken to make the 
surface b very considerable, in which case small elevations of 
water in the vertical tube may correspond to very great loads 
on the moveable cover, and thus enable us to measure them. 
The horizontal section of the tube is very small with respect to 
5, consequently, the depressions of the cover in the chest h 
are very small relatively to the elevations of the liquid in the 
tube ; for if y be the distance comprised between ab and a'b', 
and c the horizontal section of the tube, we shall have by— ex, 
because the entire volume of the water must be invariable. In 
fine, it is not necessary that the tube. BE should be either 
vertical or, cylindrical ; _and by the preceding formula, the 
value of x can be always obtained, provided that x is the 
distance comprised between the two levels of the liquid in 
f and f'. 

A barometer is, in general, a tube abc, (fig. 44), whose 
branches ba and bc are vertical, and it is closed at a the 
extremity of ba, and open at c the extremity of bc. A per- 
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feet vacuum is made in this tube, and then mercury is poured 
into it, which rises to d in the branch ab, and to a less height 
e, in the open branch cb. If through the point E a hori- 
zontal plane be drawn intersecting the branch ab in f, the 
mercury situated below this plane will be in equilibrio of 
itself ; and in order that this state may continue, the pressures 
on the unit of surface which are exerted at f by the mercury 
fd, and at e by the atmosphere, must be equal to each other. 
Hence, if IT denote the pressure of the atmosphere, m the 
density of the mercury, and h the vertical height of the point 
d above the point r, that is to say, the difference of the 
levels d and f of the fluid in the two branches of the barome- 
ter ; mgh will be the value of the pressure of the mercury at 
the point f, and consequently, we shall have 

mgh ~ n) 

If the branch bc be supposed to be prolonged vertically to 
the extremity of the atmosphere, the equilibrium will not be 
deranged; hence then the atmospherical pressure which is in 
equilibrio with that of the mercury, is in fact the weight of 
the air contained in a vertical cylinder, extending indefinitely 
into the atmosphere, and having for its base the unit of sur- 
face : it depends on the decrease of the gravity according as 
we ascend above the surface of the earth, on the density and 
temperature of the strata of the air, and on the quantities of 
aqueous vapours which they may contain. As this weight 
varies in the same part of the earth, h the height of the baro- 
meter varies also, its magnitude changes also in consequence 
of the action of the parts of the winds whose direction is 
vertical, and which render the pressure of the atmosphere 
greater or less than it would be, if the air was in a state 
of repose; at Paris the mean value of h is 0 Wi , 76. If any 
other liquid be substituted in the barometer in place of mer- 
cury, the height h would change in the inverse ratio of the 
density of this liquid, compared with that of mercury, it being 
always supposed that there is a perfect vacuum above the 
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level d, in the closed branch of the barometer. In the case 
of water, this elevation h is about 10 w , 4, and it is also the 
greatest height to which water can be raised in a, pump above 
its exterior level. When there is a stratum of air between 
the surface of the liquid and the piston, this air is di- 
lated, and it exerts a less pressure than that of the atmos- 
phere on the interior liquid ; it therefore renders the ascent 
of the water less than it would be if there was a vacuum below 
the piston ; the actual diminution will be determined in the 
next chapter. 

599. We now proceed to calculate the pressures exerted 
by heavy liquids on the inclined or curved sides of the vessels 
which contain them, and on the surfaces of the solid bodies 
that are plunged into them. 

The pressure which a homogeneous liquid exerts on the 
side of a vessel that is inclined to the horizon, is equal to the 
• weight of a prism of this liquid, whose base is this side, and 
whose height is the distance of its centre of gravity from the 
level of the liquid. In fact, if w be an element of this side, 
and z its distance from the level of the liquid, the pressure 
on this element will be pco 9 or, by substituting for p its value 
pgz , given in No, 595, pgzu ; and as the pressures on all the 
elements are perpendicular to the plane side, the value of the 
resultant of these parallel forces will be*the product of pg 
and of the integral of zw, extended to the entire side ; now, it 
; is evident, that if b be the area of this side, and z l the dis- 
; tance of its centre of gravity from the level of the liquid, this 
integral is equal to zj) 9 consequently, the pressure on the 
inclined plane will b epgbz i9 agreeably to the statement of the 
J theorem given above. ^ 

In the case of several liquids superimposed in the vessel, 
the pressures exerted or transmitted by each of these liquids, 
on the inclined side, should be determined sepa rately, and then 
the total pressure sustained by this surface will be equal to 
their sum. In consequence of the pressure of the atmosphere 
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represented above by n, this total pressure will be increased 
by a quantity equal to fin. 

As all the points of the horizontal base of the vessel expe- 
rience equal pressures, the resultant of these parallel forces 
passes through the centre of gravity of this base ; but in the 
case of an inclined side, the inferior elements experience a 
greater pressure than those which are nearer to the surface ; 
and the point where the total resultant of all these pressures 
meets the side, and which may be denominated the centre of 
■ pressure , will be always lower than the centre of gravity of 
this same surface. When a plane surface plunged in a homo- 
geneous liquid turns about its centre of gravity, the magnitude 
of the pressure which it experiences will not be changed, but 
the point of application of this constant normal force will 
change its position on this surface(c). 

600. For an example of the determination of the centre of 
pressure, let the plane surface be a trapezium abcd (fig. 45), 
whose two bases ab and cd are horizontal. If this surface 
be divided into elements parallel to these bases, and of an in- 
finitely small height, each of these elements will experience 
the same pressure throughout its entire length, and its centre 
of pressure will be at its middle point ; now if ab and cd the 
sides of the trapezium be produced until they meet in the 
point k, and if then kh be drawn from this point to h the 
point of bisection of ab, this line will bisect cd in g, and all 
the elements of the trapezium, therefore, the required centre 
of pressure will be in this line, and it is only necessary to 
determine its distance from ab. Let x f be this distance, x 
that of any element whatever from the same base ab, u the 
length mn of this element, z its distance from the level of the 
fluid, h the height of the trapezium, udx and pgzudx will 
respectively denote the area of this element, and the pressure- 
which it experiences ; the value of the total pressure will be 

^ pgzudx ; and by the theory of the moments of parallel 

forces, we shall have 
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oo pgzudx = ^ xpgzudx. 

In like manner, if c denote the distance of ab from the 
level of the liquid, a the angle comprised between the vertical 
plane drawn from’ this line to the level of the liquid, and the 
production of the plane of the trapezium, we shall have 

z = c + x cos a ; 

and if this value of z be substituted in the preceding equation, 
there will result, by suppressing the constant factor gp 9 which 
is common to its two members, 

x f udx + cos a . ^ xudx ^ 

= c^xudx 4- cosa.f^ x 2 udx. 

JO JO 

Let the lengths of the two bases ab and cd be denoted by 
a and 5, and the perpendicular from the point k on cd by /r, 
then the perpendicular from the same point on ab or a , will be 
k -p and on mn or w, it will be k -f- h — x ; and as these lines 
a, 5, u are parallel, we shall have 

u : b : : k 4- h — x : 

a : b : : k + h : k. 


If the value of k be deduced from the second proportion, 
and substituted in the first, there results (e) 


k = 


bh n _ ah —(a — b) x 

“ ~ h ' 


By substituting this value of u in the preceding equation, 
and then integrating, we obtain (f) 

f — ( a + gj) + h 2 (a + 3 5) cos a 
~~ 6c (a + b) + 2 h (a + 25) cos a * 

’ Consequently, if ef be drawn at this distance a/, parallel to 
ab, the point p where it cuts the line gh drawn from the 
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middle of ab to that of cd, will be the centre of pressure of 
the trapezium. 

In figure 45, ab the upper base is supposed to be the ; 
greater, but if the contrary was the case, it is evident that it 
would be only necessary to substitute for the angle a, its 
supplement, which is the same thing as if the sign of cos a 
was changed in the formula. When a = 90°, the surface is 
horizontal, and the formula becomes 

*(0 + 24). 

“ 3(<z+5) ’ 

which in fact coincides with the distance of the centre of gra- 
vity of the trapezium from its base a . 

Whatever be the value of the angle a, if this base is on 
a level with the water, czz 0, and the general value of x 1 
becomes 

f h ( a + 3 6) 

^"2 ( a + 26) 5 

so that in this case it is independent of the inclination of the 
surface. If b = the trapezium becomes a parallellogram, 
and we have then 

a?'= 

If b or a is cipher, the trapezium becomes a triangle, and 
we shall have either 

x' = \ or of = | A. 

In the first case, the base of the triangle is on a level with the ; 
water, and of is the distance of the centre of pressure from 
this base; in the second case, x l is the distance from the sum- i 
mit which is at the surface of the liquid 0). 

601. The pressures on a portion of a curved surface, may 
be determined by resolving the normal pressure on each ele- 
ment, into three forces parallel to the axes of the coordi- 
nates, and then calculating by double integrals, the total com-„ 
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ponents in these three directions, which components may al- 
ways he reduced to two forces, that for the most part are not 
reducible to a single resultant (No. 264). But in the case of 
pressures exerted on the entire surface of a body immersed in 
a fluid, the reduction to a single force will be always possible, 
and the direction of this unique resultant will be vertical, as 
we now proceed to show. 

Let amb (fig. 46) be the body in question, x , y, z the co- 
ordinates of m any point whatever of its surface, and let the 
level of the fluid be the plane of the axes of x and y, the axis 
of z vertical, and drawn in the direction of the gravity. Let 
to be the differential element of the surface, and p the pres- 
sure on the unit of surface at the point m , so that the pressure 
exerted on this element, and acting in the direction of the in- 
terior normal mn , may be equal to poo. The value of p will 
be the same for all points, which are at the same distance z 
from the level of the liquid, whether this stagnant fluid be 
homogeneous, or only composed of horizontal strata, whose 
density varies from one stratum to another. Likewise, let 
a 5 y be the angles which the normal mn makes with pa- 
rallels to the axes of #, y, z, drawn through the point m in 
the interior of the body. Finally, let oo be projected on the 
three planes of the coordinates, and let its projection on the 
plane of the axes of y and z be denoted by a, on that of the 
axes of z and x by 5, on that of the axes of y and x by c, so 
that as a, /3, 7 are the inclinations of the tangent plane at M 
on these three planes, we shall have 

a = o> coses, b zz wcosfi, c r= oo cosy ; 
and if these equations be multiplied by p, there will result 
pa zz poo cos a, pb zz poo cos / 3 , pc zz poo cos y ; 

from which it appears that the products pa , pb t pc 9 are the 
components of the normal pressure poo resolved parallel to the 
axes of y 9 z ; so that the component perpendicular to each 
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plane of the coordinates, and, generally, to any plane what- 
ever, may be deduced from pto, by substituting for the ele- 
ment <o 9 its projection on this plane. 

This being established, as the body amb is bounded on 
all sides, there is, at least, a second element of its surface, 
which has the same projection on each given plane, as the 
element to . Thus, if from the point m, a perpendicular mp is 
let fall on the plane of the axes of y and z, this perpendicular 
or its production will meet the surface of the body in a point 
m', and the projection of the element a/, which corresponds to 
this point on this plane, will be the same as that of w, and 
equal to a. As the two elements are situated at the same dis- 
tance from the level of the liquid, po> and po/, the normal; 
pressures which they sustain will be to each other as the areas 
to and to', of which the ratio may be any magnitude whatever. . 
But their components parallel to the axis of x , will have a 
common value pa , and as the forces pto and pto' act along the 
interior normals mn, mV, these equal components will evi- 
dently act in opposite directions, the one to the other, that is 
from m towards m' at the point m, and from m' towards m at 
the point m'. Consequently, the component parallel to the 
axis of x, of the pressure exerted on w, will be destroyed by 
the component acting in the same direction, of the pressure 
exerted on the other element to'. In the same manner, it will 
appear, that the component of pw parallel to the axis of y , 
will be also destroyed by the component in this direction, of 
the pressure relative to a third element, which corresponds to 
the point where the perpendicular let fall from the point M on 
the plane of the axes of x and z , meets the surface of the body 
a second time. Therefore, we may infer, that these hori- 
zontal components of the pressures exerted on the elements 
of the surface of the immersed body, mutually destroy each* 
other, in each of the infinitely slender horizontal sections, and, 
consequently, on its entire surface. Hence it follows also, 
that all these pressures are reducible to one sole force, which 
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is the resultant of their vertical components, and which arises 
from the preponderance of the value of p in the lower part of 
the body. 

If p results from a pressure exerted at the surface of the 
liquid, its value would be constant throughout the entire ex- 
tent of the surface amb ; and the components of the pressures 
will be mutually destroyed two by two, in the vertical as well 
as in the horizontal directions. Therefore whatever be the 
form of a fluid or solid body, a constant normal pressure 
exerted on all the points of its surface, cannot produce any 
motion, either of translation or rotation, as has been already 
stated (No. 584). 

602, In order to determine the resultant of the vertical 
pressures exerted on amb, let a perpendicular be let fall from 
m any point whatever on the horizontal plane of the axes of x 
and y, meeting this surface amb in m^ The elements a> and 
w' which correspond to the points m and m,, will have the 
same projection c on this plane; but the pressures on the 
unit of surface will be different, and if they be denoted by p 
and p l9 the filament of the body which is terminated by these 
two elements, and whose length is mist, will be urged verti- 
cally, from below upwards, by a force pc —pic. For greater 
simplicity, the liquid in which the body is immersed is sup- 
posed to be homogeneous. If its density be denoted by p 9 
and the length of mm, by /, we shall have p — pi — pgl, and 
the vertical pressure pglc will be the weight of Zc, the volume 
of the liquid, that is to say, the weight of the volume of the 
liquid, whose place is occupied by this filament of the body. 
If the body be decomposed into infinitely slender vertical fila- 
ments, each of these filaments will be urged upwards by a 
similar force ; hence it follows, that the resultant of all the ver- 
tical-pressures will only differ from the weight of the fluid fila- 
ments which are replaced by those of the immersed body, in the 
direction of its action, , so that it will be equal to the total weight 
of the volume of the fluid, which this solid body displaces, applied 
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to the centre of gravity of this volume, in a direction opposite 
to that of gravity ; which centre of gravity will coincide with 
that of the body itself, when this last is homogeneous. 

If the body is not entirely immersed in the liquid, it is not 
necessary, in calculating the pressure which it experiences, to 
take into account the part of it which is situated above the 
level of the liquid ; the point m x will then appertain to the 
section of the body made by the production of the plane of this 
level, and by taking = 0, this case will come under the pre- 
ceding. The value of the resultant of the vertical pressures, 
which will be always that of all the pressures, will be then the 
weight of the volume of the liquid displaced by the immersed 
part of the floating body, and its point of application will be 
the centre of gravity of this same volume. 

603. These results likewise have place when the liquid is 
composed of horizontal strata. We may also arrive at them by’ 
an indirect consideration, which it is useful to point out. When 
the equilibrium is established in this liquid, it evidently will not 
be deranged if any part whatever of this liquid was to become 
solid, in which case, this part becomes a floating or immersed 
body. Now, in order that the normal pressures exerted by the 
surrounding liquid on the surface of this body, may be in equi- 
librio with the weight of this solid part, they should be reducible 
to one sole force, equal and directly contrary to its weight. 
Moreover, if the part of the liquid which was supposed to be- 
come solid was replaced by another body which had exactly 
the same surface, it is evident that the pressures of the sur- 
rounding fluid are not altered; consequently the pressures on 
thpJLurfhce of a body entirely or partly immersed in a stagnant 
liquid, whether homogeneous or heterogeneous, are always 
reducible to an unique force, equal to the total weight of the 
successive horizontal strata of the liquid, of which this body 
occupies the place, and applied to the centre of gravity of these 
same strata, in a direction opposite to that of gravity. 

It follows from this, that in order that a body entirely im- 
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mersed in a liquid may be in equilibrio, it is necessary that its 
mean density should be equal to that of the liquid, the place 
of which it occupies, and that its centre of gravity and that of 
this portion of the liquid should exist in the same vertical. 
The second condition is always satisfied when the body and 
also the liquid are homogeneous. With respect to bodies 
which are only partly immersed, and which float on the sur- 
face of the liquid, the conditions of their equilibrium will be 
considered in the following chapter. 

604. The hydrostatical principle which has been just de- 
monstrated, is commonly expressed by stating, that a body 
immersed in a liquid loses a part of its weight equal to the 
weight of the fluid which it displaces (No. 191). It appears 
from this that in order to obtain the true weight of a body, it 
should be weighed in a vacuo. Two bodies weighed in the 
air, in water, or in any other fluid, and which are in equilibrio 
when weighed in an exact balance, have really different 
weights, unless their volumes are equivalent. That body, 
whose volume is the greater, has the greater weight, since, 
though it experiences a greater loss in the fluid, it is still in 
equilibrio with the other. 

If the same body is weighed in a vacuo and in water, and 
if p be its weight in the vacuo, and p' its weight in water, then 
p and p — p ; will he the absolute weight of this body and .of 
the same volume of water ; they are therefore to each other as 
the densities of these two substances (No. 60). If the density 
of water be taken as the unit, and that of the body be denoted 
by d, we shall have 

p 


It is by this formula that the densities of bodies, which can be 
weighed in water without being dissolved, are determined by 
means of the hydrostatic balance. 

605. The demonstration of No. 601 is equally applicable to 
the lateral surfaces of a vessel, which contains a liquid (A) ; and 
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it follows from it, that the horizontal components of pressures 
exerted from within outwards, on the entire interior surface of 
the vessel, mutually destroy each other’s effect two by two, so 
that if the bottom of the vessel is placed on a fixed horizontal 
base, the action of the fluids which it contains cannot put it 
in motion ; this also results from the principle of the conser- 
vation of the motion of the centre of gravity (No. 553). But 
if an opening be made in one of the lateral surfaces, below the 
level of this liquid, it will flow out through this orifice ; and 
as there is no pressure on the part of the surface which is 
taken away, that which is exerted on the opposite .part of the 
vessel will be no longer destroyed ; consequently this vessel 
will be put in motion in a direction opposite to that in which 
the fluid flows out. This is the principle on which several 
machines, that are moved by the reaction of a fluid, are con- 
structed, and on which is founded the proposition of D. Ber- 
noulli, to move vessels without the aid either of oars or wind(«). 

In like manner, it may be shown by the same reasoning as 
in No. 602, that the entire pressure exerted on the bottom of 
the vessel and on its lateral surfaces , is always equal to the 
weight of the fluid it contains, applied at the centre of gravity 
of this fluid, in the direction of gravity. Each vertical fila- 
ment of the fluid, which may be continued without interruption, 
from its level to any point whatever of the base, exerts on 
this point a normal pressure, the component of which is equal 
to the weight of this same filament. That which meets the 
interior of the vessel in two points, namely, in the bottom and 
one of the sides, exerts in these two points pressures whose 
vertical components act in opposite directions. The compo- 
nent which corresponds to the inferior point, acts in the di- 
rection of gravity, and exceeds the other by a quantity equal 
to the weight of this filament ; and, in this manner it appears, 
that the resultant of the vertical pressures of all these fluid , 
filaments, is the same thing as the weight itself of the fluid in ' 
question. 
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This pressure should be carefully distinguished from that 
which acts solely on the bottom of the vessel (No. 595), 
and which is equal to the weight of the fluid only when 
the vessel is a right cylinder or prism. It is less than this 
weight, when the vessel enlarges from the bottom to the 
top, like the frustum of a cone that rests on its lesser base, 
because the vertical filaments of the fluid which issue from its 
level, and are intercepted by the lateral surfaces, do not press 
on the bottom of the vessel ; on the other hand, it is greater 
than the weight of the liquid when the vessel is like a frustum 
placed on its greater base, since the vertical filaments which 
issue from the bottom of the liquid, and are intercepted by its 
lateral sides, exert, nevertheless, the same vertical pressure on 
the bottom of the vessel, as if they extended to the surface of 
the liquid, as the deficiency in weight of each of these incom- 
plete filaments is compensated by the resistance of the surface 
by which they are terminated(A). 



CHAPTER IV. 


OF THE EQUILIBRIUM AND MOTION OF FLOATING BODIES. 

606. In order that a heavy body may be in equilibrio on 
the surface of a fluid at rest, its weight should be less than 
that of an equal volume of this fluid ; nevertheless, there are 
cases in which a species of vacuum of small extent is formed 
about a floating body, and which, as it should be added to its 
volume, diminishes, consequently, its mean density, so that 
bodies of small volume may float, though their proper density 
surpasses that of the liquid(a). This circumstance, which is 
connected with the theory of capillary phenomena, will not be 
taken into account in this treatise (No. 588). 

The density of the solid body, if it is homogeneous, or its 
mean density, if it is not so, being less than that of the liquid, 
the body sinks in the liquid, until the weight of the displaced 
fluid becomes equal to its entire weight ; and when this 
equality obtains, the body remains in equilibrio, provided that 
its centre of gravity and that of the displaced fluid exist in the v 
same vertical, ifor the pressure of the liquid which should be 
in equilibrio with the weight of the body, is equal to the weight 
of the displaced liquid, and it acts at its centre of gravity in 
an opposite direction (No. 602). 

If the floating body is homogeneous, as well as the liquid, 
the centre of gravity of the displaced liquid coincides with that 
of the immersed portion of the body. In the state of equili- 
brium, the volume of this part of the body is to that of the 
entire body, as the density of the body is to that of the liquid, 
and the determination of the positions of equilibrium of a 
floating body becomes a geometrical problem, which may be 

VOL. II. 3 o 
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stated in the following manner. To cut a body by a plane, in 
such a manner that the volume of the segment may be to that 
of the body, in a given ratio, and that the centres of gravity of 
the segment and of the body may exist in the same perpen- 
dicular to the cutting plane. Let then the section of the body 
which satisfies these two conditions, be placed on the level of 
the liquid, in such a manner, that the segment whose volume 
has been thus determined, may be situated underneath, and 
therefore immersed in the fluid, and one of the positions of 
equilibrium of the floating body will be obtained. In each 
particular case, these two conditions will be expressed by 
equations, the complete solution of which will make known 
all the positions of equilibrium of this body. Sometimes their 
number will be infinite, as in the case of solids of revolution, 
whose axis is horizontal ; in other cases, this number is finite 
and determinate ; but it would be difficult to demonstrate, a 
priori , that whatever be the form of the body, it has always a 
position of equilibrium. 

607. Let the case of a triangular prism, whose edges are 
horizontal, be selected for an example of the problem that has 
been just stated. The cutting plane will be evidently parallel 
to these edges ; moreover, its direction will be independent of 
the distance comprised between the two bases. Hence then 
we need not take into account the length of the prism, but 
solely determine the intersection of the cutting plane and of 
one of these two bases, so that the problem becomes one of 
plane geometry, which will have place equally in the case of a 
prism or of a horizontal cylinder with any base whatever. 
Let abc (fig. 47) be one of the bases of the given prism. It 
may happen that two angles of this triangle are immersed in 
the liquid, or only one of them. If the case of only one 
immersed angle be first considered, we shall then see how the 
other case is reducible to this. Let therefore c be this im- 
mersed angle, mn the intersection of the cutting plane and of 
the base abc, which it is proposed to determine, and which will 
represent the level of the liquid. Let a, 6, c be the given 
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sides of this triangle abc, which are respectively opposite to 
the angles a, b, c, and let x and y denote the unknown sides 
cm and cn of the triangle mnc, so that we may have 

ucza, AC = J, AB = C, CM zz a?, cn := y. 

The area of any triangle is equal to half the product of two of 
its sides and of the sine of the included angle ; hence we shall 
have 

abc = 1 } ab sin c , mnc zz\xy sin c. 

As the weight of the entire prism is equal to the weight of a 
prism of the fluid equal in volume to the part immersed, we 
shall have 

mnc : AB c:r: 1 ; 

r being a quantity less than unity, which represents the ratio 
of the density of the floating body to that of the liquid. This 
proportion gives, by substituting for abc and mnc their pre- 
ceding values, 

xy = rah . (1) 

Now, if CD be drawn from c to the point of bisection of the 
base ab, and if on this line dg be taken = ^-dc, the point g 
will be the centre of gravity of the triangle abc. In like 
manner, e being the middle point of mn, if on ce a part ef be 
taken z: ^ce, the point f will be the centre ofgrayity of mnc. 
Therefore the line gf must be perpendicular to mn (b): but as 
the lines CD and ce are cut into proportional parts in the points 
g and f, the lines de and gf are parallel ; consequently, the 
line de which joins the middle points of the two bases ab and 
mn, is also perpendicular to mn, from which it follows that 
the two lines dm and dn are equal. Conversely, if dm = dn, 
the line de will be perpendicular to mn, as is also its parallel 
gf ; therefore, in order that de the right line which joins the 
two centres of gravity g and f may be perpendicular to the in- 
tersection mn, it is necessary and sufficient that the values of 
dm and dn should be equal. 

This being so, if we make cn A, and denote dcb and 
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dca, the two parts of the angle acb, by j3 and a respectively, 
we shall obtain, by considering the triangles dcm and dcn, 

dm 2 = A 2 + x 2 — 2 hx cos a, 
dn 2 = A 2 + y 2 — 2 hy cos/3 ; 

and by putting these two values equal to each other, there 
will result 

x 2 — 2 hx cos a = y 2 — 2 Ay cos /3. (2) 

By means of equations (1) and (2), x and y can be deter- 
mined. We obtain by the elimination of 

x A — 2hx 3 cos a + 2hrdbx cos/3 — r 2 a 2 A 2 = 0. (3) 

The value of x can be deduced from this equation, which is 

of the fourth degree, and then as y = r —^ the corresponding 

x 

value of this quantity can be determined. 

As equation (3) is of even dimensions, and has its last term 
negative, it must have at least one positive and one negative 
root. The other two roots may be either real or imaginary. 
If they are real, it is evident, from the rule of Descartes, that 
equation (3) will have three positive roots and one negative 
root. For if we suppose a term = ± ox 2 to be added to it, 
whether this coefficient is -f- or — , we have always three va- 
riations and one continuation . As the unknown quantities 
x and y , which are the sides of the triangle mnc, must be 
po sitive quantities respectively less than ca and cb, the sides 
of the triangle abc, we should reject, as being inapplicable 
to the question, the negative root of equation (3), the values 
of x which are greater than a 9 and also those which give a 
value greater than y. Thus, there are, at most, only three 
of equilibrium when only one angle c is immersed in 
th^, liquid. 

608. If this angle be without the fluid, and the two points 
a and b below the level mn, the problem will be the same as 
in the preceding case, with this sole difference, that 1 — r 
should be substituted in place of r in equation (1) and (3). 
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In fact, as the centres of gravity of the triangle abc, and of 
its two parts mnc and mnba exist on the same line, and as 
the centres of gravity of abc and of the second part must be 
situated on a perpendicular to mn, the centres of gravity of the 
triangles abc and mnc must always exist on this perpendicu- 
lar ; so that we have at once, without any change, equation (2), 
which expresses this condition. Moreover, the proportion 

mnba : abc ::r: 1, 

which should now have place, may be changed into the fol- 
lowing, 

mnc : abc ::1 — r:l; 

in consequence of which, equation (1) is changed into 
xy = (1 — r)ab. 

If by means of this, y be eliminated from equation (2), we 
will light again on equation (3), in which the ratio r will be 
replaced by 1 — r, that is to say, we shall have 

zc 4 — 2/i# 3 cosa + 2/*(l^r)a6ascosj3— (l^r) a a s & 2 = 0. (4) 

By reasoning in the same manner as before, it appears that 
there are at most but three positions of equilibrium, when the 
two angles a and b are immersed in the fluid. 

If the three angles a, b, c be successively considered, and 
if we examine the case for each angle, in which it is solely 
immersed in the fluid, and solely without the fluid, all the 
horizontal positions of equilibrium of the given prism will be 
determined ; and from what precedes, it results that this num- 
ber can never exceed eighteen(c?). 

609. When the triangle abc is isosceles, we may dispense 
with equation (3) or (4), and resolve the equations in x and y 
directly. If, for example, b zz #, the triangles cad and cbi> 
will be equal and rectangular, and we shall have 

[3 — ct, k 2 a 2 ~ \ c 2 , acosti = h 5 
and equations (1) and (2) will become 



470 OF THE EQUILIBRIUM OF FLOATING BODIES. 


xy 


o 2 O (4 a 2 — C 2 ), x 
=.ra% f-x 2 - ± — — — l(y — x) = 0 . 


(5) 


They may be satisfied at once, by making 


x = ?/ = a Vjr ; 


which values, as r Z 1, and aV r Z a, are evidently admis- 
sible. There results from it a position of equilibrium, in 
which the triangle mnc is isosceles, and in which ab the base 
of the triangle abc will be parallel to mn or horizontal. By 
changing r into 1 — r, a second position will be obtained, in 
which the point c will be situated without the liquid, and the 
base ab still horizontal. But there^ may be also other po- 
sitions of equilibrium, for which this base will be inclined. 

In fact, if the factor y — x of the second equation (5) be 
suppressed, there arises 


y + x = 


4a 2 — c 2 


2 a 


As this and the first equation (5) give the sum and product 
of the two unknown quantities x and y, it follows that these 
quantities will be the two roots of the same equation of the 
second degree, and the expressions for these roots will be(e) 


JL_ 

4 a 


[4a 2 — e 2 ± 


V (4a 2 — c 2 ) 2 — 16ra 4 ]. 


If each of them be taken successively for a?, and the other 
for y , there will result, when they are respectively real, and 
less than a, two new positions of equilibrium, in which the base 
ab is situated without the liquid. By substituting 1 — t in 
place of r, and always supposing the real roots less than a, two 
other positions of equilibrium will be obtained in which this 
base is immersed. When the two preceding roots are equal, 
the base ab is horizontal, and its new positions of equilibrium 
must coincide with the preceding, and, in point of fact, we 
have then 4a 2 — c 2 =:4a 2 yV> from which we obtain^) 

”y = x = ct'/r* 
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CIO. In the case of an equilateral triangle, c becomes equal 
to a, in the preceding formulae. The equal values of x and y 
will not he changed; their unequal ones will become(#) 

|(3± /9-16r), 

in the case of only one immersed angle, and 
^(3± V 16r - 7), 

in the case of only one angle without the liquid. It will 
be therefore necessary to know what the fraction r ought 
to be, in order that its values may be real, and less than 
a. Now, if r A -fo and > the first formula will be real, 
and its two values will be less than a ; without these limits, 
this formula will be either imaginary, or one of its values will 
surpass a ; and, in the same manner, in order that the values of 
the second formula may be real, and less than a, it is necessary j 
and sufficient that we should have r Z \ and > T 7 ¥ . It ap- 
pears, therefore, that from r = A tor — J, the first formula 
is solely admissible, and that, on the contrary, it is the second 
that is solely admissible from r = \ to r — T 7 ^ ; and that for 
r > ^ or r < T 7 ^, the two formulae should be rejected. 

As in the case of an equilateral triangle, every thing rela- 
tively to the three summits is similar, the number of positions 
of equilibrium will be always a multiple of three, and this 
number may be six or eighteen according to the value of r(A). ' 

611. Besides their horizontal positions of equilibrium, 
homogeneous prisms and cylinders may float in positions of 
equilibrium, in which their edges are vertical, and their bases 
parallel to the level of the liquid, and there are two for each 
body, since either of the two bases may be immersed in the 
liquid. The centres of gravity of a vertical prism, and of its 
immersed part exist on the same perpendicular to the level ; 
the ratio of their volumes is the same as that of their heights (i ) 9 ; 
and, consequently, the height of the immersed prism is to that 1 
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of the entire prism as the density of the body is to that of the 
liquid, which is sufficient to enable us to determine the depth 
to which the body sinks in its state of equilibrium. 

Solids of revolution, and in general, all bodies which are 
symmetrical about an axis, have likewise two positions of 
I e fluilibrium, in which this line is vertical, and which may be 
easily determined. Let us suppose, for example, that the 
* bod y was a homogeneous ellipsoid, whose three semiaxes are 
a, c; let the axis 2 c be vertical, and let u be the distance of 
the two other axes from the section, which coincides with the 
level of the water, u is an unknown quantity, which is positive 
or negative, according as this section is below or above the 
centre of the ellipsoid. Likewise, let z be the area of the 
horizontal section of this body made at any distance such as z , 

• from its centre; then as the volume of the semi-ellipsoid is 
2t 

“g~«6c, that of the immersed segment will be obtained by 

subtracting from — abc, the integral ^ zdz , which expresses 

the value of the segment comprised between the level of the 
water and the horizontal section, made through the centre 
of the body, and which has the same sign as u . Therefore, 
in the case of equilibrium, we shall have(&) 

- CU 4 7T , '| 

-3- a bc — \ zdz zz — abcr ; / 


/; being always the ratio of the density of the floating body to 
that of the liquid. As this body is an ellipsoid, we shall have 
(No. 89 ) 




and the equation of equilibrium will become 


u 3 - 3 c 2 u - 2(2 r - 1) c 3 = 0 . 

It will have always one real root comprised between ± c, and 
it will be positive or negative, according as r > i or r Z 
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In the extreme cases of r = 0 and r = 1, this root will he 
u =z c and u = — c. 

The parts immersed in different liquids of the same body 
symmetrically arranged about a vertical axis, are in the inverse 
ratio of the densities of these fluids. This is the principle of 
the construction of the hydrometer, by means of which the 
densities of different fluids can be compared together. 

612. Among the different positions of equilibrium of the 
same body floating on the surface of a liquid, there are some 
which are stable, and others which are not so; and from 
No. 570, it appears that if this body be made to turn about 
an axis, which, for greater clearness, we shall suppose to 
be horizontal, its successive positions of equilibrium will be 
alternately stable and instantaneous. It is of consequence to 
distinguish carefully the first from the last, which would not 
continue sufficiently long to be observed, but for the slight 
adhesion of the floating body to the liquid with which it is in 
contact. In the first place, let the floating body be supposed to 
be perfectly symmetrical, as to the form and density of its parts, 
on each side of a vertical section abcd (fig. 48). Let g be its 
centre of gravity, which must exist in this section. Likewise, 
let ac be the line in which this section meets the level of the 
liquid when the body is in equilibrio in it, and let h be 
the centre of gravity of the volume of the liquid that is 
displaced by the body ; this point will likewise exist on the 
section abcd, on some point of bgk drawn from the point g, 
perpendicular to ac. When the body is homogeneous, the 
point h will be beneath G, as is represented in the figure; but 
when the floating body is ballasted , that is to say, when the 
density of its inferior part is increased, the point g may fall 
beneath the point H. This being so, if the floating body is 
caused to deviate a little from its position of equilibrium, by 
making it to turn about an axis perpendicular to abcd ; and if 
it be then remitted to itself without impressing on it any 
initial velocity, whatever may be the motion which the body 

3 p 


VOL. II 



474 OF THE EQUILIBRIUM OF FLOATING BODIES. 

will assume, the section abcd will always remain vertical, 
and g, the centre of gravity, will constantly exist on it. 

In this new position, let a V (fig. 49) be the line which 
indicates the level of the liquid, and that intersects ac in e, 
in which case, the segment of the body which belongs to aea'', 
will be immersed in the liquid, and that which belongs to cec', 
will be raised out of it. As we have supposed that the volumes 
of these two segments are equal, it follows that the volume 
of the liquid displaced by the body will not be changed ; con- 
sequently, the weight of this volume of the fluid will be still 
equal to that of the body, as in the state of equilibrium. 
Now, as g the centre of gravity of the floating body ought to 
move as, if the mass of this body being concentrated in it, the 
weight of this body and the pressure of the fluid were applied 
to it (No. 438) ; and as these two vertical forces act in oppo- 
site directions, and are, by hypothesis equal, it will not be 
necessary to consider the motion of the point g. 

If h' be the centre of gravity of the volume of displaced 
liquid, after the body has been made to deviate from the posi- 
tion of equilibrium, this point, like the centre of gravity g, 
will appertain to the section abcd, but they will be, in gene - 
ral(l), no longer situated in the same vertical ; consequently, 
the pressure of the fluid will cause the body to turn about a 
line passing through the point g, and perpendicular to the 
section abcd ; and the question will be to determine whether 
this motion tends to make the body revert to its position of 
equilibrium, or to cause it to deviate more and more from it, 

: and eventually upset it. 

Now, if through the point n' the vertical h'm be drawn 
meeting the line bgk perpendicular to ac, at the point m, it 
is evident that the pressure of the fluid, wdiich is exerted up- 
wards in the direction h'm, will tend to bring back the line 
bgk to its vertical position, which is that of the equilibrium, 
or to cause it to deviate more from it, according as the point 
M is situated above or below the point g. In the first case, 
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the equilibrium will be stable, in the second case it will not be 
so. When the point m coincides with the point g, the body 
will still continue in equilibrio, in any position near to' the 
first, ^ in which it may have been placed. If G the centre of 
gravity of the body falls below that of the volume of the dis- 
placed liquid, which was h, in the state of equilibrium, that is 
to say, if this point g exists between the points b and h, on 
the line bk, the point u will be above g, and the equilibrium 
will be necessarily stable. If, on the contrary, the point g is 
above h, as in the case of a homogeneous body, the point m 
may be above or below g, and the equilibrium may be either 
stable or unstable. The point m, the consideration of which' 
enables us to distinguish the two states of equilibrium of a 
floating body, is symmetrically situated with respect to a ver- 
tical section, and is termed the metacentre . We now, how- 
ever, propose to give another rule, deduced from the principle 
of living forces, by means of which the stability of the equili- 
brium may, in all cases, be ascertained. * — - 

613. For this purpose, let us consider a body of any form 
whatever, homogeneous or heterogeneous, in equilibrio in 
the water. Let abcd (fig. 50) be the intersection of this 
body with the level of the water, g the centre of gravity 
of the moveable, h that of the volume of water displaced 
by the part immersed of this body, v the volume of this 
part, and iwr the mass of the entire body ; since it is supposed 
to be in equilibrio, the line gh is perpendicular to the plane 
Alien, and the mass of displaced water is equal to that of the 
body, so that if the density of the water be denoted by p, we 
have 

M = \p. 

Let us suppose that the section abcd is elevated above, or 
depressed below the level of the water (fig. 51), by a very 
small quantity, and that at the same time, the plane of this 
section is inclined by ever so small an angle ; and also, for 
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greater generality, that small velocities are impressed on the 
points of the moveable. The equilibrium will be deranged, 
and to determine the stability, it will be necessary to consider 
whether, in consequence of the motion that the body acquires, 
the section abcd, which is fixed in the interior of the body, 
deviates more and more from the level of the water, or tends 
to revert to it, by oscillating on each side of this level. During 
the motion which ensues, the natural level of the water cuts 
the floating body in a section which is variable in its interior, 
and which is termed the 'plane of floatation ^ Let A'B'c'n'be 
this section at any instant whatsoever, ab^cd" another va- 
riable section of this body made by a horizontal section which 
passes through the centre of gravity of the section abcd ; ac 
the intersection of abcd and ab^cd' 7 , which is variable on 
abcd, 6 the mutual inclination of these two sections, £ the 
distance of ab^cd" from the plane of floatation ; which dis- 
tance we shall consider to be positive or negative, according 
as this section exists above or below the level of the water. 
The variable quantities 9 and £ are supposed to be very small 
at the commencement of the motion, and the question will be 
to determine whether they remain very small during its entire 
continuance. 

614. If the variable velocity oidm any element whatever 
of the mass of the moveable, be denoted by the sum of the 
living forces of all its points will be given by the integral 
$u 2 dm extended to the entire mass, and the equation which 
results from the principle of living forces, will be of the form 
(No. 564), 

$u 2 dm- c + 2$; (a) 


c being an arbitrary constant, and <j> a function depending on 
the forces which are applied to the points of the moveable. 

the gravity which acts on all its points, 
die pressures which the fluid exerts on the im- 

mersed of t|e surface of the body ; now we can substitute 
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for these pressures, motive forces which act on all the elements 
such as dm of its mass, that are situated below the level of the 
water, by taking for each element a force, acting in a direction 
opposite to that of gravity, and equal to the weight of the volume 
of the water which it replaces; for by No. 602, the magnitude, 
direction, and point of application of the resultant of these 
motive forces, will be the same as that of the vertical pres- 
sures. In this manner, if the gravity be denoted by g , the 
element of the volume of the moveable, which corresponds to 
dm the element of its mass, by dv , the motive force of dm will 
be gdm — gpdv , if this material point exists below the level of 
the water, and gdm if it be above it. Moreover, if z be the 
variable distance of dm from the plane of floatation, which will 
be positive or negative according as dm is below or above this 
plane, it follows from the general value of the function 0, 
given in No. 564, that in the present question, we should 
have 

<t> = \zgdm — \zgpdv ; 

in which equation, the first of these two integrals extends to 
the entire mass of the floating body, and the second solely to 
the part of its volume that is immersed. 

If from Gr the centre of gravity of the mass m, a perpen- 
dicular ge be let fall on the plane a'b'cV, and if ge be made 
= 2 r ls we shall have at once, for the value of the first integral, 

$zgdm = guz x . 

If the second be divided into two parts, the one relative to 
v the volume, situated below abcd in the state of equilibrium, 
the other relative to the volume comprised between the sec- 
tions abcd and a'b'c'd', then gvpz' will be the value of the 
first part, z f being the variable distance of h the centre of 
gravity of the volume v, from the plane of floatation, that is 
to say, the length of hf the perpendicular let fall from the 
point h on the plane a'b'c'd'. Therefore, if for one moment 
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k be the value of the integral \zdz extended to all the ele- 
ments dv of the volume comprised between abcd and aVc'd'; 
gpk will be the second part of the second integral comprised 
in the expression 0, and we shall have 

<t> = 9 MZ X - gpvz? - gpk, 

for the complete value of this quantity. But as the right line 
gh is perpendicular to the plane abcd, the angle which it 
makes with the vertical, is 9 , the inclination of the plane 
abcd to the horizontal plane; if, therefore, the constant 
length of gh be denoted by a , we shall have 

2 , = s' ± a cos 9 ; 

in which the superior sign will have place when the point g 
is below h, and the inferior sign in the contrary case. By 
substituting this value of z l in that of <£, and observing that 
m — vp, there results 

^> “ ± gpav cos 9 — gpk ; 

and it will only remain to determine the value of the integral 
represented by k . 

615. In order to obtain it, let the area of the section 
abcd be decomposed into infinitely small elements, and let 
them be projected on the plane of flotation a'b'c'd', the volume 
comprised between those two sections of the body will, by this 
means, be divided into an infinite number of vertical cylinders 
whose bases are the horizontal projections of the elements of 
abcd. Let then any one of these cylinders be cut by an in- 
finity of horizontal planes, and let dv the element of the 
volume which is considered, be the part of this cylinder com- 
prised between the two consecutive planes, whose distances 
from the plane of floatation are z and z 4- dz, so that this 
element may be equal to the base of the cylinder multiplied 
by dz . Now as d\ is the differential element of the section 
abcd, the horizontal projection, or the base of the corres- 
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ponding cylinder will be d\ cos 0, because 0 is the inclination 
of the plane of dX on the plane of projection, therefore, we 
shall have 

dv = dzdX cos 9 ; 


consequently, %zdv, the integral relative to one of the vertical 
cylinders, ■will be the product of dX cos 9 and of \zdz^ or equal 
to(m) J y 2 cos 0 dX, y being the height of this cylinder, or the 
perpendicular let fall from d\ on the plane of floatation ; 
therefore, the quantity denoted by k will be 

k = ^ cos 9\y 2 dX ; 

in which the integral is supposed to extend to the entire area 
of abcd. The perpendicular y consists of two parts, the one 
comprised between the two parallel planes AVc'o'and ab^cd", 
and which is denoted by £, the other comprised between dX 
and the second plane, which will be equal to l sin 0, l de- 
noting the distance of this element from ac the intersection of 
the two planes abcd and ab^cd"; we shall therefore have 

y = Z + l sin 0, 

in which l will be regarded as positive or negative, according 
as dX is below or above the second plane. By substituting 
this value in the preceding equation, and observing that Z 
and 6 are constant in the integration adverted to above, there 
results (n) 


k- ££ 2 cos0$e?A + ?sin0cos6>S/d\ + ^sin 2 0cos0SPiX. - 

If b denotes the area of the section abcd, or the value of 
\dX, then as the line ac contains by hypothesis, the centre 
of gravity of this section, the integral is cipher; and if 


we make 


$m = by\ 


so that j may be a line depending on the figure and extent of 
A«cn, we shall have finally 


n = eo$ eg* +7**^0)- 
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This formula does not give the exact value of k ; in order 
that it should, the volume comprised between the sections 
a'b'c'd' and abcd should be the part of a vertical cylinder, 
cut off by the plane of the section abcd; but whatever its 
form may be, we may suppose that the exact value of h differs 
very little from the preceding, as long as Z and 0 are very 
small quantities, and it is easy to be satisfied that the diffe- 
rence^ of these values is a quantity of the third order with 
respect to Z and 0(o). By substituting this approximate 
value of k in the expression of 0, and also making 

jQ 0 3 6 2 

sin 0 = j — y ~23 + &c -> cos 0 == 1 = ^ + &c., 


we shall obtain, when all the terms of the third order, with 
respect to these variables 0 and £, are neglected, 

0 = gpva gpvae 2 - \gpb (£ 2 + 7 2 0 2 ), 
by means of which equation (a) is changed into the folio w- 

ing(p)» 

\u 2 dm + g P [bZ* + {by 2 ± yd) 0 2 ] = c , (b) 

the term ± 2 gpva being supposed to be comprised in the ar- 
bitrary constant c . 

616. The value of this constant will be determined when 
the values of u, £, 0, which are supposed to be very small, 
are known at the commencement of the motion ; and it ap- 
pears, moreover, from equation (b), that its value is positive, 
if the coefficient by 2 ± va is positive, when the motion com- 
mences. If this coefficient remains positive during the entire 
continuance of the motion, it follows from this equation, by 
the same reasoning as has been employed in No. 570, that 
the variables Z and 0 will remain constantly very small, so 
that at any instant whatever, we shall have 


0Z 



c 

gp{ly 2 ±yd)’ 



from which it appears, that the stability of equilibrium of a 
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floating body* depends on the sign of the quantity by 2 ± va, 
and that this equilibrium will be stable when this quantity is 
positive at the commencement and during the continuance of 
the motion (y). 

The integral ^Pd\, which is denoted by by 2 , must be a 
positive quantity, since all its elements are positive. The 
term ± va must be affected with the sign + when the point 
g- is lower than the point h, therefore, in this case, the coef- 
ficient by 2 ± va is positive, and the equilibrium is stable(r). 
When, therefore, the centre of gravity of the entire mass of a 
floating body is lower than that of the volume of water, which 
it displaces in its position of equilibrium, we may be certain, 
that this equilibrium is stable for all the small motions that 
can be impressed on the body. 

If, on the contrary, the point h is lower than the point G, 
the term ± va must be affected with the sign — ; therefore,' 
we must have by 2 > va, in order that the coefficient by 2 i va 
may be positive and the equilibrium stable. Now, the mag- 
nitude of the line y varies with the position of the line ac, 
which always passes through the centre of gravity of the sec- 
tion abcd, and turns about this point during the continu- 
ance of the motion ; hence if the line ac be made to make an 
entire revolution, it is evident that there is one position in 
which the line y will be less than in any other; if, therefore, 
this least value of y be calculated, and if then we find by 2 va, 
it is certain that the coefficient by 2 ± va cannot become nega- 
tive, and, consequently, that the equilibrium is stable. 

In a ship, for example, it is easy to perceive that the line 
ac, to which the minimum of the integral ^l 2 dX corresponds, 
is the line drawn from the prow to the poop, consequently, 
if the area of the section on a level with the water, be divided 
into infinitely small elements, and if then the sum of all these 
elements, multiplied respectively by the square of their dis- 
tances from this line, be determined, provided that this in- 
tegral surpasses the product of the volume of the water 
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displaced by the vessel, and of the distance of the centre of 
gravity of this volume from that of the vessel, we may bo 
certain that the equilibrium is stable, with respect to all the 
small motions of the vessel, even when the second centre of 
gravity is higher than the first. 

617. Having discussed the question of the equilibrium and 
stability of floating bodies, we now proceed to determine the 
motion by which they are actuated, when they are made to 
deviate a little from a position of stable equilibrium. In 
order to solve the question completely, we should consider 
both this motion and also that of the liquid at the same time ; 
this the author proposed to do in another treatise, at present 
the motion of the fluid will not be taken into account, and, in 
order to simplify the problem, with respect to the solid body, 
it will be assumed, that it is symmetrical on each side of a 
plane, which continues to be vertical during the entire motion. 

This plane contains g and h the centres of gravity of the 
moveable and of the volume of fluid, which it displaces in its 
state of equilibrium. In this state, the line gh is vertical ; 
let it be inclined by making it to turn in this plane about the 
point g, then let this line be elevated or depressed in this 
same plane, parallel to itself ; and afterwards let the moveable 
be remitted to the action of gravity, and of the pressures of 
the surrounding fluid, without impressing any initial velocity 
on it ; it is evident, that the section of the moveable made by the 
plane in question, and which divides it into two symmetrical 
parts, will continue constantly vertical, ac the intersection of 
the sections abcd and AB tf cn ff will remain always perpendi- 
cular to this vertical plane ; and as by hypothesis, the line 
ac contains the centre of gravity of abcd (5), it follows, that 
this centre will be the point k where it intersects the same 
plane, and that the line ac will always meet the contour of 
abcd in the same points a and c. Independently of the sym- 
metry of the body with respect to the plane perpendicular to 
ac, let us suppose besides, in order to simplify the question 
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still more, that the line gk is perpendicular to the plane ol 
the section abcd ; this will be the case, when, for example, 
the plane passing through the two lines gk and ac, likewise 
divides the moveable into two symmetrical parts. 

At the end of any time t , reckoned from the commence- 
ment of the motion, let z denote ge the distance of the point 
g from the fixed plane a'b'c / d / , Z the mutual distance of the 
two horizontal planes ab^cd^ and a / b / c / d / , 6 the angle kge 
comprised between the line gk and the vertical ge, y the 
distance of rfX, any element whatever of the section abcd, 
from the plane a'b'c'd', x its distance from the vertical plane 
drawn through the point g and parallel to the line aicc. 
Likewise, let l be the constant distance of this element from 
this line, and h the given length of gk. It is easy to per- 
ceive, that we shall have (t) 

Zl = Z + A cos 0, y = Z + Zsin 0, x = Zcos0 + A sin 0, 


in which Z, A, Z are to be considered as positive or negative, 
according as the element d\ is to the right or left of the line 
akc, as the line gk is to the right or left of the vertical ge, and 
the plane ab"cd" below or above a'b'c'd'. Finally, if the area of 
the section abcd be denoted by 5, and if y denotes the same 
line as before in No. 615, we shall likewise have 


= s«x = o, $z 2 tfx = V; (0 

in which the integrals are supposed to extend to all the ele- 
ments of b . 

The variables Z and 0 determine the position of the move- 
able at each instant. As the initial velocities of all the points 
of the body are supposed to be cipher, we shall have for 


0 , 


e = a, ? = /3, g-0. J t -0, 


a, /3 denoting very small given quantities. The problem will 
consist in determining the values ot 6 and Z in functions of t, 
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on the supposition that these variables remain very small 
during the entire continuance of the motion ; in consequence 
of which we are permitted to neglect the square of 0, and the 
product of 0 and £, and to consider the volume comprised 
between abcd and a'b'c'd', as a truncated cylinder. 

618. The centre of gravity g will move as if m the mass of 
the moveable was condensed into it, and m g the weight of the 
body and the resultant of the pressures of the fluid were applied 
to it. This resultant acts in a direction contrary to that of m g ; 
it is equal to (v + u) pg, v denoting the . volume of the dis- 
placed water in its state of equilibrium, and v -+• u this volume 
at the end of the time t. Therefore, the motive force of the 
point g acting in the direction of gravity, will be Mg— (v+ u ) 99 
or simply — u pg, because mi -vp ( u ) ; as its initial velocity 
is cipher, it will not deviate from the vertical in which it exists 
at the commencement of the motion, and the equation of its 
motion on this line will be 

u is the volume comprised between the two sections abcd 
and a'b'c'd'; so that if this volume he decomposed into ver- 
tical cylinders as before, we shall have 


u = §ycos OdX ; 

in which the integral is supposed to extend to all the elements 
oib. By substituting for y its preceding value, we obtain(») 


u = cos 6. 

If, therefore, cos 9 be assumed equal to unity in this value 
and in that of z x , and if these values he then substituted in 
the equation of the motion of the point g, and if vp be put 
also in place of m, there results 


dt i+ v 


= 0 . 


( 2 ) 


At the same time, the moveable will turn about the point 
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g, as if it was fixed, and the forces which solicit it were not 
changed (No. 438). Therefore, this motion of rotation will 
have place about the fixed axis drawn through the point g, 
and perpendicular to the plane which divides the moveable 
into two symmetrical parts ; and because the weight of the 
body passes constantly through this point, it will be due solely 
to the pressures of the surrounding fluid ; consequently, the 
equation of this motion will be (No. 392) (x) 



mA 2 denoting the moment of inertia of the body with respect 
to the axis of rotation, w its angular velocity of rotation at the 
end of the time i ?, and / a the total moment of the pressures at 
the same instant, with respect to the same axis. The velocity 
(t> will be regarded as positive or negative, according as the 
motion has place in the direction indicated by the sagitta $, 
or in the opposite direction ; so that we shall have 

_ dO doj __ d 2 6 

w ~ ~~Tt' di~~~!F ; 

and, this being the case, the moments of the pressures in the 
value of fj. should be affected with the sign + or — , according 
as they tend to produce a rotation in the direction of the sa- 
gitta s 9 or in the opposite direction. 

Now, the total moment p may be divided into two parts, 
the one relative to the constant volume v, the other relative 
to the variable volume u. The part of the pressure corres- 
ponding to the first volume is equal to vpg applied to the point 
h, and acting in the direction hf ; the value of the perpen- 
dicular let fall from the point g on this line produced, if ne- 
cessary, is asin0, in which a denotes the constant distance 
gh, hence the first part of the moment p will be dzvapg sin 0, 
in which the superior or inferior sign ought to be taken, ac- 
cording as the point h is higher or lower than the point g(s). 
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With respect to the part of p which corresponds to u, if this 
volume be always decomposed into vertical prisms, and if the 
pressure corresponding to y cos 9d\ any prism whatever, be 
considered, which pressure is always equal and contrary to the 
weight of the volume of the displaced fluid, we shall have pgxy* 
cos 9 d\ for the moment of this pressure ; and, consequently, 
pgtyy cos 9dX for the second part of in which the integral 
extends to the entire area b. By substituting for x and y 
their values, this quantity will become, by having regard to 
equations (1 )(y) 

(y 2 cos 9 + A£) pgb cos 0 sin 9 ; 
consequently, the complete value of p will be 

p zz (by 2 cos 2 9 ± \a + bh% cos 9) pg sin 6. 

If, in this value, unity and 6 be substituted in place of 
cos 9 and sin 9 , and if the product of £ and 0 be neglected, 
and if then, it and also the values of m and o> be substituted 
in the equation of the motion of rotation, it becomes 


d?9 (j by 2 ±va g6 _ 

W 2 


(3) 


The problem, therefore, depends on the two differential 
equations (2) and (3) ; and as the variables 9 and £ are sepa- 
rated in them, it follows, that the motion of rotation of a 
floating body, and that of its centre of gravity, are independ- 
ent of each other; a circumstance which obtains, because the 
line gk drawn from the centre of gravity of the moveable to 
that of abcd is supposed to be perpendicular to this sec- 
tion^). By integrating these two equations, and determining 
the arbitrary constants, by means of the initial values of 

- n dZ do , . . , A 

e > di’ Tt ’ we 0btam (O 

Z=(5co S t\/^, fl = a C os[p^ ^ ±V ^j. 
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As the vertical ordinate of the centre of gravity is equal to 
h + when the square of 0 is neglected, it follows, that the 
motion of this point is the same as that of a simple pendulum 

whose length is In order that the value of 0 may not in- 


crease indefinitely, that is to say, in order that the equi- 
librium, from which the floating body has been made to de- 
viate, may be stable, the quantity by 2 ±va must be posi- 
tive ; which agrees with the theorem of No. 616. When this 
condition is satisfied, the oscillations of the line gk on each 
side of the vertical ge will be the same as those of a simple 

vA 2 

pendulum, the length of which is . 

If the floating body is not symmetrical on each side of the 
plane passing through the lines gk and akc, then when the 
perpendicular let fall from the point g on the section abcd is not 
equal to the line gk, the variables Z, and 0 will be no longer 
separated in equations (2) and (3), the first would contain a 

term multiplied by and the second a term which has Z, 

for a factor ; the motions of rotation and of the point g will be 
no longer independent of one another ; and the moveable may 
perform four descriptions of simple oscillations, into which its 
motion of rotation can be always decomposed, agreeably to the 
principle of the coexistence of small oscillations, but which may 
be reduced to two in the particular case which we have con- 
sidered (//). 



CHAPTER V. 


OF THE MEASUREMENT OF HEIGHTS BY OBSERVATIONS OF 
THE BAROMETER. 

619. It appears from No. 598, that the equation of equi- 
librium between the mercury contained in the closed branch of 
the barometer, and the pressure of the atmosphere in the open 
branch, is 

mgh =s n \ (1) 

in which II denotes this pressure on the unit of surface, g the 
gravity, m the density of the mercury, and h the difference of 
level of this fluid in the two branches of the barometer ; in 
this equation it is assumed that there is no sensible pressure 
above its level in the closed branch. 

As the equilibrium ought not to be deranged by supposing 
that the open branch of the barometer is extended to the limits 
of the atmosphere, it follows that the pressure 13 is the weight 
of a vertical cylindrical column of the atmosphere, whose base 
is the unit of surface, and the height that of this fluid. This 
weight is therefore equal to that of a cylinder of mercury, 
having the same base, and of which the height is about 0 W . 76 ; 
and it results from this, that the pressure of the atmosphere on 
each square metre of the surface of the earth is very nearly ten 
thousand kilogrammes (a). 

According as we ascend above this surface, the height and 
weight of the column of the air which presses on the mercury 
of the barometer, diminish more and more ; consequently the 
height h must also diminish, and there exists a relation be- 
tw^en this^height and that through which we have ascended, 
which will make one known by means of the other. This de~ 
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termination will be the special object of this chapter; but it is 
necessary previously to deduce some consequences of impor- 
tance to our subject from equation (1), and to explain the laws 
of the pressure of the air or of any gas whatever, relatively to 
its density and temperature. 

620. If the total surface of the earth expressed in square 
metres be denoted by s, the mass of the atmosphere will be 
equal to ms (0% 76) (b) ; m being always the density of the 
mercury ; and if r denote the radius of the earth, and 8 its 
mean density, its mass is £8sr. If therefore f represents the 
ratio of the first mass to the second, we shall have 


and as 


/= 


3wz(0% 76) 
Sr 5 


2tt r - 40000000% m = 13% 5975, 


8 r: 5% 50, 


it follows that 

/= 0,0000008854; 

so that the mass of the atmosphere is a little less than a mil- 
lioneth of that of the earth. 

If the density of the air was the same throughout the en- 
tire extent of the atmospherical column, the height of this 
column, and h the height of the mercury in the barometer, 
would be in the inverse ratio of the densities of the air and of 
the mercury ; so that if l denote the height of the atmosphere 
in this hypothesis, and p the density of the air at the tempe- 
rature of zero, and under a pressure of the barometer equal to 
0% 76, we shall have 

l- -(0®,76); 

P 

and because (No. 61) 

- = 10462, 

P 

there results very nearly 

l ~ 7950 wt . 
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It is evident that the atmosphere extends much higher 
than this(c), since the density and weight of its strata dimi- 
nish according as their distance from the surface of the earth 
increases. A limit to which it cannot attain, is obtained by 
determining the height at which the centrifugal force is equal 
to the gravity, for beyond this, the centrifugal force would 
disperse its molecules in space. This limit is less at the 
equator than at any parallel (d). Now, in this place, the centri- 


fugal force is (No. 178) at the surface of the earth; at a 
height z above this surface it becomes and the in- 


gr £ 


289 r 

2 , r being the radius of the earth ; 


tensity of gravity is ^ ^ ^ 

therefore the limit in question will be determined by the 
equation 

r + z r l 


289 r (r + z) 


2 ’ 


from which we obtain, for this limit (e), 


z zzr(J / 289 — 1); 

But there is reason to think that the air long before it reaches 
to so great a height is liquefied by the cold, which increases 
rapidly according as we ascend in the atmosphere^/). The 
law of this increase, when the air is free from the influence 
of surrounding objects, is altogether unknown to us, for 
it should not be confounded with that which is observed on 
the tops of mountains, where the temperature of the air and 
that of the ground mutually influence each other; the only 
datum which we have on this subject is that which results 
from observations made by M. Gay-Lussac in a balloon, in 
which he ascended to a height of 6980- ; the simultaneous 
temperatures of the air at the surface of the earth and at this 
height were about 30, 75, and - 9, 50 of the centrigrade ther- 
mometer; which, on the supposition that the heat decreases 
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uniformly, gives about a diminution of one degree for every 
175 w of elevation. 

62 i. If the open branch of the barometer be closed at c 
(fig. 44), or, more generally, if this branch be placed in com- 
munication with a vessel u closed on all sides (fig. 52), the 
equilibrium of the system will not be deranged ; and it is the 
pressure exerted at e by the air contained in this vessel, which 
is in this case in equilibrio with that of the column of mercury, 
df, suspended in the closed branch, above e its level in the 
open branch. Therefore, the measure of this pressure on the 
unit of surface, or what is termed the elastic force of the air, 
will be mgh , which is the pressure of the mercury, and it will 
be equivalent tqJJ, the weight of the corresponding column 
of the atmosphere. A barometer which thus opens into a 
closed vessel, and by this means enables us to measure the 
elastic force of the air, or of any fluid whatever, is then termed 
a manometer ; mgh the weight of the mercury, depends on the 
nature, the density, and the temperature of this elastic fluid. 

If when the manometer is transferred from one place to 


another, the density and the temperature of the air contained 
in the vessel h remain the same at these two places, the height 
of the mercury must vary in the inverse ratio of the gravity, in 
order that the weight of the column of mercury may continue 
to be the same. Hence by measuring this height at different 
latitudes, the variations of gravity can be determined; but m 
order that this measurement may he made exactly, the va- 
riation of the volume occupied by the air contained m h, which 
results from a corresponding variation of the height of the 
mercury in the closed branch, should be taken into account. 

Thus, if g and h denote the gravity and the height df of 
the mercury in a given latitude, then if, when the manometer 
vs transferred to another parallel of latitude, we suppose that, 
the temperature being the same, the mercury rises m the 
closed branch from D to o', and that, at the same time it 
Mis in the open branch from e to b', if through the point e , 
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a horizontal plane be drawn, cutting the closed branch in 
and if dV the difference of level of the two branches be de- 
noted by A ', and the corresponding gravity by the barome- 
trical pressures in the two places will be as gh and g'h and 
they will be proportional to the denrities of th e fluid contained 
in h, and consequently, in the inverse ratio of the volumes 
which it occupies in this vessel ; therefore, if these volumes 
be denoted by v and v', we shall have 

g'h 1 __ v 
~gh~v /m 

Now, if c denotes the area of the horizontal section of the 
tube at the point n, the volume of mercury comprised between 
d and d 7 will be (A' — A)c; but, in consequence of the in- 
compressibility of this fluid, it is necessary, that, whatever be 
the form of the vessel h, the volume v' should surpass v by 
this quantity (A' — A) c ; therefore we shall have 

v'= v + (A'-A)c; 

and by substituting this value of v' in the preceding equation, 
we obtain for the ratio of the intensities of gravity at the two 
places 

g' _ vA 
9 ~ [v + (A'-A)c]A'- 

But however carefully the quantities which occur in this for- 
mula are measured, this process is not susceptible of the same 
degree of precision, as that founded on experiments made with 
the pendulum. 

622. If now the open branch of the barometer be closed at 
c (fig. 44), and the branch that was closed at a be opened, the 
pressure of the atmosphere will be added to that of the mer- 
cury, the air contained in ec will be compressed, and conse- 
quently the level of the mercury will ascend in this branch and 
descend on the other. . If an additional quantity of mercury be 
pouted into this branch, so that the difference of level may 
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be still equal to h , as before, and if, in this state, the mercury 
ascends from d to d' and from e to e', then -when a horizontal 
plane is drawn through the point e', cutting the other branch 
in f', we will have dV = df. At the point f', the pressure 
of the mercury will be mgh ; by adding to it II the pres- 
sure of the atmosphere at the level n', we shall have the 
entire pressure equal to mgh + II or 2 mgh ; consequently, the 
elastic force of the air contained in ce', which acts on the 
level e', and which is in equilibrio with the total pressure, will 
be double of that which has place when the air occupies the 
space ce. Now, it appears from experiment that the space 
ce' is half of the space ce ; it likewise appears that if the 
pressure be tripled by a suitable addition of mercury, the 
space occupied by the air is reduced to a third, and, gene- 
rally, the volume of the fluid is found to vary inversely as the V 
pressure which it experiences, or in other words, the density ; 
increases in the same ratio as the elastic force. 

This proportionality has been termed the law of Mariotte , 
from the name of the philosopher who first deduced it from 
observation. It implies that the fluid does not experience any 
change of temperature ; so that in order to observe it exactly, 
the air contained in ce should get time to lose the increase of 
temperature, which it acquires by compression, and thus re-, 
vert to its primitive temperature. This law obtains for alii 
gases, and also for vapours, provided that in this last case, the 
pressure is less than that by which they are reduced to a liquid 
state. Finally, it also has place when different elastic fluids 
are mixed together ; and if, for example, two gases have the 
same temperature and volume^ and if p be the elastic force of v 
one, andp 7 that of the other, then when they are so intermixed 
as that their sum may occupy the same space v, the temperature 
of the mixture will be still the same, and the pressure or elas- 
tic force exerted on the unit of surface will become p + p'. 

623. It is easy, by means of the law of Mariotte, to calcu- 
late the quantity by which water ascends in a pump, when 
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there is some air between this liquid and the piston : (it has 
been already stated (No. 598), that when the water is in con- 
tact with the piston, the space through which the water 
then rises, is 10™, 4.) For this purpose, let abcd (fig. 53) 
be the vertical cylindrical tube of a pump immersed as 
far as ef in water, and gh the horizontal base of the 
piston. The atmospherical pressure which is exerted on 
the exterior level of the water, that coincides with the in- 
terior level ef, is equal to gl on each unit of surface, the den- 
sity of the water being supposed to be unity, and l equal to 
10™, 4 the height of the column of water which is in equilibrio 
with it ; as the space contained between ef and gh is filled 
with air, whose elastic force is in equilibrio with the ex- 
terior pressure, gl is also the measure of this force. In this 
state, let a be the given height of gh above ef ; if then the 
piston ascend to g'h', and if c denote the given height of g'h' 
above gh, the water will ascend in the interior of the pump to 
a height eV above ef, which we shall denote by *, and it 
will fall outside to the level of e,f, , a section of the pump si- 
tuated at a distance y below ef. If the horizontal section of 
the pump be denoted by b , and that of the reservoir in which 
it is immersed by (i, we shall have at once, on account of the 
incompressibility of the liquid (g), 


and the question will be reduced to the determination of the 
value of a?. 

i But the air which did occupy the space efgh, will now 
occupy the space e'f'g'h', and as this last is to the other in 
the ratio of a + c - a; to a, it follows, that the elastic force 
gl will be diminished in the inverse ratio, and will become 
gla 

a + c—x' This be the pressure on the unit of surface at 

• the section eV ; ^d if it be added to the pressure of water 
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contained between e'f' and e,f / 5 the value of which is g{x+y), 
we will obtain the entire pressure exerted on the interior 
level e,f, , which should constitute an equilibrium with the 
exterior pressure gl; this requires that when g, the common 
factor, is suppressed, and the preceding value is substituted for 
?/, we should have 


la , , bx 

'a + c-x + x + p =l 


This equation is, when reduced, of the second degree, and 
may be written as follows, 


a* 2 — x(lf+ a+c) + cl/zz 0, 


in which, we suppose for conciseness, that 


0 

0+6 




We obtain, by solving this equation, two real and positive v 
values for x ; but it is easy to perceive that one of them is 
always inadmissible. In fact, x + the elevation of the wa- 


x 


ter above the exterior level, cannot exceed l ; and as x + y = ^ 
* J 


we must therefore have^aj AflQi ) ; moreover, it is evident, 
that we must always have x Z a + c. Kow as the sum of 
the two roots of the preceding equation is/7 + a + c, if one of 
them is less than a + c, the other will be greater than fl> or 
if one of them is less than/7, the other will be greater than 
a + c; consequently only one of the two roots will be admis- 
sible, and the other should be rejected as not belonging to the 


question(z). 

In virtue of the equation of equilibrium, - - the 

elastic force of the air contained between e and g' , h / , is equal 
to gl — g (x + y). There results from this a pressure on 
the lower base of the piston acting in a direction opposite to 
that of gravity, and equal to gib — g(x + y)b. The upper 
base of this body is urged in an opposite direction by the at- 
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mospherical pressure, which is equal to gib; therefore the 
load which the piston sustains, or the excess of this second 
force over the first, is g (a? +2/) 5, which is the weight of 
the water contained between and e'f', and raised above 
the exterior level ; this indeed may be considered as evident 
a priori . 

624. It remains for us now to consider the law of the 
elastic force of the air, relatively to its temperature. 

It appears from observation that if the air and different 
gases are all of them subjected to the same constant pressure* 
and placed in an enclosed receiver, the temperature of which 
varies at each instant, they are equally dilated. If one of 
them, as the air,, for example, be taken as a thermometer, 
that is to say, if its total dilatation be divided into equal parts, 
which will indicate the degrees of the temperature, it results 
from this that the increments of volume of all these gases will 
be the same for equal increments of temperature, and pro- 
portional to these increments. It appears likewise from ob- 
servation, that for a very considerable range, the indications 
of this aerial thermometer differ very little from those of the 
mercurial thermometer ; so that, within this range, the dilata- 
tion of any gas whatever is proportional to its increase of 
temperature, as indicated by the degrees of the common ther- 
mometer. Finally, M. Gay-Lussac has found, that from zero 
to 100°, that is to say, from the temperature of melting ice, to 
that of boiling water, the volume of air subjected to a constant 
pressure, and consequently that of any gas whatever, increases 
iin the ratio of unity to., 1,375, which gives a dilatation of 
0,00375 for each degree of the centrigrade thermometer (A). 

Hence if v be the volume of any gas whatever at a tem- 
perature equal to zero, n its elastic force, and n its density, 
and if when the number of degrees of temperature becomes 0, 
II the pressure on the unit of surface remains the same, we 
shall have(/) 


v' = v(l+ a fl), 



by observations of the barometer. 
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v< being what v becomes when the tempemture is increased 9 
degrees, a being supposed equal to 0,00375 1 likew,» tf n bo 
what n becomes in the same case, we shall also have, 
density varies in the inverse ratio of the volume. 


d' = 


1 + 


Now, if the pressure be supposed to vary while the tem- 
perature 6 remains the same, and if p and p be what the pres- 
sure H and the density d' become simultaneously, we shall 

have 

- P n 

by the law of Mariotte ; and by making 

n = k, 

V* 

\ 

there will result(m) ~ ^ (2) 

tor the expression of rl ^ clastic force of any gas whatever, in a l 

function of its density and temperature. 

625. This formula is applicable to gases, vapom , 
their mixtures. If the temperature be indicated by the - 
curial thermometer, it has place for negative 

a b 0 ut 36°, or a little less than the temperature at which 

XidUeais. Ith*. also been verihed for tempemtures 
which are considerably greater than 100 i and tl“ "" e 
between the laws of the dilatation of a,, and mercury does not 
commence to become at all considerable unftl J ssc^i# to 
about 300" This has been established in a memoir of MM. 
$25 Dulong, inserted in A. eighteenth Numb* of the 

Journal of the Polytechnic School. 

The coefficient k is different for different fluids. Rela 
tively to the atmospheric air, MM. Biot and Arrago have 

found, at the Observatory of Paris, 

3 s 


VOL, II. 
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= 10462^ 


for the ratio of the density of mercury to that of the air, when 
the atmospherical pressure is 0 J,i , 76, and the temperature zero 
(No. 61). Therefore, if we make at the same time(w), 


n = mark, A' = 0 m ,76, 
the value of k will be 

k = (7951, 12) g; 

and, in this value, g should be taken equal to the gravity of 
the place at which the ratio — has been determined, that is 
to say, at the latitude of Paris, for which we have 


g 80896. 

The coefficient of g has been determined on the supposition 
that the air is perfectly dry ; if it was humid, its density would 
be less under the same pressure and temperature, and the 
value of k would vary in the inverse ratio of this density. If, 
for example, 8 be the ratio of the density of the air at the 
maximum of humidity, that is, when it is saturated with mois- 
ture, to the density of the air, when perfectly dry, under a 
pressure of the barometer equal to 0 m , 7 6, and at the tempe- 
rature zero, we shall have, as will be seen farther on, 


0™,76 - 0 Wi , 00508 
0 m ,76 


10 0« 00508 
16" O'", 76 


0 , 99749 ; 


consequently, if the preceding value of k be divided by this 
value of §, the value of k which corresponds to the maximum 
of humidity will be obtained, namely, 

k s= (797 1™, 09). g. 

626. We are now in a condition to form, without any diffi- 
culty, the different equations of equilibrium of the atmos- 
pherical column. Let us suppose that this column is a ver- 
tical cylinder, which extends to the limits of the atmosphere, 
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and having its horizontal base a resting on the surface of the 
earth. Let this column be divided into an infinite number of 
slender horizontal strata, and let the extent of the surface a 
be supposed to be such that neither the density nor tem- 
perature can vary from one point to another of any stratum. 
Let p , p, Q denote the elastic force, density, and temperature 
of the air, at the distance z from the surface of the earth ; 
likewise let g' be the gravity at this same distance ; a g'pdz 
will be the weight of the stratum of which the thickness is dz, 
and whose two faces correspond to z and z — dz , The pres- 
sure which it experiences on its upper face will be a p 9 that 

do \ 

which acts against its inferior face will be A(p — ^dzl But 


the pressure ought to increase by the weight a g'pdz, in passing 
from the first to the second face ; therefore we should have 


a (p — ^ = Ap + a g'pdz> 

or simply (o) 

dp rz - g'pdz j (3) 

which coincides with the equation that might be deduced from + 
formula (3) of No. 583, by making 

x — 0, Y n 0, z — — g\ 

If p be eliminated by means of equation (2), there results 

dp __ g'dz 
p ~~ k (1 +aOy 

Let r be the radius of the earth, and g the gravity at its sur- 
face, we shall have 

O'-Jt L 

J ~(r+zf 

at the height z 9 and if the variation of the centrifugal force 
be neglected, and also the action of the mass of air comprised i/ 
between the two concentrical spherical surfaces, whose radii 
are r and r+ z, (which action docs not enter in the value 
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of g , and should be added to that of g‘ (No, 101)), we 
shall have 

dp _ gr^dz 

p k (1 + aB) (r + z)* * 

In order to integrate this formula, the expression of 6 in a 
function of z should be known ; but as the law of the tem- 
peratures is unknown, 0 should be considered as a constant 
quantity ; and its value in each case* should be assumed to be 
the mean of the temperatures which belong to the extreme 
points of the column of air to which this equation is applied. 
Its integral is then 

lo g ? = Hi+«8)V + * 7 + c; 

c being an arbitrary constant. If n denote the atmospherical 
pressure which has place at the surface of the earth, we shall 
have at the same time 

* = o, p = n, i„ g n = j II t r) + c ; . 

and there will result from it at z, any height whatever above 
this surface (p), 

W P = - grz (A) 

V g n A(1 +ad) (r + z)'/ W 

In virtue of this equation and of formula (2), we shall have 

— El t-i ~ grx 

m _ rr„* Cl+o»> (H-*> 11 .*Cl-hx0)M-*O 

P ~ ne ’ p ~Mp^ff) e 

for the expressions of the elastic force and density of the air, 
from the surface of the globe, to the height at which this fluid 
loses, by the effect of cold, all its elasticity. 

From what has been stated in No. 619, it follows that the 
weight of ^ column of the atmosphere, the base of which is the 
unit of surface, must be equivalent to n the pressure relative 
to the lowest point ; and, in fact, this weight is, given by the 
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integral °f which it is evident that, if the expres- 

sions of p and ij be substituted for these quantities, the value 

is n(y). 

627 . The motive force of a balloon which ascends verti - 
catty in the atmosphere, is the excess of the weight of the air 
which it displaces at each instant, over its own weight. 
Therefore, if its mass be denoted by ju and its volume by v, 
this force will be \pg' - g g’ at the height z above the earth ; 
consequently, we shall have, ( 


cPz 

^ dp 

* - 


= Vp9' ~ ^ 


for the differential equation of the vertical motion of this 
body at the end of t any time whatever. If its mean density 
be denoted by c, in which case we have g = cv, and if their 
preceding values be substituted for p and g f , this equation will 

become 

— grz p o 

(Pz n < 7 ?' 2 *) _ c 9 r ~ — 

C 4t 1 ~W+ a(l) (r + z) 2 ? ~ (y + «)‘ 2 


By multiplying by 2 dz, then integrating and denoting the 
constant arbitrary by c, it becomes^/ - ) 


c 


dz 2 

dP 


—g m 

c -2n e ft(lWle) 


, aegr 2 

r + z* 


If the balloon ascends from the surface of the earth without 
any initial velocity, we shall have at the same time z = 0, and 

— 0 ; consequently, we must have 
dt 

c = 2Il— 2 egr; 


and there will result for the square of the velocity at any height 
whatever such as z (s), 
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By resolving this equation with respect to dt , the time which 
the balloon takes to attain a given height may be determined 
by the method of quadratures. 

d l Z 

By making the value of — 2 equal to cipher, we can de- 
termine the height at which the moveable would remain in 
equilibrio, if it reached it without any acquired velocity ; and 

dz 2 

in like manner, the equation -^ = 0, will make known the 

greatest height to which the balloon can ascend in the at- 
mosphere, on the supposition that neither its mass or volume 
undergo any change. The first of these two heights will be 
expressed by means of a logarithm ; the second will depend on 
a transcendental equation, and can only be calculated by ap- 
proximation^). 

628 . Let us now apply equation (4) to the measurement 
of vertical heights. 

Let h and A' be the heights of the mercury in the barometer 
at the inferior and superior station ; t and t 7 the corresponding 
temperatures of mercury, t and t' those of the air, which will 
be different from t and t 7 , when the mercury in the barometer 
has not sufficient time, during the observations, to acquire the 
temperature of the surrounding air. If m be the density of 

the mercury at the inferior station, ^1 + lj/55^) m be 

density at the superior station, because the density increases 
for each degree of diminution in the temperature. 

For greater simplicity, let the factor 1 + ~~ be compre- 

ooOU 

headed ia the height h', ■which will then be the observed 
kfcyjht niultiglied by this quantity, and we will afterwards sup- 
pose that m is the density of the mercury at the two stations. 
In this way we shall have 


n = mgh, p — mg'h! - 


(r+zf 


a* 
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by means of which, equation (4) will become^) 


i A , r + z 
lo g J, + Slog 


grz 


r ~ k{\ + a 0)(r+z)' 


( 5 ) 


Agreeably to what is stated above, J (t + 1') should bej 
taken for 0. The value of a is 0,00375 for dry air as well as 
for that which contains a constant quantity of aqueous vapour, 
and in any proportion. But it should be observed, that when 
the temperature rises, the quantity of vapour in the atmosphere, 
in general, increases ; and, as under the ordinary pressures of 
the atmosphere, namely, 0 m ,76, the density of vapour is to 
that of air in the ratio of 10 to 16, it follows, that the density 
of the free air, the temperature of which increases, must di- 
minish in a greater ratio than that which corresponds to the 
coefficient, 0,00375. Therefore, in order to take into account, 
as far as possible, the quantity of vapour which exists in the 
atmosphere, the coefficient a should be increased, and for the 
convenience of the calculation we will make it equal to 0,004 ; 
so that we shall have(y) 


a9 zz 


2 (t + 1*) 
1000 * 


As the logarithms which occur in the first member of the 
preceding equation are Naperian, in order to convert them 
into vulgar logarithms, they should be multiplied by m the 
modulus of these last, the value of which is 

M = 0,4342945 ; 

g the expression for gravity, which its second member con- 
tains, is that which belongs to the inferior station, and to 
the latitude of the place of observation. If this angle be de- 
noted by we shall obtain by comparing the gravity g with 
that which occurs in the values of Iv of No. 625, and which 
corresponds to the latitude of Paris(a?), 

(1 — 0,002588 cos 2^) a 
g t ~ 1 -0,002588 cos2(48°50' 14") 
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Moreover, as in the coefficients of g in these two values of 
k, the one belongs to the state of extreme dryness of the air, 
the other, to the air when saturated with humidity, we can 
take the semi-sum of these two quantities, or 796 l m , 10 for 
the coefficient which corresponds to the ordinary state of the 
atmosphere. We shall then have(y) 

k 

- [1-0,002588 cos 2 (48°50' 14")] = (18337 m ,46)a; 

and by means of this value combined with that of g } we shall 
obtain from equation (5) (z), 

18337 m ,46 T 1 + 1^+1T\ _ . 1 

’ L ~ 1000 Jr. h 

~ 1-0,002588 cos 2^ L lo £ hi ^ 

4 2Iog(l+£)] (l+f) ; j 

in which formula the logarithms are actually those belonging 
to the system, the base of which is the number 10. 

In applying this equation, we in the first place neglect 
— , the fraction contained in its second member ; this will make 

known the first approximate value of and by substituting it 
in this second member, a second value of s will be obtained, 
more accurate than the first, beyond which the approxima- 
tion need not be continued. 

If an unknown coefficient a be substituted for the number 
18337,46 in this equation, and if a be then determined by 
means of a great number of heights z, measured trigonometri- 
cally, we find 

a n 18336 m ; 

which differs very little from the coefficient 18337™, 46, that 
was directly calculated. * 

629. If it was proposed to employ formula (6) to deter- 
mine the elevation of a place on the earth above the level of 
the sea ; t', h\ should be supposed to refer to this place and 
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t, t 9 A, to the shore of the nearest sea ; and, for greater accu- 
racy, should be taken equal to the mean latitude between 
those of these two points. Agreeably to what has been re- 
marked in No. 255, the action of the stratum of the earth, the 
height of which is z, should be also taken into account ; on 
the supposition that its density is equal to half of the mean 
density of the earth, we have then 

gr* 3 gz m 
~~ (r+2) 2 ^ 4 r ’ 

and, as the fraction — is very small, when this value of the gravity 

g‘ is made use of, the quantity 1 + p contained in formula (6), 

5 z 

should be replaced by 1 + 

In order to give an example of this formula thus modified, 
let us take that which has been cited in the yearly register of 
the Bureau of Longitudes, in which the height of Guanax- 
uato above the level of the sea has been determined. 

The data of this example are 

A = 0 wl , 76315, t = t =25°, 3, 

A' = 0 W , 60095, t'= *'= 21°,3, ^ = 21°. 

The height A', when corrected and multiplied by the factor 

1 4 - T "" which should be employed in formula (6), be- 
1 5550 
comes 

h'zz Q m , 60138. 

If the fraction “be neglected in this formula, we find for 
r 

the first approximate value of z 

z = 2077 m ,98 ; 

and if this value be substituted in the same formula, by putting 
1 place of 1 4 — , as has been stated above, and ob- 

3 T 


VOL. II. 
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serving that r = 6366198"% we obtain ss = 208 1’% 96, for the 
required height, which is less than that given in the register, 
by about 2 metres and one-half very nearly. 

630. When z the height is not very considerable, the 

fraction - may be neglected in formula (6), and the number 

18337 m ,46 should at the same time be replaced by a coefficient 
somewhat greater. That which results from numerous ob- 
servations made by Raymond in the south of France, is 
18393 metres, and as the corresponding latitude is very nearly 
xfj = 45°, equation (6) is reduced to 

, = 18393-[l + 2 4^>]logi ; 

which is the barometrical formula that is commonly made use of. 

In the same vessel, and under the same atmospherical 
pressure, the ebullition of distilled water commences always 
at the same temperature, and this temperature is less according 
as the external pressure diminishes. If, therefore, a table is 
formed, by experiment, of the temperatures at which water begins 
to boil under pressures that decrease by very small differences, 
and if a vessel containing the water be carried to different 
heights above the earth, the temperatures at which this water 
commences to boil will make known, by means of the above- 
mentioned table, the corresponding barometrical heights, which 
should be employed in the preceding formula. It is in this man- 
ner that philosophers have proposed to determine the diffe- 
rences of height above the earth, by observing at what tem- 
perature water begins to boil, and without having recourse 
explicitly to measurements of the barometer. 

631. We shall conclude this chapter with some remarks 
on the weight and elastic force of vapours, which force has also 
been termed the tension of these fluids. 

If a closed vessel contains any liquid in sufficient quantity 
to furnish all the vapour which can be generated in it, that 
which rises from this liquid attains, more or less quickly, a 
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maximum which depends solely on the temperature, and whichi 
is the same when the vessel is void of air, and when it con- 
tains air or any gas whatever, in a condensed or dilated state. 
Likewise, whether this quantity of vapour has reached its 
maximum , or is still below this point, its tension is added to 
that of the elastic force of the dry gas, and the sum constitutes 
the elastic force of the mixture. At the same temperature, the 
maximum tension is different in different vapours ; and the 
law which it follows for the same vapour, in a function of the 
temperature, is not yet known. The most extensive ex- 
periments which have been hitherto made on the vapour of 
water, are those which are detailed in the tenth and eleventh 
volumes of the Academy of Sciences, and in Taylor’s Scientific 
Memoirs, Part 8. The maximum elastic force of the vapour 
1 ■* of water formed in a vacuo at the temperature of 18°, 75, for! 

; example, is measured by an elevation of mercury in the ba- 
| rometer equal to 0 W , 016. When it is produced in perfectly 
' dry air, at this temperature and under the ordinary pressure 
of 0^,76, its elastic force is added to this pressure, and it 
appears from experiment, that in fact the pressure of the. 
mixture is 0 wl ,776. 

If it was possible, without liquefying unmixed vapour, to 
raise its tension from 0™, 016 to 0",76, its density would, 
by the determination of M. Gay-Lussac, be to that of dry air, 
under the same pressure and at the same temperature, in the 
ratio of 10 to 16. Therefore, in virtue of the law of Mariotte, 
the density of the vapour which has been taken for our example 
is io .o^oiy, . t h a t 0 f air at the temperature of 18,75, and under 
the pressure of 0 m ,76, being taken for unity (V). Conse- 
quently, if p denote the weight of a litre of air, and p' that of 
a litre of vapour of water, we shall have 



At the temperature zero, p would be equal to 1000 grammes 
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divided by 769,4 (No. 61); as the density of the air varies 
inversely as the volume, in order to obtain its value at the 
temperature of 18°, 75, this quotient should be divided by 
1 -{- (18,75) (0,00375); hence it follows that 

p = 1^,21433, 

and consequently^') 

p' = 0^,01597. 

The weight of a litre of vapour at the temperature of 18 a ,75, 
and at its maximum of density, must also be that of the greatest 
quantity of vapour which a litre of air can contain at this tem- 
perature, whatever its density may be. Now, Saussure found, 
by direct experiment, that the weight of the greatest quantity 
of vapour which can be formed in a cubic foot of air, under 
the ordinary pressure of the atmosphere, and at the given 
temperature, is 10 grains; hence it follows, that it is 0,01346 
for the cube, one of whose sides is a deci-metre, which differs 
very little from the preceding result. Generally, if A de- 
notes the density of the dry air, A' that of air charged with 
moisture, and a the tension of the vapour which it contains, 
we shall have (d') 

= (J 1 a + a ) » 

for any volume whatever of air charged with moisture such as 
a, will consist of an equal volume of dry air, the elastic force 

of which is reduced to A — a, and the density to ^ (A — a ), 
added to an equal volume of vapour, the density of which will 
be equal to ^A; consequently the sum of these two densities 

multiplied by a* will express the mass a a 7 of the mixture;, 
and by suppressing the common factor a, the preceding equa- 
tion will be obtained. This equation will enable us to deter- 
mine the weight of a given volume of air charged with mois- 
ture, when the weight of this volume of dry air at the same 
temperature, and the tension of the vapour contained in the air 
charged with moisture are given. The value of 8 of No. 625 
may be deduced from it by making h zz 0 W ,76, and assuming 
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that the temperature is zero, in which case, the maximum 
tension of the vapour of water is 0™, 00508. 

632. If the atmosphere which envelopes us did not exist, J 
it would* be replaced by another atmosphere formed of the 
aqueous vapour which rises from the sea. The law of the , 
densities of its strata, and its total height, would depend on 
the law of the temperature which would have place in this 
aqueous atmosphere, and which cannot by any possibility be 
known ; but, whatever it may be, the^entire weight pf a verti- 
cal cylindrical column of this vapour, whose base is the unit of 
surface, wijrbe almys equal to the elastic force, which belongs 
to its lowest point (No. 626); and when its density at this 
point attains its maximum, this force will only depend on the 
corresponding temperature(e'). Indeed, we are also ignorant 
what this temperature should be ; but there is reason to think 
that it would be much lower than that which has place now at 
the surface of the earth, since the fluid that would then be in 
contact with this surface should have a density considerably less 
than that of the ordinary air(/'). For greater clearness, let the 
temperature in question be still 18°, 75, then the weight of the 
aqueous vapour, the base of which is the square of the deci- 
metre, cannot exceed that of a prism of mercury which would 
have the same base, and 0 ,,1 ,016 for height, that is to say, the 
weight of sixteen centiemes of a litre of mercury, or very 
nearly 2300 grammes. The weight of all the aqueous vapour 
which may be contained in a column of air of our atmosphere, 
depends on the law of the decrement of temperature in a ver- 
tical direction, and cannot be calculated ; but if the base of the 
column is the square of the decimetre, and the inferior tem- 
perature 18°, 75, it is easy to be satisfied that this weight 
must exceed 2300 grammes, as is evident by considering that 
throughout all the part of this column, the temperature of 
which differs little from 18°, 75, and unto a height where the 
pressure will not be reduced to 0 m ,0l6, each litre of air may 
contain about sixteen milligrammes of vapour. 



510 OF THE MEASUREMENT OF HEIGHTS BY THE BAROMETER. 

Thus the atmosphere which presses on thejsurface of the 
earth does not, as was formerly supposed, prevent liquids from 
bang reduced into vapour, and thus dissipated into space; 
on the contrary, its presence permits vapours to exist above 
the earth, in greater abundance than if there was no atmos- 
: phere. 


CHAPTER VI. 


OF THE ELASTIC PORCB, AND HEAT OF GAS. 

633. The law of Mario tte obtains, as has been already 
stated (No. 622), on the supposition that the rarified or con- 
densed fluid has had time to revert to its primitive temperature. 
If this precaution is not taken, the temperature increases or 
diminishes with the density, and hence as the elastic force' 
also varies in the combined ratio of the density and tempe-i 
rature, it is easy to conceive that it must vary, for the same 1 
fluid, in a greater ratio than its density. When the fluid is 
contained iji a vessel, whose sides are impermeable to heat, it 
retains all its caloric, while it is being condensed or dilated, 
and consequently, its temperature is accordingly increased or 
diminished. The same is the case whenever the variations of 
its density are so rapid, that its proper heat has not time, in 
the case of condensation, to escape in a radiating form, or to 
communicate itself by contact to the surrounding bodies, and, 
in the case of dilatation, for these bodies to communicate to 
the fluid, by radiation or by contact, a sensible quantity of 
caloric. This is the supposition that is made for example, as 1 
will be explained in the sequel, relatively to the' variations of; 
density which have place in sonorous waves, the duration of 
which is only some thousandths of a second. 

In this question, and many others, it is important to know 
the expression of the elastic force of a gas in a function of the 
density and corresponding elevation or depression of the tem- 
peratures, when the quantity of heat of the fluid mass remains 
invariable. But in the present state of our knowledge, we have 
not the data requisite for the complete solution of this pro- 
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blem; and in this chapter, it is proposed to explain what, 
up to the present time, we have been enabled to deduce from 
the calculus and from experiment on this subject. 

634. Let p be the density of a gas, S its temperature in 
degrees of the centigrade thermometer, and p the pressure 
which it exerts on each unit of the surface, or the measure of 
its elastic force, we shall have (No. 624) 

JP = M 1 + aO); (1) 

a and k being two coefficients independent of p and 0, of which 
; the first is the same for all gases, and equal to 0,00375, and 
the second must be given for each gas in particular. 

The absolute or entire quantity of heat contained in a given 
weight of any body, as for example in a gramme, cannot be cal- 
culated; it is considered as inexhaustible,_and as extremely 
great relatively to the quantities by which it varies, when the 
density or temperature of this body is changed ; and it is these 
variations, that is to say, the quantities which areadSed or sub- 
tracted, that are to be compared together, and submitted to cal- 
culation. Thus if q denotes the excess of the quantity of heat 
contained in the gramme of gas, which is considered, over that 
which this gramme contains, when the gas has any temperature 
and density whatever, as for example, the temperature zero, and 
I the density corresponding to the ordinary pressure of O m ,76, 

| this quantity q will be a function of p, p, 6 , or simply of p and 
ip, since these three variables are connected together by the 
j preceding equation. Therefore we shall have 

?=/(P S p ) ; 

in which /denotes a function, the form of which it will be 
our object to determine. The specific heat of this gramme 
of the fluid is the quantity of heat which should be com- 
* ro^c&ted to it in order to raise its temperature one de- 
gree, or so to speak, the increment of q with respect to 0, 

the expression of which will therefore be Now it may be 
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considered under two different points of view, we may either 
suppose the pressure p to be constant, and at the same time 
that the gas can dilate itself, or, we may assume that the volume' 
is constant, and then suppose that the pressure p varies with 1 
the temperature. In virtue of equation (1), we have 

dp _ — ap 
dO~l+aQ' 9 


when p is considered as constant, and(a) 
dp _ ap 

dO 1 4" aO 


when p is supposed to be invariable. If therefore the specific] 
heat of the gas under a constant pressure be denoted by c, and ] 
its specific heat when the volume is constant by e 7 , so that we: 
may have 


_ dq dp , _ dqdp 
C ~T P W ° “ dpdd’ 

there will result 

_ dq ap , __ dq^ ap 
C ~ ~ dp 1+00’ C ~ dpl+aff 


( 2 ) 


and, consequently, 



dq 



( 3 ) 


in 'which y denotes the ratio of the two specific heats, that is to 


eay(S), 


It is evident, a priori, that this ratio 7 must surpass unity,} 
for more heat is required to increase the temperature of a gas, 
and at the same time to dilate its volume, than to increase its 
temperature by the same quantity, without increasing the dis- 
tance of the molecules from each other(c). But the value of 7 
for different gases, and the manner in which it depends on the 
pressure and density, can only be determined by experiment. 
It will be shown immediately, that this value may be deduced 


3 u 


VOL. H. 
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from the increment of temperature, which takes place when a 
small condensation is made in the gas, without any loss of 
heat. 

635. Let the temperature of the gas be denoted as before 
by 6, and let 6 + to be what it becomes when the density of 
the fluid has been increased, by a very sudden compression, in 
the ratio of 1 + 8 to unity ; 8 being a very small fraction. If 
the loss of heat during the continuance of this compression h&d 
.been insensible, w the increment of temperature corresponding 
to the very small condensation S, would be the quantity which 
it is proposed to determine by the following experiment. 

For this purpose, let the gas be supposed to be the atmos- 
pherical air contained in a closed vessel, and let the pressure, 
the density, and temperature, be the same as without the ves- 
sel, where they are supposed to be represented by p 9 p, 0, 
during the entire continuance of the observation. Let a 
small portion of the interior air be abstracted, and, when the 
remaining air has resumed its primitive temperature, let p* 
and p r denote its pressure and density ; if then the communi- 
cation with the exterior air be opened again, the pressure, 
density, and temperature will increase together ; so that after 
a very short portion of time, the interior pressure becomes 
equal to that which has place outside ; at this instant let the 
communication be again cut off, p” and 6 + cj denoting the 
interior density and temperature ; finally, after the lapse of 
some time, this increment of temperature to is dissipated* and 
thus the interior pressure diminishes and becomes p", without 
p" undergoing any variation. . 

As the density of the interior air passes very rapidly from 
p to p", if 



and if the small quantity of heat which may be absorbed by 
the vessel, during the time of this passage, is not taken into 
account, the increment of temperature to will be that which 
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corresponds to the condensation 8, and is the quantity the 
value of which is required. The indication of a thermometer 
plunged in the interior air, would be too slow to make known y 
this increase of temperature, as it only subsists for a very 
short time; but the value of w may be obtained from knowing 
the three pressures p, p', p", or from the three corresponding 
barometrical heights, which there is sufficient time to observe. 

In fact, there are two epochs in the experiment, which 
has been described, in which the same temperature 0 corres- y 
ponds to two different densities p and p fl , and to two given 
pressures p' and p". Therefore, by the law of Mariotte, we 
have 



and, consequently, 



by means of which the condensation 8 can be determined; 
Moreover, there are also two epochs in which the same den- 
sity p" has place for the temperatures 0 + w and 0, under the : 
pressures p and p Therefore by the law of elastic forces, 
when the densities are equal, we shall also have 

P __ 1 + o.(9 + u>) m 

p"~ 1 + «0 ’ W 

from which the value of to corresponding to the condensation 
8 can be obtaiued(d). 

In an experiment made by MM. Desormes and Clement, , 
in which the change of the density from p f to p u is effected in 
less thanlialf a second, we have 

p zz 0 W ,7665, p' = 0»,7527, p" = 0^,7629; 
which gives 

8 — 0,0133. 

We have also 0 = 12°, 5, and as a ~ 0,00375, we obtain 
from equation (4) 

to = 1°, 3173 ; 
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from which it follows that for a condensation of 0,0133, with- 
out any loss of heat, the temperature of the air will increase 
by 1°,3173, or very nearly a degree for a condensation(e) 


0,01331 
b ~~ 1,3173 


0 , 0101 . 


This increase of temperature may be also deduced from the 
velocity of sound ; and in this way, the author found formerly 
that for a condensation of T -^, without any loss of heat, there 
was an increase of one degree; a result which does not dif- 
fer much from that which has been just cited. 

636. It now is easy to perceive that the expression of the 
ratio y of No. 634 is 


= 1 + 


(1 to 


Jl±a6)S' ^ 

In fact, if jp and 0, denoting as above the elastic force and 
temperature of any gas, the condensation S be supposed to be 
equivalent to that which the fluid experiences when its tem- 
perature is diminished by ever so small a quantity without 
changing the pressure, and if this small variation of tempera- 
ture be denoted by e, we shall have(/J 


iS: 




1 + CLUJ 

If the quantity of heat which should be communicated to a 
gramme of the gas that we are considering, in order to raise 
its temperature from 0 — e to 0, without changing the pressure 
P ? be denoted by r, we shall also have, the specific heat at a 
constant pressure being c, 

r = ce. 


After this communication of heat, if this fluid be suddenly 
compressed, so as to be reduced to its primitive volume, it 
will then experience the condensation S ; and if it has not lost 
any portion of heat, its temperature being increased by w, 
will become 0 + w. In this state, the pressure of the fluid 
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will be greater than p ; but if, without changing the volume, 
the temperature is allowed to fall to 6 — £, this pressure 
will also be diminished, and become again equal to p. During* 
this depression, the gas will lose a quantity of heat propor- 
tional to the small diminution of temperature e + w, and ex- 
pressed by c'(e + o>), because c f is its specific heat at a con-, 
stant volume. Since the volume, the temperature, and the 
pressure are the same after this loss of heat as they were be- 
fore the quantity of heat T had been communicated to the 
fluid, the loss of heat c,(z + w) must be equal to T ; therefore 


from which we obtain 



and it is ev&ent, by substituting for £ its preceding value, 
that this value of y coincides with that given in formula(5). 

637. If, in this formula /' be substituted in place of 

8, and for o> its value deduced from equation (4), we shall 


have 


_ , . ( p-p")p' . 

y-J + <y'_y)p"’ 




by means of which, the value of y, which results from the 
experiment described above, will be known, when the pres- 
sures p,p',p", or the corresponding barometrical heights, are 

given. , , 

By substituting the numerical values of p, p', p , cited 


above, we find 


7 s 1,3482, 


for the value of the ratio of the two specific heats c and c', in 
the case of atmospherical air. 

MM. Gay-Lussac and Welter have obtained, by an analo- 
gous process, a value for this ratio somewhat different, namely, 
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7 = 1,3748; 

o“tte e ™r eSt ? 1 “ eii ' ^ * ti! i. independent 

Errs******* “ t; ■» d-* ^ •q-- 
i T2W t, ”* fomd by a 

7 = 1,421, 

“J * "l ual *» «>is fop both oxygen and hydrogen 

1® ' o “ 0r 0lie ' *“*■ sucl > as carbonic acid and the olefiant 

£o to “hich trill be pokted „ M fa ^ 

farn ishes ve ry discordant values for 7 , and always less than 
the precedjng, so that this ratfo depends, in general, on the 
■' of tte gas to which it refers. 

638. If 7 be considered as a constat quantity, the inte- 
gral of equation (3) of partial differences will be 

m 


'='( 4 )' 


f denoting an arbitrary function. 
versely(g) 


We shall have con- 


r = P J M, 


and, on account of equation (1), 

<t> being the inverse function off. 

p > i «/ ^ remains tIie same > Pi Pi 0 become 

Pi Pi 0, we shall have in the same manner 

P'=P'^ 

“ = 266,67, and in order that 6 and 0' may be degrees of the 

b^exnrps ^ e ™ 0met ® r > ttls factor of their expressions should 
be expressed in similar degrees. If H be eliminated be- 
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tween these last and the preceding equations, there will re- 
sult^) 

p ,= p{^y 

, r _ t r < 6 ) 

0' =z(266°, 67 + 0)( £, y l -266°, 67. 


These equations (6) contain the laws of the elastic force 
and temperature of gases, which are either compressed or di- 
lated without experiencing any variation in their quantity of 
heat ; they depend on the sole hypothesis, that 7 the ratio of j 
the two specific heats does not vary, in the same fluid, with 
the pressure and temperature, which has been verified in the i 
case of atmospherical air, by the experiments that have been 
cited in the preceding number. 

639. It is necessary to make a second supposition in order 
to determin%the arbitrary function f which occurs in the 
value of q. The simplest is to assume, that under a con- 
stant pressure, a gas is dilated uniformly, for equal additions 
of the quantity of heat ; which implies that the specific heat 
c is constant, when the increment of one degree of temper- 
ature, by which it is estimated (No. 634), is measured by an air 
thermometer. In this hypothesis, q must be a linear function 
of 9 \ now, if in the function f the value of p deduced from 
equation (1) be substituted, we obtain 

q = f \_ a ¥ ( j +®)] 5 


consequently, we shall have 

l_i 

2 = a + b (266°, 67 + 0)^ ; (7) 

a and B being quantities independent of p and 0, and relative 1 
to the nature of the gas which is considered(t). 

By equations (2), we shall have 
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and, in order to know the specific heat under a constant pres- 
sure, or at a constant density under a ll pressures, it is sufficient, 
if it be known under a determinate pressure. For example, ac- 
cording to MM. Laroche and Berard, we have c = 0,2669 for 
dry air under the pressure of 0 m ,76, the specific heat of water 
being taken for unity, therefore, if the pressure corres- 
ponding to this barometrical height be denoted by IT, we shall 
have 

- — 1 

0,2669 = bIT ; 

and likewise, if A denotes the height of the barometer, ex- 
pressed in metres, which belongs to any pressure whatever 

r 

such as p, so that we may have — — - — — - , there will result 

II 0“ 76’ 

from this (A) 

c = 0,2669 . * 

and if this expression be divided by the constant y, the value 
of d will be obtained. As this constant is greater than unity, 

the exponent 1 — -- will be positive, consequently, the spe- 
cific heat of a gramme of air will dimin ish, when its elastic 
force or the height A is increased. 

If the quantity of heat lost by a gramme of air when its 
temperature is depressed n degrees, without the elastic force 
undergoing any change, be denoted by m, we shall have (l) 

m = w (0,2669) 

The weight of this volume of air, having the same pri- 
mitive temperature, but under a pressure measured by the 
barometrical height A', will be increased in the ratio of h ' to A. 
Therefore, if m! be the quantity of heat lost by this same 
volume under the pressure A', when the depression of tempe- 
rature is the same as before, namely, n degrees, we shall have 



OF THE ELASTIC FORCE AND HEAT OF GAS. 


521 


m = 



i 

7 . 


from which there results, 



for the ratio of the quantities of heat lost by the same volume , 
of air, under different pressures. 

In a case in which 

A' = 1^,0058, h = 0 m ,7405, 

MM. Laroche and Berard have found, by taking the mean of 
two observations, 

— = 1,2396; 
m 

the formula gives for these values of h and A', and by making 
y = 1,421, * 

— = 1,2405, 
m 


which does not differ sensibly from the result of experiment. 

640. In order to be able to apply formula (7) to the vapour 
of water, it is necessary to suppose 

1st. That when a gramme of vapour is formed, which re- 
mains unchanged, so that as none of it is precipitated, neither 
is it increased by additional vapour, the ratio denoted by y, 
of its specific heat at a constant pressure, to its specific heat 
under a constant volume, does not change with the temper- 1( 
ature and density. j 

2ndly. That the quantity of heat necessary to raise the ■ 
temperature of this gramme of vapour, by any number what- 1 
ever of degrees, either under a constant pressure, or under an ■ 
invariable volume, is proportional to this number, the tem-j 
perature being marked by an air thermometer. 

This being established, if c represents the quantity of htfat 
necessary to convert into vapour, under the barometrical pres- 
sure of 0 W ,76, and at a temperature of 100°, a gramme of 

3 x 


VOL. II. 
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water, the primitive temperature of which was zero ; and if q 
denotes the quantity of heat which is requisite to vaporize this 
same gramme of water, and to raise the vapour to the tempe- 
rature 0, under any pressure whatever such as p\ and finally, if 
c denotes the specific heat of the vapour of water under the 
constant pressure of 0™, 76, and if in equation (7), the pres- 
sure p be replaced by the barometrical height that measures 
it, and which we shall denote by A, this formula must give 

q = c, when h rz 76, and 0 = 100°, and ^ = r, when 

av 

h = 0 to ,76. Now if by means of these conditions, a and u, 
the two arbitrary constants which it contains, be determined, 
this equation becomes(w) 

* 7 " 1 

g = c + c[(26(j°,67 + 0) 7 — 36(i°,67]. (b) 


It were much to be wished, that the degree of accuracy of 
which this formula is susceptible, was verified by experiment, 
and that the three constants c, c s y, which it contains, were 
precisely determined. If the specific heat of a gramme of water 
at the temperature zero, be taken for the unit, we have 

c = 550; 

c being the mean of the values of this quantity, which have 
been obtained by different philosophers. At the same time, 
there results from an experiment, which it must be admitted 
is far from being conclusive, and which ought therefore be 
repeated, 

c = 0,847. 

With respect to the value of y, as yet, it is altogether 
unknown. 

641. Whether p the density of the vapour of water cor- 
responding- to the pressure p and the temperature 0, has at- 
tained its maximum, or is below this point, equation (1) 
w ic is applicable both to vapours and permanent gases, will 
always make known the value of p, when those of p and 0 are 
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given. If to be the density at the temperature of 100°, and 
under the ordinary presure of 0”‘, 76, and if A, as before, be the 
barometrical height which is produced by p, we obtain from 
this equation (2) («) 

d h 366°, 67 

p ~ 0V76 '266,67 + 0’ 


As the weight of a litre of dry air, at the tempeiatuie 
zero, and under the pressure of 0™,76, is l-’ 1 ', 2 1433 (No. 631), 

it will become or 0^,883, at the temperature of 

1 5 olO 

100°(o); and the weight of a litre of vapour of water at the 
same temperature and under the same pressure, will be 
io (0,883), or 0® r ,55 ; consequently, we shall have(p) 


Vp /A „„ vn ,v» 

d ’ 55 ^ ” 0™, 76 266, 67 + 0’ 


vh 201^,66 


for the weight of a volume v of vapour, at the temperature 0, 
and under any pressure whatever such as h. Therefore, if v 
denotes the quantity of heat necessary to produce this weight of 
vapour, the water being originally at the temperature zero, ,v 
will be the product of this number of grammes, and of q the 
quantity given by formula (8) ; so that we shall have 

vhq 201®’’, 66 
v ~6V76 *266,67 + 0’ 


The unit to which the quantity v should be referred, is thej 
quantity of heat required to raise the temperature of a gramme 
of water one degree from zero ; and we know that this unit is , 
equal to seventy-five times the quantity ot heat which should 1 , 
be employed in order to melt a gramme of ice at the temper-, 
ature zero, without raising this temperature. 

Different observations have induced several philosphers to 
think, that when the vapour of water has attained to the maxi- 
mum of density corresponding to its temperature, the quantity 
of heat denoted by q varies no longer with this temperature. 
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This is the state in which this fluid is employed in steam 
engines ; the ratio of v the quantity of heat produced to its 
tension A, will be therefore then, every thing else being 
the same, the reciprocal of 266°, 67 + 6 ; consequently, the 
ratio of the consumption of heat to the effort made on the 
piston, the measure of which is A, will diminish when the 
temperature becomes greater, and this ratio will be less m 
engines of high pressure. But the economy of fuel which 
should result in their favour from these considerations, is 
very far from corresponding to that which seems to be pointed 
out by experiment ; and these engines are certainly indebted 
to other circumstances for the superiority which they pos- 
sess. 

642. Let the part of the vertical cylinder abcd (fig. 53) 
which is comprised between ef the surface of the water, and 
gh the base of the piston, be supposed to be filled with the 
vapour of water at its maximum of density, corresponding to 0 , 
which is the temperature of this vapour, of the water that is 
beneath it, as also of the cylinder and of the piston. In this 
state, if the elastic force of the vapour is in equilibrio with the 
weight of the piston, so that denoting this force by p, this 
weight by p (the external pressure which the piston sustains 
being comprised under p), and by A the area of its horizontal 
base, we shall have 

p = \p. 

If the weight p be increased until it becomes p + n, the 
| piston will descend, and the space occupied by the vapour 
j will diminish ; but as it is supposed to have attained its maxi - 
f mum of density, a part of it will be liquefied ; and if the texn- 
j perature 6 be invariable, the pressure p will be so likewise^). 
Indeed, in the first instant of the compression, the temperature 
0 will increase, so that the liquefaction cannot take place 
immediately, and thus p the pressure may increase. But if the 
motion of the piston is not very rapid, this increase of tempe- 
rature will disappear before the displacement of this moveable 
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is appreciable, so that 0 and p may be considered as constant 
during the entire of its motion. It should be also observed, that 
the condensation of the fluid, by which it is reduced to water, 
and which is produced immediately at gh the upper part in con- 
tact with the piston, is transmitted as far as ef, in an extremely 
short portion of time, during which the displacement of the pis- 
ton is insensible ; hence it follows that during the descent of the 
piston, the density of the fluid is sensibly the same through 
the entire height. This being the case, the motive force of 
this body will be constant and equal to the excess of p + n 
over Xp or to n ; consequently, if the friction against the sides 
of the cylinder, is not taken into account, its motion will 
be uniformly accelerated ; in like manner, if the motion com- 
municated to the vapour be not taken into account, that is to 
say, if its mass relatively to that of the weight tt be neglected, 
the accelerating force of this motion will be the weight dimi- 
nished in the ratio of n to p + n. Therefore, if the height of! 
gh above ef be denoted by Z, the value of the living force, 
produced by the entire descent of the piston, will be 2n 1. 

If the piston being first stopped at gh, the temperature of 
the inferior water is then suddenly depressed, so as to become 
equal to 0', which is less than 0, the stratum of vapour in 
contact with ef will be liquefied by the cold, and will be re- 
placed by another stratum, which will in like manner be 
liquefied ; and if the quantity of water is so considerable, that 
these successive strata of vapour do not cause any sensible 
variation in its temperature, the liquefaction will continue 
until the entire mass of vapour attains the elastic force p',' , 
which corresponds to the temperature 0 / , and to its maximum 
of density, relative to this temperature- However, neither 
the temperature of the column of vapour nor the density will 
be the same throughout its entire height ; and it would be an 
interesting problem to determine the laws of its temperature 
and density, when the temperatures at its two extremities are 
constantly 6 and 0', the density of each stratum being consi- 
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*/dered to be such a function of its temperature, that the elastic 
force may be constant and equal to p'. This constancy of 
pressure throughout the entire height of the column of vapour 
is evidently the condition of the equilibrium of its successive 
strata ; and when the equilibrium is established, it is equally 
evident that the value of the constant pressure cannot be greater 
than that which corresponds to the least of the two tempera- 
tures 6 and 0' 9 while it may be less than the elastic force which 
corresponds to the greater. In fine, it appears from experi- 
ment that the vapour attains, in an extremely short interval 
of time, to the state of equilibrium in question ; so that if 
aqueous vapour, at its maximum of density and pressure, is 
contained in a closed vessel, whose sides have attained to its 
temperature; and if the temperature of a portion of these 
sides is then unequally depressed, one part of the vapour will 
be liquefied, and the remaining portion will acquire, with very 
great rapidity, the maximum elastic force which corresponds 
to the least temperature. 

This being established, when the piston is no longer re- 
tained, it will descend, and it is evident, as in the preceding 
case, that its motion will be uniformly accelerated, its motive 
force being equal to p — \p' or AQo — p'), its accelerating 
force will be equal to the weight multiplied by the ratio 

p—p* 

9 and, finally, the living force produced throughout the en- 
tire descent is 2 \(p—p')l. When the piston has arrived at ef, 
if the temperature of the inferior liquid be raised, and if this li- 
quid be converted into vapour, the constant pressure of which on 
the base of the piston is greater than the weight of this body, 
it will ascend with a motion uniformly accelerated ; and the 
living force that is produced when it has traversed a length V 9 
is equal to twice V multiplied by the excess of this pressure 
over this weight, it being understood always that the friction 
is not taken into account. 

It is by considerations such as these that* the living force 


OF THE ELASTIC FORCE AND HEAT OF GAS. 


527 


due to the descent or ascent of the piston in steam engines is 
calculated. This force is then distributed through the sys- 
tem to which the engine is applied, and is partly destroyed 
by the frictions, and partly employed to produce an useful 
effect. The calculation would be different, if the density of 
the vapour contained in the body of the pump had not reached 
its maximum , this is, in fact, ^hat happens during what is 
termed the detente of the vapour, that is to say, during the 
time the communication of this fluid with the boiler is sus- 
pended, when the vapour is dilated, without any new addition 
being made to it ; the motion of the piston is then that which 
has been considered in No. 358 ; and it appears from the fol- 
lowing number 359, that the living force produced, during the 

time it traverses any given length, is equal to 2 pv logp v 

denoting the ^imitive volume of the fluid, and p and p f its 
elastic forces at the beginning and end of the motion, 

643. It only now remains for us to consider the elastic 
forces and quantities of heat of the mixtures of several gases, 
compared with those of these fluids. 

If two different gases, whose volumes are a and a', have 
the same temperature 0, and, being subjected to the same pres- 
sure^, are then superimposed in a closed vessel, the capacity 
of which is a + a', it is evident that they may continue thus in 
equilibrio, since they have the same temperature, and exert, 
the one against the other, the same pressure ; but it appears 
from experiment that this equilibrium is not stable, for these 
two fluids gradually penetrate one another’s dimensions, until 
they are perfectly mixed together ; experiment also shows that, 
in this operation, there is neither any variation of temperature, >/ 
nor any loss or absorption of heat ; so that after a certain time, 
which is different for different fluids, we have a homogeneous 
mixture, in which the proportion of the two gases is every 
where the same throughout, and of which the temperature and 
elastic force are always 6 and p. From these facts, which are 
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established by observation, another result may be inferred, 
which is also verified by experiment. 

If two gases mixed together occupy a volume v at the 
temperature 0, and if p and p ' denote the pressures on the 
unit of surface, which these two gases separately sustain at the 
same temperature, and under this volume v 9 the elastic force of 
the mixture will be p + p'. In fact, if we suppose, first, that 
the two gases are separated, and that p r > p , then if the gas 
subjected to the pressure p' is dilated, without any change 
being made in its temperature, so that its elastic force may be 
reduced to p , its volume will, by the law of Mariotte, be 

VQ 1 

— ; if then, the two gases be superimposed in a closed vessel, 

. wp* v 

the capacity of which is v + — or -(p + p')i these gases 

will, by what has been just stated, mix without undergoing 
any change of temperature ; and there willg^sult a homo- 
geneous mixture at a temperature 0, and under the pressure/*. 
Now, as the law of Mariotte is applicable to mixtures as well 
as to simple gases, if this mixture be compressed, without 

changing the temperature, until its volume - (p + P * ) * s re " 

duced to v; its elastic force p will become p -{-p'l which it 
was proposed to demonstrate (/•). The same principle like- 
wise obtains for three or any greater number of gases, and for 
a mixture of gas and vapours ; the pressure of the mixture is 
always the sum of the pressures which these fluids would se- 
parately sustain, at the same temperature and under the same 
volume as the mixture. 

644. Let n and ri be the actual numbers of grammes of 
the two gases mixed together, and filling the volume v at the 
temperature 0, and under the pressure p ; and let c and c f de- 
note the specific heats of a gramme of these gases under a 
constant pressure equal to p , and c n the specific heat of a 
gramme of the mixture under the same pressure, we shall 
have 


(n + n f )c u r= nc + n'cf 9 


(9) 
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In fact, if the two gases, instead of being perfectly mixed 
together, were only superimposed, so that they might occupy 
a and d separate portions of the volume v ; by what has been 
just stated, the quantity of heat will be the same in the two 
gases when separate, and when mixed together ; also this equa- 
lity of heat will still subsist, if 0, the common temperature of the 
two gases and of the mixture, be respectively increased by one 
degree. Now, it is necessary, in order to effect this increase, 
to communicate a quantity (n -f- n') c" of heat to the mixture, 
and the quantities nc and n'c* to the two gases, p the pressure 
being supposed to remain the same. Therefore the first quan- 
tity must be equal to the sum of the two others, this gives 
equation (9), which may be extended without difficulty to any 
number whatever of elastic fluids. By means of it, the specific 
heat of a mixture is known, when those of all the gases or 
vapours which compose it, and the proportions of these fluids, 
are given ; conversely, it may be made use of to determine the 
specific heat of one of the components, when those of all the 
others and of the mixture are known ; and it may be observed, 
that they do not imply that the specific heats of the mixed 
gases are independent of their common temperature. 

We might, instead of considering the specific heats c , c c" 
of the gases and of the mixture under a constant pressure, 
consider, in the same manner, their specific heats under a con- 
stant volume ; and if they are represented by c, c/ 9 c/', an 
equation similar to the preceding will be obtained, namely, 

( n + n') c, 11 , — nc, + n f c/, (10) 


Now, if we make 


- = 7 , 


c' , c n „ 


there will result from equations (9) and (10) (s) 


„ _ nyc, + n'y'cf . 
^ nc, + n'c/ 

3 Y 


00 
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by means of which equation, y' the ratio relative to the mix- 
ture will be known, when the similar quantities y and y , and 
the values of c , and c' n are known, for the two mixed gases. 
Whether the value of y relative to dry air, be taken equal to 
1,375, or 1,421 (No. 637), and whatever may be the un- 
known value of y which corresponds to the vapour of water, 
the value of y" in ordinary air, will differ little from y, be- 
cause the proportion of vapour which this air contains is incon- 
siderable. 

It appears from No. 639, that if the ratios y and y are 
independent of the pressure p, but different for the two gases, 
the quantities c 4 and cj will be expressed by unequal powers 
of pi hence it results, in virtue of equation (11), that y n the 
ratio of the mixture, cannot be also independent of the pres- 
sure. Consequently, the hypothesis of the invariability of 
the ratio of the specific heat of the same fluid under a constant 
pressure, to its specific heat under a constant volume, and the 
formulae which have been deduced from them, cannot apply at 
the same time to simple gases, for which this ratio is not the 
same, and to their mixtures in any proportion whatever ; and 
if, in the experiments made on air subjected to different pres- 
sures (No. 637), this ratio has appeared to be constant, the 
reason is, that it is sensibly the same for air and oxygen, and, 
consequently also, for the oxygen and azote, or nitrogen, of 
which the air is composed. 
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HYDRODYNAMICS. 


CHAPTER I. 

GENERAL EQUATIONS OF THE MOTION OF FLUIDS. 

645. The equations of the equilibrium of fluids which 
were established in No. 562, are founded on the characteristic 
property which is common to liquids and aeriform fluids, of 
transmitting equally in every direction the pressures applied 
to their surface, and of exercising about each point of their 
mass, in virtue of the molecular action, equal pressures in 
every direction. This property arises, as has been already 
stated (No. 576), from the circumstance that the molecules of 
a fluid that has been compressed or dilated reverts very 
promptly to a n arrangement similar Jo. that, which they pre- 
viously had about any point whatever, so that after its com- 
pression or dilatation, a fluid is a system of material points 
similar to what it was before, but constituted on a greater or 
less scale. The lim e which it takes to return to such a similar 
state has no influence on the laws of equilibrium, which does 
not taka place until this time is lapsed ; but, however short 
this interval may be, it is easy to conceive that it can influence 
the laws of their motion, especially in the case in which the 
vibrations...of the fluid molecules are performed with great ra- 
pidity; so that the principle of the equality of pressure in all 
directions, though applicable in the case of hydrostatics, or 
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the equilibrium of fluids, is not always so to hydrodynamics, 
that is to say, to the part of mechanics which treats of the 
motion of fluids. 

A corresponding difference between the state of equilibrium 
. and the state of motion, relatively to the law of Mariotte, was 
. long since remarked by Laplace. According to this law, it 
q . is necessary that the temperature of the fluid should become 
I | the same after, the pressure, as it was before ; and the principle 
o jof the equality of pressure in all directions supposes also, that 
the molecules of a fluid have had time to revert to a relative 
arrangement similar to their original one. This law has not 
place, or it ought to be modified, in those extremely rapid vi- 
brations of gas, in which the primitive temperature has not had 
time to reestablish itself; and, in like manner, the principle of 
the equality of pressure in all directions is not rigorously and 
always applicable to the motions of liquids and aeriform fluids. 
The influence of this modification of the law of Mariotte, has 
been observed in the velocity of the propagation of sound; 
;and there are, doubtless, also phenomena of the motion of 
•fluids, which, in general, depend on the circumstance that the 
• pressure in all directions, resul ting fro m the caus e, that has been 
•adverted to, is not perfectly equal. In consequence of this 
circumstance, terms are introduced into the general equations 
of the motion of fluids, which cannot be deduced from their 
equations of equilibrium. The author took these into account 
in the memoir already cited, (No. 576), and he intended in 
another treatise to revert to the consideration of this important 
question. But in the present work he assumes, agreeably to 
the method which is commonly pursued, that the property 
of pressing equally in every direction, is applicable to the 
state of equilibrium and also to the state of motion. On this 
6 hypothesis, the equations of hydrostatics which are founded 
bn this property, may be extended at once to hydrodynamics, 
by means of the principle of D’Alembert, which is applicable 
to all possible systems of material points. 
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646. Let the fluid mass abcd (fig. 36), of which the equa- 
tions of equilibrium have been already determined, be again 
considered ; and let it now be supposed to be in motion, and 
that all the notations of No. 581 refer to the end of t any time 
whatever, reckoned from the commencement of this motion. 
Thus let x 9 y 9 z 9 be the coordinates of dm any element what- 
ever, of a fluid mass, whether homogeneous or heterogeneous, \ 
liquid or aeriform, at the end of the time t ; let p denote the 
density of the fluid in this point and at this instant, and xdm , 
y dm, zdm , the components of the motive force of dm , parallel 
to the axes of x 9 y 9 z, at this same instant. The quantities 1 
x, y, z will be given functions of x 9 y 9 z 9 when they arise from j 
attractions or repulsions, which emanate from fixed centres ; 
these given functions will contain the time explicitly, when 
the centres of these forces are in motion. When these points 
are those of the fluid, x, y, z will be functions of x 9 y 9 z 9 1 , 
which depend on its figur e at each instant, and on the law of> 
the d ensit ies in its interior. 

ThTcoordinates x 9 y> z will vary with the time ; they will : * 
also vary from one point to another of the fluid ; and if their 
initial values, that is to say, the coordinates of the point of 
space which the element dm occupies at the commencement of 
the motion, be denoted by x f 9 y' 9 zf\ then a?, y 9 z 9 the coordi- 
nates of this same element at the end of the time t 9 will be un- 
known functions of a/, y', z\ t\ so that the complete solution^ 
of the problem will consist in determining these three functions j 
of the four independent variables. 

If the components parallel to the axes ox, oy, oz, of the 
velocity with which the element dm is actuated at the end of 
the time t, be denoted by u, v, w, we shall have 





0 ) 


u, v, w may be considered as unknown functions either of 
t, x, y, z, or of t, x', y', s' ; it is under this second point of view. 
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that the author proposes to consider these three quantities at 
present(a) ; and then in order to obtain their increments in 
the interval dt , they should be differenced with respect to t and 
1 the coordinates x , y 9 z . Now if q denotes any function what- 
. ever of t 9 x 9 y 9 z 9 and q dt its differential taken with respect to 
t 9 and the variables x 9 y 9 z 9 considered as functions of t , we 
shall have by the known rule for the differentiation of functions 

dq dq dx dq dy dq dz 

q ,=1 dt dx * dt dy * dt ^ dz ' dt 9 

or, by considering equations (1), 




? '=a + “E+*'^ + "’S- 


dq 


( 2 ) 


Therefore, if the increments of u 9 v 9 w 9 be denoted by u f dt 9 
v'dt 9 w'dt 9 we shall have 



du , du 
~dt 


du 


du 


. w W M'W M/W 

— A * U dx^“ V dy ^ 10 dz 9 


dv do , dv , eft; 

v'~ dt dx dy dz 

, dw t dw . dw dw 

vf — -tt + «-y- + ^ -3- + ; 

^ du dz 


and, in this manner, it appears that the components of the 
velocity of the same element dm 9 in the two positions which it 
successively occupies, will he u 9 v 9 w 9 and u + u'dt 9 v + v‘dt 9 
w -f w'dt. 

If the fluid be homogeneous and incompressible, the den- 
sity p will be a given constant ; in the case of a heterogeneous 
liq uid, the density p corresponding to a determinate element 
dm 9 will be a given function of its three initial coordinates, 
& 9 y'> ; and finally, if the fluid is compressible, this density 

p will be an unknown function of t 9 od 9 y f 9 z f 9 the initial value 
of. which will be. solely given. With the exception of the case 
in which p is constant, this density relative to the position of 
dm at the end of the time t 9 must be always considered as an 

*. i -r- ^ •* O 
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unkno wn function of x,y, z, t. Hence, if its increment during 
the instant dt be denoted by p'dt, we shall have by formula (2), 

' /= ± +u ^.+vf+u>% 

p dt dx dy az 

and in the case of an incompressible fluid, whether homo- 
geneous or heterogeneous, this value of p' must become zero. 

647. The components of the force lost by the element dm 
during the instant dt , will be 

(x — «') dm, (v — v 1 ) dm, (z - w 1 ) dm ; 

therefore, if x - u', y - v', z - vf, be substituted in place of j 
x, y, z, in equations (2) of No. 582, there will result the three 
following equations of its motion : 

p being the pressure on the unit of surface, that has place at 
the end of the time t, at the point, whose coordinates are 
ar, y, z, which pressure is supposed to be the same m a 1 1 - 

rections. „ _ ;ll 

If this point appertains to a fixed side of the vesse ,p 
express the normal pressure that this surface must sustain, and 
which must be destroyed by its resistance. If this poin^ 
on the free surface of a liquid, we should have p- , 
«^enerally i i 2 .= 0, so that the differential equation of 
the free surface of the liquid in motion, will be (6) 

.1 (x-!O* + (*-*0<'!' + (z-“’0‘ fc = °- 11 

By what has ham remarked in 585, lie yntae of P "1“" 

i, ie determined, should he eonstssSU-SaS™ * *“ 

• thi, unless the parts of the 4nid mam separate durmg 

the motion, in which case it will he negative m »»e P»>* j 
the side of separation, this can only have place in the casd 
of aMd, and as then this surface is no longer pressed 
fromwithout inwards, the parts of the liquid will he separated., 
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By means of the values of u', v', to', the preceding equations 
become 

1 dp du du du du 

p dx dt dx dy dz 

1 dp dv dv dv dv 

p dy dt dx ay dz 

1 dp dw dw dw dw 

—4 -zzZ — -tt — — v— w-j-. 

p dz dt dx dy dz 

As th e qu antity p which it contains is, as well as each of 
the_ velocities u, v, w, an unknown function of x,y, z,t, a 
fourth equation is necessary, when the quantity p is a given 
constant, and, in the general case, in which this quantity is 
also an unkno wn function of x, y, z, t, two additional, equa- 
tions are necessary. These equations can be obtained in the 
following manner. 

648, Each of the elements, such as dm, will change its 
form during the instant dt, and it will also change its volume, 

; if the fluid is compressible ; but as the mass mus t always re- 
main thejame, it follows, that the product of its volume at 
; the end of the time t + dt, and of its density p + p'dt, which 
; corresponds to the same instant, must be the same as at the 
end of the time t, consequently, the variation of this product 
, in the instant dt, will be equal to zero ; this will furnish a new 
general equation of motion. 

In order to obtain it, let us consider the rectangular pa- 
rallellopiped, whose volume is dx. dy.dz , at the end of the 
time t, and what will be the form of this element of the fluid 
at the end of the time t + dt. Let m (fig. 54) be the summit 
of this parallellopiped, which corresponds to the coordinates 
x,y,z m , likewise let ma, mb, mc be the three sides adjacent to 
this summit, and respectively parallel to the axes ox, oy, 0 z, 
so that we may have # 

ma = dx, mb = dy, mc = cfe ; 
now if d, e, f, g be the four other summits, and if, during the 
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instant dt , the eight points m, a, b, c, d, e, f, g are transferred 
tOM 7 , a', b 7 , c',d', e', f 7 , g 7 ; then the polyhedron, of which these 
last points are the summits, will be an oblique angled paral- 
lelepiped ; this can be shown to be the case, by determining 
and comparing together the lengths of its twelve sides m 7 a 7 , 
mV, &c. 

As x, y , z , the coordinates of the point m become 
x + udt , y + vdt , z + wdt , 

at the end of the instant dt> these quantities are the coordi- 
nates of the point m'; those of any other summit may be de- 
duced from them, by substituting the primitive coordinates of 
this summit for x,y 9 z; thus the coordinates of c 7 will be ob- 
tained by retaining x and y , and substituting for z> z 4 - dz, 
since x,y,z + dz are the coordinates of c. In this manner, 
the coordinates of c 7 will be 

du 

x + udt + -j-dzdt> 
dz 

y + vdt + ^ dz dt , 
z + dz+ wdt+^dzdt; 

and from a comparison of them with those of m 7 , we infer (c) 

"' c - ^ (* + £**)’* 

therefore, by extracting the square root, and neglecting infi- 
nitely small quantities of the thj^d and higher orders, we 
obtain 

_ dw , , 
m'c'= dz +~z~dzdt. 
az 

The coordinates of d / may be obtained from those of m 7 , 
and the coordinates of g' from those of c 7 , by substituting 
x + dx and y + dy in place of x and y ; consequently , the length 

3 z 
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of the side d'g' may be obtained in the same manner from that 
of the side mV ; and it gives 


. , , & , . d 2 w , , 7 d 2 w , . 

d'g' = dz + -r- dzdt + -T—r- dx dz dt 4 - 3-3- dydz dt ; 
dz dxdz dydz 


therefore, if the two last terms which are of the third order, 
be neglected, the- value of dV will be the same as that of mV. 
In the same manner it may be proved, that the sides aV and 
bV are equal to the side mV, when quantities of the third 
order are neglected, so that we shall have 

mV= a'e' = bV= dV. 


If s be changed into y, and w into v, in the value of mV, 
it will become that of mV, namely. 


mV= dy + ^ dydti 
ay 


In like manner, by changing z into x and w into u , we 
shall have the value of mV, which will be 

mV= dx -l- ^ dxdt ; 
and we shall also find 


mV m aV= cV:= eV, 
mV = b V = c V = fV. 


It appears, therefore, that the sides which are equal in the 
primitive parallellopiped, continue to be equal after its change 
of form; and the parallelism of the sides is a consequence of 
their equality ; hence the element of volume, which has been 
considered, retains at the end of dt 9 the form of a parallello- 
piped, which, however, is not rectangular, as at the com- 
mencement of this instant. 

The volume of this parallellopiped will be obtained by 
multiplying one of its faces, for example, the face mVdV by 
cV, the perpendicular let fall from the point c' on this face ; 
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the area of the parallellogram m'a'd V is equal to the product 
of its two sides mV and mV, multiplied into the sine of the 
angle a'mV ; and the perpendicular c / p / is equal to the side 
c'm' multiplied by the sine of the angle c W ; consequently, 
the value of the volume of the new parallellopiped will be 

mV 7 , m'b'. mV. sin a'mV. sin c'm'p'. 


But, as the angles a'mV, and cW, were right angles in 
the original parallellopiped, each of them will now differ from 
a right angle only by an infinitely small quantity, therefore, 
the sine of each of these angles will only differ from unity by 
an infinitely small quantity of the second order; consequently, 
if infinitely small quantities of the fifth order be neglected, we ' 
should make sin aW:i: 1, and sin cW= 1(d), in the pre- 
ceding product ; by which means it is reduced to 

mV. mV.mV. 


Therefore, if for each of the factors, its preceding value be 
substituted, and then the multiplication be performed, this 
product will be, by neglecting infinitely small quantities of 
the fifth order(e), 

This, therefore, is the value, at the end of the time 
t + dt, of the volume which was dx dy dz at the end of the 
time t . The density p becomes, at the same time, p + pdt ; 
therefore, if after this volume is multiplied by p+p'dt, the pri- 
mitive mass pdxdydzbe taken from the product, the remainder 
will be the variation of this mass during the instant dt , and 
as this variation should be cipher, there results the equation 


, fdu dv , dw\ n 

'> + Hs+s+s)= 0 ’ 


infinitely small quantities of the fifth order being neglected as 
before, and the factor dtdxdydz> which is common to all the 
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terms, being suppressed. Consequently, if for p' its’ value 
given in the preceding number be substituted, there will result 
by concinnating 

= 0, (4) 


dp d.pu ,d-pv d.pw 
dt ' dx dy dz 


which will be the fourth equation of the motion that it was 
proposed to form. 

649. This equation is common to liquids and to aeriform 
fluids ; but as the quantity p' is cipher, in the case of incom- 
/ 0 pressible liquids, this equation naturally divides itself into the 
two following : 


dp 

dt 


dx dy dz 


~du dv j dw __ 
dx dy dz ~ ~ 


cl) 


By means of these and of the three equations (3), we shall 
have a number of equations equal to that of the five unknown 
quantities p , p, u, v, w , which they ought to determine 
in functions of x , y , s, t . When the liquid is homogeneous, 
J ° the density p is a given constant ; this reduces the unknown 
quantities to four, and at the same time causes the first equa- 
tion (5) to disappear. 

, o In the case of elastic fluids also, there are only four equa- 
^ tions, namely, equations (3) and (4) ; but as then the density is 
connected with the pressure, the two unknown quantities p 
and p are reduced to one. If the temperature be supposed to 
he the entire mass of the fluid in the 

, state of rest, the dilatations or compressions of the elements 
4 - of this fluid, which take place during its motion, will cause 
this temperature to vary, so that the pressure p will be no 
longer proportional to the density p, in the state of motion, 
as it is in the state of equilibrium. It will be shewn in the 
sequel, how we should take this circumstance into account, 
when the motion is very rapid; at present we shall assume that 
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the motion is tg£slow to have any sensible influence, so that 
the expresssion of in a function of p may be that which 
agrees to the state of equilibrium, namely (No. 624), 

p zz kp (1 + 0,6) i (6) 

in which 6 denotes the temperature common to all the points of] 
the fluid, a the coefficient 0,00375, of the dilatation of gases, ’ 
ft a constant which depends on the nature of the fluid inj 
question. 

When the values of p,p, u , v 9 ic shall have been determined, 
either by means of the five equations (3) and (5), or by the five 
equations (3), (4), (6), we can deduce from them the values of 
x , y , in functions of t , and of their initial values y\ z\ 

by means of equations (1). The integrals of all these equa- ■ 
tions of partial differences will contain arbitrary functions, ^ 
which must be determined by t he initial State of the fluid, and 
by means of certain conditions relative^tq its surface^ which 
will be considered farther on. 

650. When the temperature is not the same, at the origin ^ 
of the motion, t hrough out jhgj^^ it varies then 

from one point to another, and, for the same point, from one 
instant to another, so that if the temperature, which cor- 
responds to the points of which x , y , s, are the coordinates, 
at the end of the time t 9 be denoted by 0, this quantity 0 
is an unknown function of t 9 x 9 y 9 z 9 and in order to determine 
it, besides the preceding equations, an additional one is re- 
quired. This equation will be different in the two cases of a 
liquid, and of an aeriform fluid, which we now proceed to 
consider successively. 

1 st. Let us suppose that the question is respecting a ho- 
mogeneous liquid, water for example ; then as the temperature 
0 varies from one point to another, the density p will also 
vary, and will be a determinate function of 0, which we shall 
denote by f6 ; the manner of determining the form of this 
function, is given in the Traite de Physique de M. Biot , 
tom. 1, chapter xi. The quantity p' will be no longer ciph er, 
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neither will equation (4) be decomposable into the two equa- 
tions (5). The specific heat of the liquid and the measure of 
its conductibility will be also determinate functions of 0 ; but 
if the communication of heat in the interior of the water be 
supposed to take place as in a solid body, by radiation to 
^stance, the equation relative to the motion 
of heat in a heterogeneous body, which the author de- 
termined in the Journal d’Ecole Poly technique. No. 19, 
page 87, will be applicable to the mass of water that is 
considered; for it makes known the instantaneous increment 
of temperature, which has place in any point whatever of a 
body, in which the specific heat and conductibility vary arbi- 
trarily from one point to another ; and from the manner in 
which it has been formed, it appears that the heat depends 
( neither on the motion of the material point in question, nor 
on the motion of the surrounding points. Thus, if the incre- 
ment of 9 during the instant dt be denoted by 6'dt, we shall 
have(/) 


g9'~ 


d.h- 


. d.h ^ 

_ ± 

dx dv + 


d.h 


dQ 

d% 


dz 


( 7 ) 


m which equation, we assume, as in formula (2), that 


* 


9 >~ dd ±„ d6 , M , — 

b ~di + u Ji+ v j7. + w — » 


de 

1 dx 


dO 
; dz * 


and in wliich g and h are junctions of 0, ihat .denote respectively 
t^e speadc^heat^elatiye to the unit of mass, and the measure 
6 C0Ilducti kility. As each of these functions is supposed to 
be known, and also /fl, the number of equations (3), (4), (7), 
will be the same as that of the unknown quantities 9, p, u, v, w, 
which they contain. In the case of a heterogeneous liquid, 
the three quantities, p, g, h, relative to the point of its mass, 
the coordinates of which are s, y, z , will depend on the tem- 
perature 9, and the matter of the fluid in this point, and they 
will be consequently given functions of 9, and of x', y> s', the 
initial coordinates of this same pokt' 
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2ndly. If the fluid in question is a mass of air, or any gas 
-whatever, of which 6 the temperature varies from one point to 
another, and if, in the state of motion, th^ temperature is 
always supposed to be proportional to the density, as in the 
preceding number, equation (6) will always have place ; but 
equation (7) will no longer subsist, for it is founded on the . 
supposition, that the communication of heat in the interior of ; 
the body is effected by a radiation to an Jnsensible.. distance j 5 
while, on the contrary, radiating heat traverses aeriform fluids 
to very great depths, so that there is an interchange of heat 
between molecules very far removed from each other. Thi&j 
equation should therefore be replaced by another, which, to- 
gether with equations (3), (4), (6), make up a number equal 
to that of the unknown quantities p, p, 6,u,v,w. For ex- 
ample, in the problem of the trade winds, which are produced 
by the differences of temperature of the atmospherical strata, 
a sixth equation is formed in the following manner, which it 
will be sufficient for us now merely to point out. 

The quantity of heat received during the instant dt , 
by dm any element whatever of the fluid mass, and which 
may be supposed to be proportional to dmdt , is made up 
of the solar heat absorbed" by dm during this instant dt , 
and of the radiating heat that this element receives in this 
same instant, from a part of the surface of the earth, and 
from the part of the atmosphere, the communication of which 
with dm is not interrupted by this surface, and also of the 
portion of heat which can be communicated to dm by the 
surrounding elements, as in solid bodies. If from this sum be 
taken the quantity of heat emitted by the element dm , during 
the instant dt, either by communication, or by radiation to a 
great distance, the instantaneous increase of the heat of dm, 
which we shall represent by a dmdt, will be obtained; a 
being a coefficient, of which we shall content ourselves merely 
to indicate the origin. On the other hand, this increase of 
heat is equal to gB'dtdm, g and O'dt denoting always the spe- 
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cific heat for the unit of mass, and the instantaneous increment 
of temperature ; therefore we shall have &dmdt zz gB'dmdt or 
a = for the required equation, which should be suhsti- 

\ tuted in equation (7). 

^ 651* Before we proceed any further, an important remark 

may be made relatively to equation (4). 

From the manner in which it has been formed, it is evident 
that the mass of dm the differential element of the fluid, does 
not vary during the instant dt ; hut it is solely for the sake of 
conciseness that the volume of this part of the fluid has been 
considered as infinitely small; and if the entire volume he 
divided into parts of a finite but insensible magnitude, each of 
which may, notwithstanding, contain a very great number of 
molecules, equation (4) expresses actually that each of these 
parts contains always the same molecules, and, consequently, 
that its mass is invariable* It is on this accountjhat it is de- 
nominated the equation of the continuity of the fluid * Now 
;! there are motions in which this continuity is interrupted, and 
in which the equation that refers to it cannot be made use of. 
In the case, for example, of water contained in a vertical 
cylinder , which is open at its upper surface, if it be heated 
from above, the temperature will increase, and the density 
diminish from the bottom to the surface ; the length of the 
fluid mass will increase, the horizontal strata will successively 
replace each other, and the equation of continuity will be ap- 
plicable to this motion (g). But if the liquid is heated from 
below, the density will increase, and temperature diminish 
from below upwards ; in strictness, the horizontal strata may 
still successively replace each other ; but such a motion will 
not be stable; and it appears from observation, that the 
molecules of water rise from the bottom to the surface by tra- 
versing the superior strata. All the very small parts of the 
liquid do not then constantly consist of the same molecules ; 
consequently, equation (4) does not obtain in this kind of 
motion ; and it is even doubtful, whether equations (3), which 
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are founded on the principle of the equality of the pressure in 
all directions, can be applied to them ; so that in the actual : 
state of the science we have no means of determining the mo- 
tion of a liquid, whose strata mutually traverse each other, the_i 
one by ascending, the other by descending. The same remarks 
are applicable to the vertical motions which may exist in each 
atmospherical column, the inferior strata of which, when heated 
by contact with the earth, and thus rendered lighter, rise by 
traversing the superior strata. The determination of these 
motions, which are of a different kind from those that have 
been hitherto considered, and their influence on the diurnal 
variations of the barometer, are questions to which it is of 
great consequence to direct the attention of philosophers. 

652. In the motions of fluids which have been subjected to 
calculation, it is customary to suppose that the points which? 
at a determined epoch, exist on a fixed or moveable side, 
or which appertain to the free surface of a liquid, will remain 
on this side, or will appertain to this surface, during the 
entire continuance of the motion ; so that those complicated 
motions, in which the points of a fluid, after having appertained 
to its surface, penetrate again into the interior of the mass, or 
conversely, are not taken into account ; and in like manner, 
those cases are excluded in which the points of a liquid pass 
alternately from the free surface to the surface in contact withj 
a fixed or moveable side* Those particular conditions to 
which the motions that are considered are subjected, may be 
expressed by the following equations : 

Let x 9 y 9 z be always the variable coordinates of a point of 

the fluid, and 

f(t 9 x, y, z) = 0, 

the equation of a fixed or moveable surface that passes 
through this point at the end of the time t 9 and which, for 
conciseness, we shall denote by s. Likewise, let y'> z ' be 
the initial coordinates of this same point, so that x , y, z may 

4 A 
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be functions of t 9 x f 9 y' 9 z r * If their values be substituted in 
the given equation, it will be changed into 

f(7, x' 9 y' 9 z') = 0; 

and all the points of the fluid, the initial coordinates of which 
satisfy this equation will be those which, at the end of the time 
t, appertain to the surface s ; consequently, in order that these 
points may be constantly the same, the function f should not 
contain the variable t. If therefore s is the equation of this 
free surface, or that of a fixed or moveable side, the func- 
tion/^, ;r, y, z) must be independent of t ; x 9 y 9 z being con- 
sidered as functions of the preceding variables ; therefore its 
complete differential with respect to t must be cipher ; and by 
formula (2) we shall have, to express the condition stated 
above, the equation^) 


df 

dt 




4 

dy 


( 8 ) 


d£ 

dj r ~dz 

In the case of a fixed side, the function jfwill not contain 
the time t explicitly ; if it be denoted by l, so that L = 0, 
may be the given equation of the side, equation (8) will 
become 

dh dL 

U di + V dj+ W d;= 0 - (°) 


If the resultant of the velocities u, v, w be denoted by Z, 
and the angles which it makes with the directions of a.’, y, %, 
b y a > and also if a, b, c be the angles which the normal 
to the side makes with the same directions, we shall have at 
the same time, and by making 



= A 2 , 


u = Z cosa, v = Z cos/3, w = Z cosy, 

dlj fir 

dx ~~ ^ cosa > = XcosJ, — — \ coscj 
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and, by substituting these values in equation (9), and then 
suppressing the common factor £X, it will become 


cosa cosa + cosj3 cos b + cosy cosc zz 0. 


Therefore equation (9) indicates that the direction of the * 
velocity of each point of the fluid adjacent to a fixed side, 
is normal to this surface ; and, in fact, it is the condition which 
must be satisfied, and is sufficient to prevent this point from 
being detached from the side, so that it can only slide on its 
surface. 

At the free surface of a liquid, the pressure p is in general 
a constant quantity ; but it may depend on, or be a function of 
t 9 and be only independent of x , y, z, if the external pressure, 
which is common to all the points of this surface, varies with 
the time ; therefore denoting this function by t, the equation 
of the free surface will be p — t, and by putting p — t in 
place of f 9 in equation (8), we shall have 


a* a.?. at. * 


dt 


dz~~ dt 


( 10 ) 


i 


which will have place at the same time as p — t = 0, or si- 
multaneously with the differential equation of the free surface, 
which has been given in No. 647 • f 

It may be remarked that equations (8), (9), (10) ‘will like- !•" 
wise still obtain without any sensible error, when the points of J 
the fluid only deviate from its superficies by insensible quan- 
tities. Consequently, if, as in the preceding number, a portion 
of the fluid is considered, the dimensions of which, though in- 
sensible, are still of a finite magnitude, so that it may, not- 
withstanding, contain an immense number of molecules, and if 
a part of its surface be supposed to appertain to that of the fluid 
at a determinate epoch, these equations will express, in reality ,j 
that it will have place during the entire continuance of the mo- 
tion. The extent of this part, which belongs in common to the . 
two surfeces, may besides vary in any ratio whatever ; and the 
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small portion of the fluid in question may, when it is displaced, 
at the surface of the fluid, enlarge or contract, without its volume 
undergoing any change in the case of a liquid, or its mass in 
the case of any fluid whatever (A). Thus, for example, when 
a heavy liquid oscillates in a vessel which is open at its upper 
surface, the extent of its free surface, and that of its surface of 
contact with the sides of the vessel, vary during the motion, so 
that the number of material points of the liquid, which are 
situated on one or other of these two surfaces, is not constantly 
the same; but equations (9) and (10) may have place not- 
withstanding, if it is considered that they do not belong solely 
to detached points, but rather refer to small portions of the 
liquid which are of an insensible magnitude and variable form. 

By means of these particular equations, which were intro- 
duced by Lagrange in the theory of fluids, combined in each 
case with the initial state of the system, the arbitrary functions 
contained in the equations of the motion can be determined. 

653. There is a very extended case, in which the three 
equations (3) can be reduced to an equation of partial diffe- 
rences of the first order, and the three unknown, «, v , w, 
made to depend on one sole quantity. This case has place 
when the formula udx 4~ vdy 4- wdz is an exact differential of 
a function of a?, ?/, 2 , regarded as independent variables, and 
the fluid in question is h omogene ous and has every where the 
s ame temperat ure in the state of equilibrium. Let then 

udx + vdy + wdz = d$ ; 


i ^ denoting an unknown function of the four variables t, x 9 y, s, 
I but in which, however, the differential d<p is taken solely with 
. respect to a?, y , z , so that we may have 


u 





< a > 


Sr 

J 


By the nature of the forces x, y, z, which always are sup- 
posed to arise from attractions or repulsions, whose centres are 



GENERAL EQUATIONS OF THE MOTION OF FLUIDS. 569 

fixed or moveable points, or points of the fluid itself, we have 
likewise 

xda; + y dy + idz = cfv, 

and, consequently, 

dv dv dv 

X “ dv? Y dy' Z “ dz' 

v being a function of t, y , z 9 which is differenced solely with 

respect to a?, y 9 z> In the case of an elastic fluid whose den- 
. . r* dp 

sity is constant in a state of repose, the integral \ — will be 

*/ p 

expressed by a logarithm, provided the law of Mariotte be 
supposed still to obtain in a state of motion also(a) ; if the var- 
riations of temperature which axe produced by those of the 
density during the motion be taken into account, this integral 
will be a different function ofp; and in the case of a homo- 
geneous liquid, it will be reduced to -p, without talcing into 

♦ P # j 

account the arbitrary constant. In order to comprise all these' 
cases under one, let 



there results from this(/c) 

l dp ^ dv 1 dp _ dv 1 dp _ dp # 
pdx~" dx* pdy~~dy’ pdz dz’ 

and by means of these and the preceding values, equations (3) 
will become 


dp 

— 

d 2 <p 

dtpcPtp 

d<j> (P(j> 

dtp d 2 tp 

dx 

dx 

dxdt 

dxdx? 

dy dxdy 

dz dxdz 5 

dp 

__ dv 

cP<p 

dtp <P<p 

dtp cPtp 

dtp <P<p 

dy 

~dy~ 

dydt 

dy dydx 

dyW ~ 

dz dydz 5 

dp 


d?<p 

dtp d?<p 

dtp d?tp 

d<pcP<p 

dz 

~ dz^ 

dzdt 

dz dzdx 

dy dzdy 

dz dz z * 


If these equations be multiplied by d% 9 dy 9 dz 9 respectively, 
and then added together, there results ( l ) 
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dp ~ dv — d. — Id 
at 


■*(2)V 


and as all the terms of this equation are exact differentials 
the three variables x 9 y , % 9 we deduce immediately 


of 



\ The arbitrary constant which ought to be added to this in- 
tegral may be considered as contained in the unknown quan- 
tity and thus the integrals v and p may be regarded as 
, quantities entirely determinate. 

This equation, which replaces the three equations (3), will 
make known the value of p 9 when that of <j> shall have been 
determined; likewise equations (a) will determine the three 
unknown quantities u 9 v, w ; and with respect to the value of 
it can be deduced from equation (4), which becomes 


dp 

dt 


d.L 






dx 


dy 


dz 


(<0 


In the case of an incompressible fluid, this equation will be 
reduced to 


4. ** . - o 

dx 2 + dtf + dz* - U 


in the case of an aeriform fluid, we should substitute for p its 
value in a function of p 9 and for p its value deduced from 
equation (b). 

654. In order that the formula udx + vdy + wdz may be 
an exact differential during the entire continuance of the mo- 
tion, it should be so at the commencement, and the initial 
*■ values of w, v 9 w 9 which are given arbitrarily in functions of 
x 9 y 9 z 9 should satisfy the conditions of integrability. Con- 
jversely, though it be admitted that it is sufficient to prove this 
f formula to be an exact differential relative to a determinate 
: value of t 9 in order to be satisfied that it is one also for 
: all values of this quantity ; still this proposition is not so 
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general as has been supposed. It may be demonstrated in 
the following manner : 

Let t\ be a particular value of £, and, for this value, let 
udx + vdy + wdz = d<j> x ; 

<j>i being a function of #, ?/, z . If £ denotes an infinitely small 
interval of time, then when the time t becomes t x + f, the 
quantities w, v, w will likewise vary, and, on the supposition; 
that their expressions in functions of t are developable ac-; 
cording to the powers of e, we shall have(wi) 


Uffli 


a<b i i 

V = -P + EVi, W — ■ 


+ 


dy 1 dz 

and, consequently, 

udx + vdy + wdz ~ d<j>i + epdx + V\dy + Widz), 

in which w x denote functions of x, y, z. In order to 

du dv dw , . , 

obtain the values of the partial differences which 

occur in equations (3), these values of u 9 v , w should be dif- 
ferenced with respect to s ; this gives 

du dv dw 

3F=“‘> a = °" s— “’>• 


By substituting them with those of u, v, w, and of their partial 
differences relative to x, y, z, in these equations, and then sup- 
pressing the terms multiplied by e, there results 

1 dp _ (tyi dfy 1 _ dfa dfyi _ dfa dj$i 

pdx ==X ~ Ul ~dxdx 2 dy dxdy dz dxdz ’ 

1 dp _ dj>i dfy _ d£i _ d$i djfr 

pdy~ y ~ Vl ~ dx dydx dy dy 2 dz ’ dy.dz ? 

1 dp _ d<p x <£jn _ djn dfyi _ 1 . . 

pdz~ Z ~ Wl ~ dx' dzdx dy dzdy dz dz * ’ 


hence by the preceding notations we deduce(») 
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Uidx + v x dy + w x dz 


zzdv — dp - id. 



It follows from tMs that the quantity (u x dx + v x dy + w x dz)t, 
by which the. formula udx + vdy + wdz is increased during 
e time s, will be an exact differential. Consequently, this 
ormu a will be an exact differential at the end of the time 
?' + £, since it is supposed to be so at the end of the time t, ; 
it will be so at the end of the time t, + 2 e , since it is so at the 
end of the time t, + £ , and so on. And as £ may be either 
positive. or negative, it follows that this formula udx -{■ vdy 
+ wdz is an exact differential for all values of t, if it is so for 
any value whatever of this variable. 

; But this demonstration supposes that the values of u, v, w, 
.which correspond to t + e, may be developed according to the 
powers of e, or, what comes to the same thing, it supposes that 
the expressions of u, v, w, in functions of t, satisfy the equa- 
ls? 8 oi%.P?qblem and all those which may be deduced from 
i t by Now, this is not always the 

case, with respect to expressions of u, v, w in series of expo- 
nentials and of sines and cosines, the exponents and arcs of 
ich are proportional to t ; and as the demonstration then 
fails, the proposition may be likewise at fault, and it is in point 
of feet faulty in certain cases, examples of which have been 
met with by the author. In each problem, the expressions of 
v, v, w, in question, satisfy the equations relative to the mass 
and surface of the fluid in motion; and by determining in a 
suitable manner the coefficients of the exponentials and of the 
sines and cosines, they represent the given initial state of all 
the points of the fluid; and if the series which result from 
them, are moreover convergent, this is sufficient, in order that 
they may contain the solution of the question, although one 
of their particular characters may not satisfy always the equa- 
tions which may be deduced from those of the motion, by new 
differentiations. 
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655. The condition of integrability of the formula udoo + 
vdy +■ wdz has not place in the motion of a fluid which turns 
about a fixed axis without changing its form. Int fact, the 
components of the velocity of any point whatever are then the 
same as in the case of a solid body ; therefore if the fixed axis 
be assumed to be that of z 9 and if the angular velocity of rotsu- 
tion be denoted by w, we shall have (No. 387), 

w=— 2 /w, v = xw 9 w zz 0; 
from which there results 

udx + vdy + wdz zz w(xdy — . ydx) ; ^ 

this quantity is not an exact differential, because the factor 
is independent of the coordinates x and y . u 

Hence in order to determine the pressure p in any point 
whatever, we must have recourse, in this example, to equations 
(3). Now, if the values of u 9 v> w be substituted in this ex- 
pression, there results, when w is considered to be a constant 
quantity with respect to as well as with respect to x 9 y 9 z 9 


1 dp 

pdx 


— X -j- (t) 2 #, 


hence we obtain (o) 






an equation which coincides with that which has been ob- 
tained in No. 589, from the consideration of the equilibrium of 
the given forces that act on all the points of the fluid, and of 
their centrifugal forces resulting from its motion of rotation. 



CHAPTER II. 


OF THE PROPAGATION OF SOUND. 

586. As it does not fall in with the plan of this treatise, to 
detail the numerous results which have been obtained from 
the general equations of the motion of fluids that have been 
given in the preceding chapter, we shall merely point out 
those treatises in which they can be found. In the following 
chapter, the motion of a fluid which flows out of a vessel, is 
determined on a particular hypothesis, which, for the most 
part, gives results sufficiently accurate in practice ; in the pre- 
sent one, we shall select for examples of the application of the 
general equations, the simplest cases of the theory of sound. 

1st. In the second and third books of the M.echanique 
Celeste , the reader will find detailed all that is as yet known 
about the oscillations of the sea and of the atmosphere, pro- 
duced by the attractions of the sun and moon. 

2nd. In the secpnd volume of the Mechanique Anatytique 
there is given the determination, by means of convergent se- 
ries, of the motion of a heavy liquid, both in a very narrow 
canal, and also in a very deep vessel. 

3rd. Relatively to the oscillations of this liquid in a vessel 
of any depth whatever, the reader is referred to a memoir in- 
serted by the author on this subject, in the nineteenth volume 
of the J oumal of M. Gergonne. 

4th. For the problem of the propagation of waves at the 
surface and in the interior of stagnant water, the reader is also 
referred to a memoir of the author inserted in the first volume 
of the Academy of Sciences. 

5th. On the propagation of elastic fluids in vessels, and 
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narrow tubes, the memoir of M. Navier, which is inserted in 
the ninth volume of this Academy, may be consulted. 

Finally, for every thing which concerns the theory of 
sound, and generally the propagation of the motion in an 
elastic medium or in several superimposed media, the student 
may consult the memoirs written by the author on this subject, 
which are contained in the fourteenth Number of the Journal 
of the Polytechnic School, and in the eleventh and tenth vo- 
lumes of the Academy of Sciences. 

657. To give an application of the general equations, let 
an elastic homogeneous fluid be considered, whose density and 
temperature may be throughout the same in its state of equili- 
brium, and in which when it is made to deviate from this state 
ever so little, the^ velocities of its different points, and likewise 
the dilatations and condensations with which they are accom- 
panied, in the motion which results, may be very small frac- 
tions, so that the squares and products of these quantities can 
consequently be neglected ; by which means the equations of 
the motion are reduced to a linear form, the integrals of which 
may be obtained in a finite form. Moreover, as the density of 
the fluid, in a state of equilibrium, is by hypothesis constant, 
the forces x, y, z should be made equal to cipher. 

Let this density be denoted by d ; p being that which has 
place in the state of motion, at the end of the time t 9 and for 
the point whose coordinates are x, y 9 z 9 we shall have 

P = D(l + S>, 

in which equation, 5 is a very small fraction, either positive or 
negative. Likewise, let h and mgh denote the height and ba- 
rometrical pressure corresponding to the density d, g the 
gravity, and m the density of the mercury. In the state of 
motion, the pressure p which corresponds to i he density p, will 
by the law of Mariotte, be $mh(\ + $), if the temperature of 
the fluid be invariable ; but in consequence of the condensation 
or rarefaction denoted by the temperature increases or dimi- 
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nishes ; and if the motion be so rapid that the fluid has not 
time to revert to its original temperature, the pressure will 
vary m a greater ratio than the density^). Therefore we 
shall suppose that in general 

p = gmh (1 + j + ff ) . 

W which denotes a quantity having the same sign as *, and 
i a eer am notion of it. In consequence ofth*e Smallness of 

such th^ 311 lty ° may be SUpposed to proportional to s, and 

* — fo; 

& b ® in S a P° sitive coefficient independent of*. 

By means of these values, we shall have 

dp=zgmh{ l + (3)ds; 

and by supposing that the integral vanishes with *, and making, 
tor conciseness, & 

gmk(l + Q) 

D " 


there will result 


'= 


^=a 2 . 1 og ( 1 + 5 ). 


If this integral be taken for the value of the quantity p com- 

^ise in equation (b) of No. 653, we shall obtain by neglecting 
the square of *, & s 


p = a?s ; 


m like manner if the squares of the velocities ^ be 

, , dz ’ dy ’ dz 5 

, equation will become, by mppresdng the 

term v which arises from the forces x, y, z , 




1 

tfdt ’ 


( 1 ) 


and by joining it with equations (a), namely, 


u _ d& 

u — ~7~j V =z — to — _Jr . 
dx dy. ’ dz ’ 


( 2 ) 
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these four equations will make known the condensation, the 
magnitude and direction of the velocity of the fluid, at the 
end of the time t, and for the point whose coordinates are 
x, y, z, when the function <j> shall have been determined in a 
function of x, y, z, t. 

If the displacements of the molecules of the fluid are like- 
wise supposed to be very small, that is to say,' if the molecules 
of the fluid make only very small oscillations, and have no 
common motion of translation or rotation, the variables x, y, z 
will differ very little from x\ y\ z', which are the initial co- 
ordinates of the points to which they belong, so that they may 
be regarded as equal to x' . y\ z\ when the values of udt, vdt, 
wdt are integrated, in order to deduce from them at any instant 
whatever, the displacements of this point in the direction of 
the three axes of the coordinates ; and then, we shall have 


x-x'- \udt, y-y' - Ivdt, z — z' = $wdt ; 

the integrals being taken s o _th at they may vanish when 

t= 0(b ). . 

With respect to the quantity <j>, in order to obtain the 
equation on which it depends, let d (1 +s) be put in place 
of p in equation (c) of the number cited above, then by 

neglecting the products of s and it becomes 


ds d 2 <p 

dt + dx 2 + dy 2 " t " dz 2 


= 0 , 


or, what comes to the same thing by substituting for s its 
preceding value (c), 



These equations (1), (2), (3) are those of the theory of sound 
in air whose temperature and density are constant. They 
suppose that the formula udx + vdy +• wdz is an exact diffe- 
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rential, and this is, in point of fact, the casein the two particular 
instances, to which we proceed to apply them. 

. 65 ^' Let us > in the first place, suppose that the air is con- 
tamed in a cylindrical tube, and that its points move parallel to 
the axis which is assumed to be horizontal, in order that the 
, SS^ty_shoiuld jnot cause the density to vary. If the axis of 
x coincides with this direction,' v and w will be respectively 
equal to cipher, and the quantity <p will only be a function of 
x and t, so that equation (3) will be reduced to 

dt 3 ~ dx 3 ‘ 

The same consequences may be deduced from this as were 
obtained from equation (1) of No. 494, with respect to the 
longitudinal vibrations otan elastic rod. When the tube ex- 
tends indefinitely, a will be the velocity of the propagation of 
sound in the direction of its length ; when it is of a finite 
length equal to l, the number of vibrations of the fluid in the 
I unit of time, corresponding to the gravest sound, will be in the 
j when the tone is raised, this number will 
lncrease 1® the same ratio as that of the nodes of vibrations ; 
and if the distance between two consecutive nodes be denoted 

by A, and the corresponding number of vibrations by n, we 
shall have 


? . , In t * l0Se P oints ’ the velocity of the molecules of the air is 
cipher, but the. condensation does not vanish; there are, on 
. the contrary, other points, where this condensation is cipher, 
j and where still the fluid is in motion. The distances between 
these other points axe the same as for the first, as is evident from 
the formulae of No. 495. They possess a property which ap- 
pertams^lusively to them, by means of which they can be de- 
emune by experiment. If an opening is made in the side of 
he tube at one of these points where the condensation is 
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cipher, and if a communication is thus established with the 
external air, the motion of the interior fluid is not in any way \ 
affected, nor the tone which is produced. If X be the distance 
between two of these consecutive points, and n the number 
corresponding to the observed tone, the preceding equation \ 
will make known the value of a, and, consequently, that of j 
the quantity that occurs in the expression of this velocity. It 
is preferable, for this object, to make use of the elevated tone 
which corresponds to an aliquot part of l 9 rather than the 
fundamental tone, which may be influenced by the mode of 
blowing into the tube, and by the circumstances relative to the 
mouth-piece. It is in this manner that M. Dulong has deter- 
mined for air and different gases, the values of the quantity y 
of No. 637 ; which quantity is equal to 1 + 13, as we shall see 
immediately. 

659, For a second example, let the mass of air be sup- 
posed to extend indefinitely on every side, and that it is 
agitated in like manner, in all directions, about a fixed 
point which is assumed for the origin of the coordinates. If 
r be the radius vector of the point, whose coordinates are 
rr, y , 2, at the end of the time t 9 and Z its velocity, it will be 
directed along this radius, and its magnitude will be a func- 
tion of r and as well as the condensation s ; for it is evi- 
dent that every thing should be symmetrical about the origin 
of the coordinates, during the entire continuance of the mo- 
tion. We shall have 


and because 




x l y 2 z 1 — r 2 , xdx -j- ydy -j- zdss — vdr ; 


there will result, 

udx + vdy + wdz = t,dr ; 


so that this formula will be an exact differential of a function 
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of r and t(d ). As this function is the quantity <[>, which has 
been determined by equation (3), we shall have 


or the resultant of the velocities u , v 9 w . 

By differentiating it with respect to a?, y , we shall also 

have 

d(j> __ d<p x d(p ^ dcp y d(j> __ d<j> z 
dx "" dr r 5 d/r 5 ofe ’ 

by differentiating a second time, we obtain 


dfy a 2 f d$ y*+z* 

dx 2 dr 2 y 2 * P 5 

__ 3 2 L 2 2 +# 2 

dy 2 dr 2 t* 2 "** ~p ? 

i ^ 2 +2/ 2 . 

cfe 2 dr 2 r 2 d> * r 3 5 


and, by substituting these values of £{, , in equation 

(3), it becomes (e) ^ 

or, what comes to the same thing (/), 


_ ff8 cP.rft 


C4) 


<** 

The complete integral of this equation is (No. 484), 

^=/(^o<) + F(r- at); 

iu which/ and f denote two arbitrary functions. If therefore, 
or any variable whatever such as z, we make 

$2 __ „ dYZ 
dz z> -* *’ 

we can deduce from this integral, 
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I - - [f(r+ at) + *'(*• - at )] 

T 

s- J_[y(r- at)-f(r + «0]i 

and by means of these formulae, when the functions f and f* 
are determined for all values of r + which is a positive 
variable, and the functions p and for all the positive or ne- 
gative values of y — at 7 the velocity and condensation m any 
point and at any instant whatever will be know n(#). 

660. As by hypothesis, every thing is alike about the 
origin of the coordinates, thejcentre of the agitation of the 
fluid must continue immoveable during the entire continuance 
of the motion ; the firsj f ormula (5) must, therefore, vanish at 
the same time as r ; this implies, that when this radius is in- 
finitely small, we should have 

f(r + at) + f (r - at) = t r, 
fir + at) + f'( r -~at)=? ; 

t denoting an unknown function of t . Therefore, if the ra- 
dius r be made altogether equal to cipher in the first of these 
equations, and in its differential with respect to at 7 namely, 

r dm 

f(r + at)-v'{r-at) = - Tt) 

we shall obtain, by substituting zjba place of at(h), 
fz + F (— • z) — 0, fz — ( — z ) — 
but solely for the positive values of z. These equations will 
make known the values of*(-*) and *'(-*) by means of 
those of fz and fz, so that it only remains to determine the 
values oifx, f z, », , for all .positive values of a. 

For this purpose, let ipr and — f be the initial values of 

4 c 


58 r 

(?) 
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£ jmd s, so that fa and Vr may denote given functions from 
r__ 0 to r 30; the first of which should be cipher for r — 0, 
and both the one and the other denote always certato velo- 
cxties(0. By making t- 0 in equations (5), we shall have(A) 


fas: 




rtyr = 


dr 

dvr 


dr 


dm— vr 

'~dr> 

d.fr 

dr 5 


( 7 ) 




hepce we obtain, by making . 

$iprdr = far, fa^rrdr = ; 

1 ^ 1 

-Jr+ -Fr=far + b, 

Fr — fr = + c ; 

b and c denoting two arbitrary constants introduced by the 
| integration; as we may suppose that the two integrals far, ¥r„ 

, ms or any value we please of r, we will presently assume 
tins value to be r = oo. r 1 

If we have solely regard to the constants b and c, the pre- 
ceding equations win give 

^=ibr-ic, frsz\b, 

Tr=§b r +%c, ffsli; 
hence there results, 

f(r + at) = \b (r 4- at) — ic, 

f(r+at) = lb ; 

,y + | ewise for y > at > we shall have 

T(r-at) = %b(r-at) + lc, 

*'(r- at) = %b; 
for r Z. at, we shall have 


f{at— r) = \b (at - r) - Ac, 
f(at-.r) =ib; 
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and in virtue of equations (6), there will result from this 

f (r—at) = \b(r—at) 4 
f f (r— at)={b; 

as in the case of r>at. Now, it will be found, that if these 
different values be substituted in formulae (5), they will be 
reduced to cipher ; so that the two arbitrary constants b and 
c must disappear from the expressions of £ and s(l). ^ 

Therefore, if they are not taken into account, there results, 
by substituting z in place of r in equations (7) and in their 
differentials, 

fz = \z^ x z - £^2, 
fz — \^ x z + %z($z- ^2), 

FZ — ^Zfaz + ^Z. 

F'Z = %lfj X Z+%z($Z + ^ 2 ), 

for the values which it was required to find(^). 

As formulse (5) will not contain any unknown quantity, 
they give the complete solution of the problem. It may be^ 
observed here with reference to /(— 2), that there is nothing ; ; 
in the question to enable us to determine its value, but it is j 
evident, that a knowledge of this function is not required in j 
formulse (5). 

661. The following consequences relative to the theory of 
%ound may be deduced from these formulse. 

Let e be the radius of the primitive agitation, so that the 1 
given values of and 'Pr may be of an arbitrary magnitude j 
from r = 0 to r = £, and cipher from r = e to r = x. The* 
integrals ip x r and X ¥ x r will be constant quantities for all values 
of 2 which surpass c ; and, as they are by supposition cipher 
for r = x, they will be so likewise from me to r z zoo. 
This being established, if first a point of the fluid comprised 
within the extent of the primitive agitation be considered, we 

shall have as long as t will be less than — — , the va- 

lues of/(> 4 at) and fir 4 at) will not be cipher, and they 
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2L e silT d ^° m f qUati0nS ( 8 > 5 same will be thecase 
with respect to the values of f ( r - *) and p ^_ ^ 

a’ W - e ? I s greater than — , these can be deduced from 

t ose off (at -r) and f ( a t — r ) bjr means of equations (6) ; 
finally, whon +: i r £ 


finally, u-hen tfie time ( becomes greater than , an a.. 

STf„ f T ul “ (5) be **'*'■ “ d *“ U* «•» 

tamed m the extent of th. .. f,, , 


j all the 


tained in th ZZ J " T^’ aad * the «- 

ve .r , t * of the Primitive agitation will have re- 

within t 3 C reP ° Se * Thus ’ for dl Points contained 
tion will rl ^ ere? W ^° Se ra( ^ us * s £> the duration of the mo- 
ec rease from the centre to the surface, between the 
limits - and ~( n ) 
a a v y 


! 


this will f t ^ 6 P^ m * t * ve agitation, we shall have r -f- at>e, 
formula, £ ( ' + ^ '° fc,PPear ^ 


^ ~ r F '(r ~ at) — _L F ( y _ at y 
S = ^ F '( r - ai )> 


^ C0 "““ *° ,1 ‘ e *“»« i- virtue of 

S ^bf( at ~r\ 

expressions^ qUanti ‘ ies C0 “P™edin these 

be cipher when r> at i ^ *T”.i y f ° rmulae (8) ’ the y wiU 

own “ f ° UoW ’- *“ i» propagated in tiro 

■H^l 7' 7d - ^ “ “ ““ M ° r ° f 4 Vita- 

’ 6 motion of each molecule of air will 

»» « during an interval of time equal to £ >(mi that the 
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: At a great distance from the centre of this agitation* the 1 
second terms of the values of which are divided by r 2 may | 
be neglected, relatively to the first, the divisor of which is r; ' 
we shall then have i 



during the entire continuance of the motion, as in No. 497, 
where s represents the dilatation instead of the condensation. 

The velocity of each molecule of air will then decrease in the 
inverse ratio of r. The intensity of sound is supposed to be 
proportional to the square of this velocity ; so that at a great 
distance from the point of the primitive agitation, it will de- 
crease in the inverse ratio of the square of this distance; 
which is conformable to experiment. These results likewise 
have place when the agitation is not the same in all directions. 

At a considerable distance with respect to its diameter, the 
velocity of sound is uniform and equal to the constant a, the 
form of the waves is nearly the spherical, and the intensity of 
sound in the direction of each radius varies in the inverse 
ratio of the square of the distance, whatever may be, in other 
respects, its variation in passing from one radius to another* 

This intensity also (h^c^ases^with^the density of the medium $ i 
in which the sound is produced ; so that, for example, it di- 
minishes according as we approach to the summit of a high 
mountain. In considering the propagation of sound in air, 
composed of strata of different densities, it is found that at 
equal distances, its intensity depends solely on the density at 
the place of the primitive agitation ; it follows from this, that 
a person in a balloon ought to hear the noise made at the sur- 
face of the earth, just as if it was at this surface ; and, on the *&*&-** 6 
other hand, the noise made at the balloon would be heard in 
precisely the same manner by an individual at the surface, as 
if the same stratum of the atmosphere, in which the aeronaut 
floated, extended from the balloon to the earth(p). 

If the intensity of sound depends on the magnitude of the ve; 
locities of the molecules of air which strike the organs of hearing, 
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and if the eleration of the tone is regulated by the number of 
strokes m the same time, that is to say, by the more or less 
frequent repetition of the vibrations of the air, it may be de- 
manded what it is that makes the difference between one syl- 
lable and another, when sung with the same force and on the 
same tone. According to Euler, this difference ought to be 
ascribed to the form of the function which expresses the law 
of the successive velocities of air during each vibration; so 
that the organ of the voice has the faculty of giving the 
suitable form to this function, and the organ of hearing, the 
faculty of appreciating the different forms. 
f 662. The origin of the coordinates may be transferred to 
other points of the fluid, without the form of equation (4) 
undergoing any change. Hence, if r n r tn r //n &c. ; denote the 
radii vectores of the same point, reckoned from these different 

C origins, and if <j> be supposed to be successively a function of 
t and of each of these radii, equation (4) may be satisfied by 
means of the value of 0 of No. 659, and of the values which 
may be deduced from it, by substituting r p r /n r un &c., in 
place of r, and changing each time, the arbitrary functions. 
On account of the linear form of this equation, it may there- 
fore be likewise satisfied, by taking for 0, the sum of all these 
particular values, this gives 


<P = y {fir + O + f (r - at)] 

+ + *,(r, - at)] 

+ JT lfn( r H+ at)+ f u (r u — at)] 
+ &c. 


Now, it follows from this formula, that if the air is simul- 
taneously agitated about each of the origins of r, r n r /fi &c., 

the condensation at any point and instant whatever, which 
is always given by equation (1), will have for its value, the 
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sum of the condensations which would have place in virtue of 
each of these separate agitations. Moreover, it appears from 
equations (2), that the components of the velocity at the end 
of the time t 9 and in a point m, the coordinates of which are 
a, y 9 z 9 referred to the origin of r , will have for expressions 


<fy_<fydr dr„ 

dx~ drdx^ dr x dx KCm 

v _d±_d$±, d^dr, d^_dr^ 

dy dr dy ^ dr, dy ***" dr n dy *’ 


_d<f) __ d(p dr 


d(j> dr, 
dr, dz 


d(j> dr„ 


== rz_4.rz.ri£4.rr.rii4.& e . 

dz drdz^ dr.dz^ dr n dz *** 0 ' 9 


in which the partial differences ^*,&c., are so taken, 

that r, r,, r„ ? are considered as independent variables. But if 
a?i, V\9 z i9 he the coordinates of m referred to the origin of r /9 
and to axes parallel to those of #, y 9 z 9 these coordinates x,y,z, 
will only differ from x 9 y 9 z 9 by a co nstant quantity ; so that 
we shall have 


dr, __ dr, __ x j dx, __ dr, _ y, dr, __ dr, __ z im 
dx “* dx, r 9 dy dy, “ r / dz “ dz, ~~ r 9 

we shall have likewise 

dr„ _ y„ dr,, _ z„ 
dx r„ 9 dy r , 9 dz r , 9 

x„ 9 y„,z, f9 being the coordinates of the same point, the origin 
of which is the same as that of r /y , and so on. Therefore, 
the preceding formulae will become 
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hence it follows, that the resultant of u, v, w, will be the same 
as that of the velocities^, jt } &c>> which act in the di- 

ISS !! - ? 8 . ^ g.5^J? ctores r, &c., and, consequently, 
m virtue of formula (9), the same, in magnitude and direction, 
as # if all the agitations about the centres of these radii ob- 
tained. separately ; this agrees with the principle of the super- 
imposition of small motions (<7). 

663. By means of this formula (9), the reflexion of sound 
on a fixed plane can be determined. 

For this purpose, let us suppose that the mass of air is 
terminated by a fixed plane ab (fig. 55), and that the primi- 
tive agitation has place about the point c, the origin of the 
radius vector r, and.that .it does not . extend to the plane ab. 
From this point, let a perpendicular cd be let fall on this 
plane, and prolonged to c„ so that dc, may be equal to cd, 
let C/ be the origin ofr„ and let the line cdc, be taken for the 
axis of the ordinates * and x, . If the length of cd be denoted 
by A, we shall have x — h and #, = — A, for all the points of 
t e plane ab ; therefore, it is necessary that for these values of 
a: and »„ ; the velocity u perpendicular to this plane, should be 
constantly ojpljer (No, 652). Now this condition, and the 
initial state of the fluid, can be both satisfied, by making rb 
equal to formula (9) reduced to its two first terms, namely, 

f-~ r lf(r + at ) + F (r- at)] + £[/ (r, -|- at) + f, (*- at)] ; 

and determining in a suitable manner, the arbitrary functions 

In fact, the two first may be determined, as before, by 
means o the ^initial state of the fluid about the point c; and as 
the pomts which correspond to r,Z A, do not appertain to the 
fluid we can assign any value we please to each of the func- 

, //y8nd * /V * W1 — Ut cha ?gWg-. this. initial state ; there- 

s we can assume for. the. functions indicated by/ and f,, 
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the same functions as were found for those of which the indices 
are /and f ; the preceding formula will then become 

<p = at ) + F ( r ~ aty] + ~ [/(/*! + a*) + f(t* i «f)l » ( 10 ) 

and will no longer contain any unknown quantity. More- 
over, as for all the points of the plane ab, we have r,=: r; 

we shall have, therefore, = ■— ; and since we have likewise 

for these same points # m A, and a?, = — A, there results from 
this ^ = 0 ; so that formula (10) will represent the initial state 
of the fluid, and satisfy the condition relative to the points 
adjacent to the plane ab ; which it was proposed to obtain(r). 

Let m be the point of the fluid whose radii vectores cm and c 7 m 
are r and r { ; in virtue of the two parts of which formula ( 1 0) con- 
sists, this point will be first agitated at the end of a portion of 

time equal to LUl, and then at the end of a portion of time 
a 

T £ 

equal to ~ — , in which s denotes, as before, the radius of the 

primitive agitation. The first motion will produce the direct 
sound, and the second the reflected sound. This last will be l 
the same as if the plane ab had no existence, and a se- j 
cond agitation, identical with that which has place about the ] 
point c, had place simultaneously about the point c r It will j 
be prd^agated with the same velocity as the direct sound, ; 
namely a, and will have an intensity corresponding to the dis- j 
tance c,m, or to the line cem, the parts of which are ce and j 
em, e being supposed to be the point where the radius c,m 
cuts the plane ab. Finally, as ef is the normal to this plane, 
ce and me the two parts of the sonorous ray which is reflected 
at the point e, will make cef the angle of incidence equal to 
mef the angle of reflexion. Thus it results from formula (10) 
that the laws of the reflexion of sound from a fixed plane, are 
precisely the same as those of light. 

664. Let us now compare a the velocity as given by* 

4 D 
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theory, with that which has been determined by experiment ; 
and for this purpose let us first consider what the quantity j3, 
which occurs in this expression, denotes. 

It appears from No. 657, that 

+ * + £*) 

p - fttm) ■ 

or more simply, by neglecting the square of ($) 


p = = p ( i + M- ( a > 

j Let i] be the increase of temperature which corresponds to 
■ f this condensation s; so that the temperature, which was 0 in 
the state of equilibrium, becomes 0 + at the end of the time 
t , in the state of motion. At this instant, the pressure p 9 the 
density p, and the temperature 6 + n will have place simul- 
taneously; therefore we shall have by equation (l) of No. 
644 

JP = Ap[l + a(0 + i?)], 

in which k denotes a coefficient independent of the density 
and temperature, and a the coefficient 0,00375, that ex- 
presses the dilatation of gases. In the state of equilibrium, 
we have 

P = gmh> p = i>» >? = 0 ; 

therefore the preceding equation when applied to tMfe state, 
wDl be 

gmh == Ad(1 +u0); 


consequently, we shall have in the state of motion(£), 

'=*?-(>+ i?a>> 


and, by comparing this value of p with formula (a), there will 
result 
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Now, if the oscillations of the air are supposed to be so 
rapid, that the condensation s has place without any loss of 
heat, s and n may be substituted in place of 8 and w in equa- 
tion (5) of No. 636 ; this gives / >■.» 

1+0 = y; ' "• 

y expressing the ratio of the specific heat of air under a con- 
stant pressure, to its specific heat under a constant volume. 

By this means, the value of c? of No. 657, will become 

_ gmhy 

Cl — • 

D 

If A be the density of the air under the pressure gmh and 
at the temperature zero, we shall have (No. 624) 

— A 

D 1 + a0 5 

and, consequently, 

„ = v®o+^). 

A 

Since by hypothesis the quantity j is independent of the ; 
pressure and temperature (No. 637), it appears 1st, that the 
velocity a will increase with the temperature 0, in the ratio ol 
Vl + aQ to unity ; 2ndly, that it will not vary with the heights 
of the barometer, since h and a increase simultaneously in 
the same ratio. The French Academicians who were sent to 
Peru to measure the arch of the meridian, found, in fact, that 
the velocity of sound at Quito, where the pressure of the ba- 
rometer was only 0»*,5 5, was very nearly the same as at Paris, 
where this pressure amounted to 0™, 7 6. The hygrometrical 
state of the air has some little influence on the value of a ; for 
since the density diminishes, every thing else being the same, ac- 
cording as the air contains a greater quantity of vapour, ct the 
velocity will increase with the degree of humidity ; but from 
the data of No. 631, it appears that the density of dry air at 
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the temperature of 18°, 75, for example, hardly exceeds by 
that of air loaded with the greatest quantity of vapour that it 
can contain : and this only causes a variation of ^ in the velo- 
city of sound in these two extreme states of the hygrometer (u). 

It has been found in the latest experiments made by per- 
sons, who were deputed by the Bureau of Longitude, that 

a = 340*, 89, 

the second being taken for the unit of time, and the tempera- 
ture of the air being 15°, 9 of the centigrade thermometer. 
Now, if in formula (b) we make 

ay) 

g = 9 m , 80896, h = Q*,76, — = 10,462, 
a = 0,00375, $ - 15°, 9, y = 1,3748, 

we obtain 

a =337% 0T ; 

which differs very little from the result of observation. By 
assuming ( N o. 6 3 7 ) 

7 = 1,421, 

and retaining all the other data, we find, 

a = 342*, 69,' 

which differs from the value given by observation in an oppo- 
site way from the preceding, but the difference is, as before, 
very small. If the observed velocity is made use of to deter- 
mine the value of y by means of the formula 

r 

| gmh(\ -f- ad) 9 

we obtain, by means of the preceding data, 
y =: 1,4061. 

665. When this last value of y is compared with the pre- 
ceding, we should recollect, that in each of them the dilatation 
or condensation of the air is supposed to be so rapid, that the 
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quantity of heat of the fluid has not had time to vary in a sen- j 
sible degree. Now in the propagation of sound in the open 
air, from which the value of 7 = 1,4061 has been obtained, it 
is possible that the heat may escape or return with greater fa- 
cility in a radiating form, than in the case of sound produced 
by air contained in a tube, the consideration of which has fur- 
nished the other value, namely 7 = 1,421, and in which the 
quantity of heat of each stratum of air can only vary by con- 
tact with the sides of the tube. This remark enables us to 
account for the difference between the two results, and also 
induces us to think that the greatest value of 7 is the most 
exact. 

If this quantity is not taken into account, the velocity of 
sound reduced to ^ is that given by Newton. It is 

too small by about a sixth. In order that it might agree with 
experiment, Lagrange remarked that the pressure must be 
supposed to vary in a greater ratio than the density, and to be 
very nearly proportional to the % power ; and in fact, if the 
square of $ be neglected, the value of p which is made use of, 

for the density d(1 4. s ). But he did not assign any cause of 
this more rapid variation of the elastic force of the air ; and it 
was Laplace who first attributed it to the variation of tempera- 
ture with which the alternate condensations and dilatations of 
the air are accompanied in the phenomenon of sound. 

It is to this same cause that the propagation of sound in 
vapour produced from water at its maximum of density is to be 
ascribed. If a sonorous body is made to vibrate in a closed 
vessel which contains this vapour, without any mixture of air, 
experiment shows that sound is produced in this vapour, and is 
heard outside it. Now, if the temperature of the stratum of 
vapour adjacent to this sonorous body, was not increased when 
it is condensed by the vibrations of this body, it would be re- 
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duced to water, and precipitated on this body, since it is 
supposed to be at its maximum of density relative to the tem- 
perature of the space in which it exists ; but as its temperature 
is increased by the compression, the stratum adjacent to the 
sonorous body may maintain itself in a state of vapour ; it 
then condenses the following contiguous stratum, this con- 
denses the stratum which is next to it, and so on ; so that the 
sound is propagated as in a medium of permanent gas to the 
inner side of the vessel. The dilatations of the strata of va- 
pour, which succeed their condensations, are accompanied with 
a diminution of temperature, by which, however, they are not 
reduced to water, since their density diminishes at the same 
time, and falls below the maximum relative to the temperature 
of the space in which the phenomenon takes place. 

666. If water be considered as a fluid a little compressible, 
and perfectly elastic, sound will be propagated in it according 
to the same laws as in a mass of air. When the sound has 
reached to the surface of the water, it will be partly trans- 
mitted into the external air, and partly reflected back into the 
water ; in this distribution, the direction of the sonorous waves, 
both transmitted and reflected, will be determined according 
to the laws of the reflection and refraction of light. The ve- 
locity of reflected sound will be the same as that of the direct 
sound, and the ratios of the intensities of transmitted and re- 
flected sound to each other, and to the intensity of direct 
sound, will depend on the ratio of the velocities of the propa- 
gation of sound in the two superimposed media, that is to say, 
in air and water. These points are detailed at length in the 
memoirs cited at the commencement of this chapter ; so that 
we shall here restrict ourselves to the determination of the nu- 
merical value of the velocity of sound in a mass of water. 

It appears from what has been observed in the case of an 
elastic fluid, that this velocity will be the same as if the water 
was contained in a very narrow tube, the diameter of which 
was the same throughout; and in this case, this velocity is 
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also the same as that of the propagation of the motion, along* 
the length of an elastic rod of the same material as water. 
Now let us suppose that a column of water contained in a 
vertical cylinder is pressed at its upper surface by the weight 
A, and let l be its natural length, and l — SI what it becomes 
by the effect of this pressure, so that 8 may be a very small 
fraction which expresses the condensation of the liquid ; like- 
wise let p be its weight, and g the gravity ; if, as in No. 494, 
we make * 



P 


5 


a will be the required velocity, as has been observed in No. 
497- 

Let b denote the horizontal section of the column of water ; 
then if the pressure A is supposed to be equal to the weight 
of a column of mercury whose base is 5, and height is equal to 
/i, we shall have 

A = gmhb , p = gplb , 

m denoting the density of the mercury, and p that of water ; 
and there will result from this 



so that in order to calculate the value of a , it is sufficient to 
know the fraction 8 relative to a given height h. 

The English philosopher Canton found 

8=0,000046, 

at the temperature of 10 degrees of the centigrade thermometer, 
and under a pressure equivalent to the ordinary pressure of 
the atmosphere. This result has been confirmed by experi- 
ments recently made, under more considerable pressures, as 
has been already observed in No. 575, and these show that the 
condensation is proportional to the pressure, and equal to the 
preceding value of 8, for each atmospherical pressure. More- 
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over these experiments, however great the pressure may have 
been, do not indicate any sensible increase of temperature, so 
that there is no reason to think that the propagation of sound 
in water is accompanied, as in the air, with a variation of tem- 
perature which can influence its velocity* This being the 
case, if this value of S be substituted in the preceding formula, 
and if we make 

g = 9", 80896, h = 0", 76, - = 13, 6976, 

P 

we obtain from it 

a — 1484" ; 

so that the velocity of sound in water is more than the qua* 
druple of its velocity in air(®). 



CHAPTER III. 


OP THE MOTION OF FLUIDS IN A PARTICULAR HYPOTHESIS. 

667. The supposition which is made in this chapter is 
known under the denomination of the hypothesis of the paral- 
lelism of the slices . It consists in supposing that when a 
heavy fluid, water for example, flows out of a vessel, and 
issues through a horizontal orifice made in the bottom of the 
vessel, the infinitely slender horizontal slices continue pa- 
rallel, while they successively replace each other. This im- 
plies, that the differences of the vertical velocities of the points 
which belong to the same horizontal slice are neglected, so 
that each slice may be regarded as composed of the same 
points of the fluid during the entire continuance of the motion. 
Likewise, the horizontal velocities which are by hypothesis very 
small with respect to the vertical velocities, and which have 
but a slight influence on the vertical velocity common to all 
the points of the same slice, are neglected. These suppo- 
sitions always agree better with observation, as the horizontal 
dimensions of the vessel vary less, and as their differences, 
from one slice to another, are smaller, with respect to the 
height of the liquid above the orifice. When these conditions 
are satisfied, it is observed, in fact, that particles of any light 
powder thrown into the liquid, and carried along in its motion, 
move, very nearly vertically, with a velocity which is almost 
the same for all the particles situated in the same horizontal 
slice. They retain these directions as long as they do not 
come very near to the orifice ; when they are at an inconsider- 
able distance from it, and the area of the orifice differs con- 
siderably from that of the lower sections of the vessel, they 
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assume oblique directions, which shows that then the pa- 
rallelism of the slices ceases to be admissible, for there is 
every reason to suppose that these light particles are attached 
to the liquid, and exactly assume the motion of the points to 
which they belong. 

Therefore in the hypothesis of the parallelism of the 
slices, such as it has been now explained, there are only two 
unknown quantities to be determined in functions of two 
variables; namely, the velocity of any slice whatever, and 
the pressure to which it is subjected, in functions of the dis- 
tance from a horizontal plane and of the time. The question 
will be thus reduced to its greatest possible simplicity, and 
will be susceptible, as we now proceed to show, of a com- 
plete solution, in the case of a homogeneous incompressible 
fluid. 

668. Let abcd be the vessel (fig. 56), ab the horizontal 
orifice, ef the level of the liquid, ox a vertical axis, on which 
the distances of the horizontal sections from a fixed point o, or 
from the horizontal plane drawn through this point, are 
reckoned. Likewise, let mnm'n' be any slice whatever, 
comprised between mn and m'n' two horizontal sections of the 
vessel, whose distance from the point o at the end of any 
time whatever, such as t , is x 9 and breadth dx . Let v denote 
its velocity at this same instant, and p the pressure relative to 
the unit of surface, which is made on the upper surface mn, and 
is transmitted by the fluid on the lower section m's) 7 , and on mm' 
and nn' the sides of the vessel. Let y represent mn the area 
of the section mn of the vessel, which, in each example, will be 
given in a function of x. Finally, let g be the gravity, and p 
the constant density of the fluid ; the question will consist, as 
has been stated, in determining the values of v and p in func- 
tions of t and x . 

The mass of the slice which is considered will be the 
product of the density p and of its volume ydx 9 and therefore 
equal to pydx . If it was free, the increment of its velocity 
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would be gdt in the instant dt, it actually increases by dv, 
consequently the velocity lost is gdt — dv ; and we have 

(> - S'* 4 * 

for the force that is lost, that is to say, for the part of the 
weight gpydx which is destroyed by the pressure of the other 
slices. Therefore by the principle of D’Alembert, there 
should be an equilibrium in the fluid, if all its slices were 
solicited by similar forces ; in this state, the pressure py which 
acts on mn the upper surface of the slice pydx , will be 
transmitted on the inferior base m'n', and will consequently, 
as the pressures are in the proportion of the surfaces (No. 577), 
become py ' , y' denoting the area of m'n' ; hence, if to this 
transmitted pressure, be added the preceding motive force, the 
entire pressure exerted on m'n' will be obtained ; and if this 
pressure on the unit of surface be denoted by p', we shall have 

p'y' — py' + (g-^pydx. 

Now, as the quantities p' and y 1 are what p and y become, 
when x + dx is substituted for there will result, by neglect- 
ing infinitely small quantities of the second order, 

p'=p+Tx dx > y'-y + Tx dx ’ 

and, consequently^), 

(p'-p)y' = fx ydxi 

this reduces the preceding equation to the following 



this might also be obtained by substituting g - j t in place of 
x in the first equation of equilibrium of No. 582. 
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669. The second equation which is necessary to determine 
the two unknown quantities, will be furnished by the consi- 
deration of the incompressibility of the fluid. It follows from 
it, that the volume of the liquid which passes, during the 
instant dt 9 through each horizontal section of the vessel, must 
be the same for all sections ; consequently, the velocities of 
the fluid, which correspond, at the same time, to two different 
sections of the vessel, must be reciprocally proportional to the 
areas of these sections. If therefore u denotes the velocity at 
the end of the time t , at the horizontal orifice ab, and a the 
area of this orifice, this velocity u will be to v the velocity at 
mn any section whatever, as y to a ; hence we obtain 


au 

IT 


( 2 ) 


In this value of r, u is a function of t , and y a function of x ; 
the differential may therefore be taken with respect to one or 
other of these two variables : the differential relative to 
expresses the difference between the velocities of two consecu- 
tive slices which have place at the same instant ; by diffe- 
rentiating with respect to t , the difference between the veloci- 
ties of two slices of the fluid, which successively correspond 
to the same section of the base, will be obtained; but, in 
order to obtain the difference between the successive velocities 
of the same slice, which is displaced in the instant dt 9 the 
value of v should be differentiated, at the same time, with 
respect to the variables x and t\ this gives 

dv __ a du a u dy dx 
dt~~ydt y 2 dx dt' 

Moreover, we have — = v; and by taking into account 

Cvt 

equation (2), there results from it 


dv __ a du a?u 2 dy 
dt ~ y dt y z dx' 
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It is this value of that should be employed in equation 

(1), which becomes, in consequence, 

dp _ apdu g 2 « 2 dy_ 
dx~9 p y dt^ p y 3 dx' 

If these two members be multiplied by dx, and then in- 
tegrated with respect to x, there results, by observing that 
dxn 

the quantities u and must then be considered as constant^), 


P = 


du 

e + gpx — ap-j- t 



a 2 pu 2 

~W' 


e being an arbitrary constant, which may be a function of t. 
In order to determine it, let 13 represent the atmospheric 
pressure, which we suppose to be that which has place at ef 
the upper surface of the liquid. Previously to the com- 
mencement of the motion, this surface is horizontal, and as 
each horizontal slice is assumed to be constantly composed 
of the same points of the fluid, it follows that the surface ef 
will remain horizontal during the entire continuance of the 
motion. At the end of the time t, let 0 denote the distance 
of ef from the point o, and the area of this variable section 
of the vessel, so that w may be the same function of 0, as y 
is of x ; we shall have, at the same time, 

p = U, x=s 9, y = w ; 


and if the integral ^ ^ be supposed to commence when x~0, 
the preceding equation will give 


_ . a 2 pit 2 „ 

e = n + -5 5- — gpB ; 


in consequence of which, this equation will become 

. duCdx pu 2 ( a 2 a s \ 

P=n + ffp(x-0)-ap^ t )---j{-i-~*)- (3) 
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By means of equations (2) and (3), the values of the two 
unknown quantities v and p will be given, when the value of 
n shall have been determined. 

670. For this purpose it is to be observed, that the pres- 
sure which has place at the orifice ab will be given ; for if the 
liquid flows into the open air, it will be the same as the atmos- 
pherical pressure, which presses at its level ef ; and if it flows 
into a vacuum it will be cipher ; for greater generality, we shall 
suppose that it flows into air whose elastic force is equal to 
the pressure n diminished by gpc 9 the pressure corresponding 
to c, a given height of the liquid ; so that if l denotes the 
distance of the orifice ab from the point o, we shall have con- 
stantly 

P = n - gpc, 

for # =r L Likewise, let h denote the height of ef, the level 
of the liquid, above this orifice, or the difference l — * 0, and 
1 c* dec 

^ the value of the integral ^ — extended to the entire volume 

of the liquid ; so that X is a line, the length of which is a 
function of A, depending on the figure of the vessel, and given 
in each example. Therefore, at the orifice, we shall have at 
the same time, the preceding value of p , and 


y — - a, # — . 7 — 0 A, 


Q-\-h dx 
6 y 


1 

x ; 


consequently, equation (3), applied to this section of the ves- 
sel, will become(c) 


y(J +«>4§H< 3v =°> 


w 


in which we make, for conciseness, 


1 — -2 = /3 2 . 

or 1 


We may remark, that this numerical quantity j3 2 will be 
always positive and less than unity ; for, in order that it 
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should become negative, the area of the least section of the 
vessel should surpass that of the orifice, and the liquid should 
be detached from the vessel at the place of this least section, 
which will then become the true orifice through which the 
flowing takes place. 

When the level of the liquid always remains at a constant 
height above the orifice, the three quantities A, 0, Z, will be 
given constants, and equation (4) will suffice to determine the 
value of u in a function of t. When the level ep is depressed, 
during the flowing of the liquid, h will be a variable, which 
must be also determined in a function of t. Now, at this 
d6 

level, y zz o) and v zz — , and because the sum 0 -j- A is equal 
dt 


to Z a constant quantity, we have also zz — ; 

fore, in virtue of equation (2) we shall have 


there- 


dh 4 au A 

777 + — = 0 ; 

at u> 


( 5 ) 


and thus the values of u and A will depend on the two diffe- 
rential equations (4) and (5), which are of the first order. 
The two arbitrary constants which their integrals will con- 
tain, can be determined, by means of the initial height of the 
liquid, and by observing that u = 0, at the commencement of 
the motion. 

Whether the level is depressed or does not vary, if q de- 
notes the volume of the liquid which has issued from the 
vessel at the end of the time Z, its differential will be equal to 
audt 9 the volume of the slice which traverses ab the orifice 
during the instant dt ; therefore, we shall have 

dq s= a udt 9 q zz a^icdt, 

the integral being taken so that it may vanish when t = 0. 

We now proceed to apply these different formulae succes- 
sively to the two cases of a constant and variable level. 
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671. In the first case, equation (4) gives(d) 

. 2adu 

~2 g(h + c) — 3 

hence we deduce, by integrating and substituting h for 

* + c ( e )> 

V 2c/h 4 * 


Xit = 


— — = log ■ 

$V2 gh V 2gh — j3& 


it is not necessary to add any arbitrary constant, for we must 
have u zz 0 when t = 2 * 4 ). We are at liberty, without changing 
this formula, to consider j3 and V 2gk, as either positive 
or negative ; we shall suppose them to be positive. There 
results from the preceding expression, 

/3uy / 2fffr 

\/2gh~-(3u zz (\/2gh -f j3a) e a ? 00 

e denoting, as usual, the base of the Naperian system of loga- 
rithms. According as t increases, the second member of this 
equation will diminish ; so that after the lapse of a certain time, 
it will be sensibly cipher ; and, reckoning from this time, the 
velocity u will be very nearly constant and equal 

w =: ^V / 2gh. 

In each point of the vessel, the ^pressure p and the velocity 
v will vary with the velocity u , and become sensibly constant 

at the same time as u. If in formula (3), be made equal 
to cipher, there will result, by substituting its preceding value 
in place of w, 

p -n + gpix-6) 

which will be the final value of p relative to M any point 
whatever. 

In the state of equilibrium, the pressure on this point 
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would be II + gp (x — 0), therefore, it will be increased or 
diminished by the motion of the liquid, according as the 
last term of this formula is positive or negative ; that is to 
say, according as the horizontal section mn or y is greater or 
less than the section ef or w. 

Equation (6) gives (/) 




/ gXfj/2 gh 

^Jgh j e 2a 


p\t<\/ 2gJi\ 
2a 




p wVTgh p\t^/Tgh J 9 

2a + e 2a 


and as q = a^udt, and q — 0 when t = 0, we shall therefore 
have(<jr) 


2 « 2 , . 

! = p; 1 ogi 


P\(V 2 gli 
„ ¥1 


p\tV 2 gh \ 

+ e 2 “ ) 


for the volume of the liquid that has issued from the vessel 
during the time t. After the lapse of a certain time, the 
second exponential may be neglected relatively to the first, 
and we shall have 


taV^ah 2a 2 , 

s =— jr—m 10 * 2 - 


The first term is the volume corresponding to the 

constant velocity with which the liquid flows out ; the total 
volume is less, since at the commencement, the variable value 
of u is less than this final velocity. 

672. In the case of a variable level, u should lie con- 
sidered as a function of A, and by eliminating dt between 
equations (4) and (5) ; there results(A) 


ffh + 


a 2, udu 

\todh 


*0W = O, 


the constant c being always supposed to be comprised in lu 
If denotes the height due to the velocity w, so that 

4 F 
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u 2 — 2 gs, udu = gdz, 

the preceding equation will be changed into the following li- 
near equation, 


dz fl 2 \co Xu)h 

dh a 2 * + HT 


= 0 , 


( 7 ) 


the integral of which may be obtained, as is well known, under 
a finite form(i). 

When z and u are known in functions of A, equation (p) 
will give t in a function of A by an immediate integration ; 
so that the time which has lapsed, when the level of the liquid 
is at a certain height A above the orifice, will be known, and, 
conversely, A the height of the level ef, at the end of t any 
time whatever. The entire time which all the liquid takes 
to flow out will be obtained, by integrating the value of dt 
from the initial value of A to A = 0. With respect to q the 
volume of the fluid that has flown out, it will be equal, at 
each instant, to the portion of the vessel contained between 
the variable and initial level. 

673. Let us suppose, for example, that the vessel is a ver- 
tical cylinder terminated by a segment of surface, the sagitta 
of which is very small, and in which the horizontal orifice ab 
is pierced. Let a be the constant area of the horizontal sec- 
tion of the cylinder, and n the ratio of a to a, so that we may 
have(A) 

a = o— . 

n n 2 

If the inferior segment of the vessel, which is by hypothesis 
very small, is not taken into account, we may assume 

1 h 

in equation (7), which will then become(7) 
dz (n 2 — 1) 


dh 


z + n 2 = 0. 
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Its complete integral is(jw) 

z — cA fl,_1 - 


nVi 


5* 


2 — K 

in which c denotes the arbitrary constant. If the initial value 
of h be denoted by H, it is necessary that z should vanish for 
h = H ; this requires that 

c — — - h 4- " 1 

c ” 2-» 9 ’ 

hence there will result, at any instant whatever, 

We shall have, at the same time, 

/zr-TA / H a-n " #*■““— 1 

u-nV’igh'V ’ 

and, in virtue of equation (5) (w), 

dh f 2 — ra 2 
dt = ~ S2fh V h 2 -^*- 2 - l' 

It is this formula which should be integrated in order to 
obtain t in a function of h. In the case of n = 1, we shall 
have „ 

d ® 


( 8 ) 


(9) 


v/2 gV h— A’ 


hence we obtain 


= v1 


t =s V - /h — A, 
S' 


and, consequently, 

h — A = 

as we know it ought to be, since the orifice being then equal 
to the base of the cylinder, the motion of the liquid ought to 
be the same as that of a heavy solid body that descends in a 
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vacuum. Formula (9) may also be integrated in a finite form, 
when n 2 zz 3, and it can only be effected in this case and for 
n zz 1. But its definite integral taken from h z= h to h = 0, 
which expresses the time that the entire liquid takes to flow 
out, may be always reduced to the transcendentals, that M. 
Legendre has denominated definite Eulerian integrals of the 
second species, and of which he has given numerical tables. 
This reduction has been also effected by the author in the 
third volume of the correspondence of the Polytechnic school ; 
here however he restricts himself to apply formula (9) to the 

case of n 2 z zz 2, in which it occurs under the form 

Its true value, as furnished by the common rule, is (o) 



Now if we make 

h zz He- 2 **, dh = — 4h e~ 2a *xdx> 

there will result from it 

A = 2 \/— e-^dx. 

9 

The limits relative to which correspond to h = H, and 
h = 0, will be x zz: 0 and x zz x . If therefore the time of the 
entire flowing out be denoted by t, we shall have 

y g J o g 

since the integral ^ ^ e**' dx is half of va ~ 

lue of which is V 7 r, as was observed in No. 512. It follows 

therefore that the time t is that in which the small oscillations 

2h 

of a simple pendulum, the length of which is — , are per- 
formed. 

674. When a.b the orifice is very small relatively to the 
horizontal sections of the vessel, the term multiplied by a in 
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equation (4) may be neglected, unless the factor — is not 

very great ; this is, in fact, what has place at the commence- 
ment of the motion, when the velocity u varies with great 
rapidity. We may also substitute unity in place of j3 ; and 
then, whether the level falls, or remains stationary, equation 
(4) is reduced to 

g(h + c) - = 0; 

from which we obtain 

u = V 2 g(h + c ). 

It follows from this theorem, that the velocity of a liquid 
which issues from a vessel through a very small orifice, is equal 
to that which a heavy body would acquire in falling in a va- 
cuum through a height equal to that of the level of the liquid 
above this orifice, (when the superior and inferior pressures 
are equal), or more generally, of the height of the level, in- 
creased by the constant c, when these two pressures are 
unequal. 

In the case of a constant level, this theorem results from 
the final value of u found in No. 671, by making in it /3 = 1. 
It results also from formula (8) applied to the case in which n 
is a very great number, in order that the orifice a may be a 
very small part of a , the horizontal section of the cylinder. 
We can then substitute n 2 in place of n 2 — 2 ; this at once 
changes formula (8) into 

«= V% gh V 1 -(!)"• 

Now as h is evidently less than H, the n 2 power of ^ 
will be a very small fraction, and this value of u will be re- 
duced very nearly to uzz \/2gh. 

As the orifice ab is very small, if the section mn is not 

very near to this opening, the ratio which occurs in for- 
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mula (3), will be very small ; the ratio ^ is so likewise ; the 

last term of this formula may therefore be suppressed ; and if 
the term multiplied by a be also neglected, it will bo reduced 
to 

P- n +gp 0 — 0 ) ; 

hence it follows that in the case of a very small orifice, the 
pressure in all points of the vessel at a distance from this 
aperture, is sensibly the same during the motion as in the state 
of equilibrium. 

675. The hypothesis of the parallelism of the slices re- 
quires, in general, that the orifice should be horizontal ; but 
when the orifice is very small, this may be also assumed even 
when the liquid flows through a lateral opening, the piano of 
which may have any inclination whatever, and may even he 
vertical. It appears from observation that the liquid situated 
a short distance below this small opening remains stagnant, 
and that the horizontal slices, situated at an equal distance 
above this same opening, descend parallel to themselves, ho 
that, as in the case of a small horizontal orifice, the paral- 
Jeiism of the sliees is not disturbed, except for the part of the 
liquid which is very near to the orifice. V¥gJji + c) may 
therefore be assumed to be the velocity with which the liquid 
flows through a very small opening, whatever the inclination 
of this orifice may be; h being the constant or variable height 
of the level of the liquid above the centre of the orifice, and c 
the constant arising from the difference of the exterior pres- 
sures which correspond to this level and this opening. If the 
vrasel is situated in a vacuum, in which case the two pressures 
and this constant are cipher, the molecules of the liquid will 
be actuated as they issue from the vessel, by the velocity 

Vj.gh which is due to the height h, which is also the velocity 
With which a body should move, in order that when pro- 

“ 3 Z aCUUm UpWards > h ma y ^cend to this height 
onsequently, if a vertical direction is given to 
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the fluid by means of a pipe, it will reascend in the tube, to 
the height of its interior level ; which is in fact conformable to 
experiment. In general, the molecules of the fluid will de- 
scribe, in a vacuum, after a very short interval of time, parabolas, 
the tangents to which at their point of issuing from the ori- 
fice, will depend on the direction of the jet, and the parameter, 
on the height h or A + £? if the constant c is not cipher. 

The pressure p will be sensibly the same as in a state of 
equilibrium, except at the orifice, where it will be equal to 
II — gpc instead of II + gp h. N ow if it was also equal to II + gph 
on this part of the vessel, the horizontal pressures will destroy 
each other, and the vertical pressures will be reduced to the 
weight of the liquid increased by Uo) 9 the pressure which has 
place on the surface of the level ; hence it follows, that in the 
state of motion, the entire load which the pressure will have to 
sustain, will be made up of the vertical pressure which would 
have place in the state of equilibrium, and of a force normal to 
the plane of the orifice, acting from without the vessel inwards, 
and equal to the excess of the pressure (n + gph)a over the 
pressure (II — gpc) a, or to gp(h + c)a, in which a denotes, as 
before, the very small area of this orifice. 

676. In the case of a constant level and of a very small 
orifice, either horizontal or inclined, the consumption in the 
time t , that is to say, the volume of liquid which issues from 
the vessel with the velocity V 2gh , will be 
q at V 2 gh ; 

this also results from the final value of q 9 which was found in 
No. 671, by neglecting the square of a. But it should be kept 
in mind that the hypothesis of the parallelism of the slices, 
on which this value of q is founded, is only an approximation, 
the accuracy of which cannot be estimated a priori^ and of 
which therefore the results should not be employed without 
restriction; for it is well known that this theoretical value of 
the consumption of the liquid does not always accord with ex- 
periment. 



612 


ON THE MOTION OF FLUIDS 


If the side of the vessel is not very slender, and if t?w 
opening wrought in it widens internally; so that the fluid 
which flows out of the vessel may be a vertical cylinder, or a 
curved cylinder, the vertical sections of which arc constant, 
and equal to a, the area of the orifice, measured on the exterior 
surface of the vessel; in this case it may be admitted that the 
observed consumption agrees with the preceding value of y. 
But if the side be very thin, the observed consumption is 
always proportional to the area of the orifice and to the square 
root of the elevation of the level, as in the theoretical formula ; 
but though it is in this proportion, it differs from this formula 
in its absolute value, by a factor which is nearly constant, ami 
less than unity. It appears from the most accurate experi- 
ments, that this factor is 0,62; so that the value of rj which is 
made use of in practice is 


9 = ( 0 , 62 ) 0 * 1 /^*, 

when the orifice is a very small one wrought in a thin side, 
an t e eight of the level considerable with respect to tin* 
immisions of this opening, whether horizontal or inclined. 
This difference is ascribed to the inclined directions which 
the molecuies of the liquid assume, as they approach the orifice, 

\. C , ° r greater elearness we suppose to be horizontal, ami 
w m hey retain, after having traversed the tlun side of 

T ' 1 a PP| ars from this, that the exterior fluid vein 

contracts to a small distance from the vessel, where it attains 

Z: mmi breadth ’ WWcMt afte ™ ds -t-s. Vh " 

orifice was theT*** 7 ^ Same manner as if the area of the 
Plaee onl T “ ^ ° f the 8ection of the vein at the 

section be a gF ! ff C ° ntraCtion ’ 80 if the area of this ' 

W1 of thetrid K V' T d 148 C ° nStant distaDCG thi* 

have flowed out wfil whWl wil ‘ 

by a!tV^gh, because h and U ^ 9 \l 0r vei T no; " ! y 

other. Now it is Z*, *** little from ««l. 

* 18 f ° Und ’ ln fact > by direct measurements „f 
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the section a', compared with the orifice a, that these two 
quantities are to each other in a ratio, which is very nearly in- 
dependent of A, and that we have constantly a! = (0,62) a. 

It appears from experiment, that if to an orifice in a thin 
side, a cylindrical adjutage be fixed without the vessel, perpen- 
dicular to the plane of the orifice, the quantity which flows 
out through it will be increased, and may amount to four- 
fifths of the result of theory. On the contrary, if this adju- 
tage is fixed in the interior of the vessel, the quantity which 
flows out is diminished to one-half of the quantity which is 
given by theory, so that in the preceding value of j, the factor 
0,62 should be replaced by 0,80 in the first case, and by 0,50 
in the second. 

These results of observation have been here only briefly 
pointed out, as they have not as yet been reduced to any 
precise theory. 

677. The hypothesis of the parallelism of the slices is 
also assumed in the motion of an elastic fluid which issues 
from a vessel through any orifice whatever ; and, when the 
sections of the vessel parallel to the plane of the orifice, do not 
differ much from each other, and the length of the vessel is 
considerable with respect to their dimensions, this hypothesis 
is not far from the truth. 

In this case, the weight of the molecules of the fluid is not 
taken into account, so that the motion is solely due to the 
greater or less elastic force of the fluid, in the interior of the 
vessel than outside it. Therefore, the term depending on g in 
equation (1), which is applicable both to liquids and elastic 
fluids, must be suppressed. Moreover, as the differential of v 
•which it contains, must be taken with respect to t and the 
variable ai, considered as a function of t 9 we shall have 


_ av av ax - 
* = ■&*+ X,dt d,s 
dx • . 

and as we have also — this equation will become(p) 

4 G 


VQL. II. 
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dp 

dx 


dv 
* jt ' 


dv 
P v dx 


= 0 . 


(a) 


As the fluid is compressible, the same volume will no 
longer pass, at each instant, through all the sections of the ves- 
sel, and equation (2) will not have place. The mass of fluid 
which passes in the instant dt> through the section mn, will 
be equal to pyvdt , the same mass will pass the following in- 
stant through the section m'n 7 , its volume being changed; and, 
during the entire continuance of the motion, its magnitude 
will not vary. Therefore the differential of the product pyv 9 
taken with respect to £, and the variable x considered as a 
function of will be cipher ; and, because y is solely a func- 
tion of x 9 and that ~ = v, we obtain from it(#) 


** dx^ y dt 


(*>) 


Finally, if the temperature remains constant during the 
motion, in the entire mass of the fluid, we shall have 


P = f>k\ 

h being a given constant coefficient. 

This being established, if j be substituted in place of p 

in equations (a) and (b), we shall obtain two equations of par- 
tial differences of the first order, by means of which v andp, 
the two unknown quantities of the problem, can be deter- 
mined in functions of t and x . As they are not integrable in 
a finite form, the values o ip and v can only be obtained by 
approximation. These values will contain two arbitrary ^func- 
tions, which can be determined by two particular conditions ; 
for this purpose, we shall suppose that the elastic fluid issues 
into the open air, so that if II denotes the atmospheric pressure, 
on the unit of surface, we may have constantly pzzTI,at the ori- 
fice a b. We shall also suppose that the vessel communicates 
with a gasometer of great capacity (r), by means of which 
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ef a section of the fluid parallel to ab, and fixed in position, 
sustains a constant given pressure, so that if this pressure on 
the unit of surface be denoted by IV, we shall also have/) IV 
in this part of the vessel, during the entire continuance of the 
motion. If therefore the distance x be reckoned from the 
plane ef, and if l denotes the distance comprised between ab 
and ef, we shall have, whatever t may be, p = II' for x = 0, and 
p = II for x = l ; this will enable us to determine the two 
arbitrary functions, and thus completely solve the problem. 
But this solution is so complicated that it cannot be reduced 
to any useful result ; and in practice it is sufficient to know the 
constant velocity with which the fluid flows through the ori- 
fice ab, when the pressure p and the velocity v become con- 
stant in each point of the vessel ; this, in general, takes place 
after a very short interval of time. 

dv do 

678. If therefore we make — = 0, and = 0, in equa- 

at at 

tions (a) and (b), they will be reduced to two differential equa- 
tions, namely, 


k dp , dv 
pdx V dx "" 5 




because p zz kp. 

The integral of the second of these equations is(s) 


ypv = c ; 

c being an arbitrary constant. If the orifice ab be always 
denoted by a, and the velocity of the fluid at this orifice by u , 
so that we may have at the same time, y = a, v = u 9 p = II, 
and, consequently, c = all u 9 there will result from this, at 
any point whatever of the vessel, 


v -~~yp' 


(d) 


By substituting this value of v in the first equation (c), it 
becomes 
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2n2g/2 — 


kdp a 2 U 2 U 
p dx py dx 


0; 


hence, by integrating, and denoting the arbitrary constant by 
we obtain(£) 


k\o SP+ *I™- c , 

m f *y 2 ~ 


Therefore, if the area of the section ef be denoted by a, so 
that we may have at the same time y = a and p = IT, we 
shall obtain 


A log IT 


aW 


2 II /2 a 2 


- =r e'. 


and, by subtracting this equation from the preceding, 

ilog§.+ i.w(^ ? _ a ^) = 0. 


(e) 


By means of equations (d) and (e), the velocity and pres- 
sure in any point whatever of the vessel will be known, when 
w the velocity relative to the orifice is known. Now by 
making p — 13, and y — a , in equation (e), we obtain 




(0 


*om which the value of u can be deduced. In this formula 
we suppose 

k = grh, 

g denoting the gravity, and r the ratio of the density of the 
mercury to that of the interior fluid under a barometrical pres- 
sure, the height of which is h , hence the value of the volume of 

the fluid which issues from the vessel in the time t, will be 
aut. 


It may be remarked, as in No. 675, that when the orifice 
is very small, it is no longer necessary that it should be parallel 
e section ef, that is to say, it may be made in the lateral 
part of the vessel, and have any inclination whatever on the 
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plane of this section. We may then neglect the term depend- 
ing on ^2 in the first member of equation (f ), which will be- 
come 

m 2 = 2^. log 2-; 

consequently, the velocity with which a fluid issues through a 
very small orifice, will be that which is due to a height rh 9 

n' 

multiplied by the Naperian logarithm of the ratio — • The 

supposition that the temperature is invariable during the en- 
tire continuance of the motion, implies that the velocity u 
should not be very considerable, otherwise the temperature 
would vary, as in the propagation of sound. 


ADDITION. 


RELATIVE TO THE APPLICATION OF THE PRINCIPLE OP LIVING 
FORCES IN THE CALCULATION OF MACHINES IN MOTION* 

1 t 

679. The conditions of the equilibrium of forces applied 
to machines, are furnished immediately by the principle of 
virtual velocities ; the theory of their motion is given by that 
of living forces, which enables us to calculate, in the most di- 
rect manner, the effects of the forces that are applied to them- 
This application of the principle of living forces constitutes, 
so to speak, the point at which rational and practical mechanics 
coincide. It is on this account that the author thought it 
necessary to give, in this addition, a brief sketch of the most 
general principles relative to this matter. 

680. Machines may be defined to be instruments or sys- 
tems of solid bodies, which are made use of to transfer the 
action of forces from one part to another of these bodies. 

Therefore when a machine is in motion, certain points 
of it are subjected to the action of given forces, and other 
parts press on exterior bodies, or are reciprocally pressed by 
those bodies which it is proposed, by means of the machine, 
either to displace or to separate. The first description of 
forces are termed moving forces , and their points of application 
move along their directions, or, more generally, the directions 
of the motions of these points make acute angles with those 
of these forces (a). On the contrary, the pressures exerted by 
extraneous bodies are denominated resisting forces, and the 
directions of the motions of their points of application are op- 
posite to those of these forces, or at least, they make with them 
obtuse angles. 
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The connexion of the parts of a machine is such, that it 
can, in general, only assume two motions, directly opposite 
the one to the other ; it follows therefore, that, when the di- 
rection of the motion which it actually assumes is known, one 
equation is sufficient to determine this motion in a complete 
manner. This equation is that which is obtained by inte- 
grating the two members of equation (a) of No. 564, namely, 

d . 2 mv 2 = 2m (xdx + Ydy + z dz). (a) 

After the lapse of t, any time whatever, reckoned from the 
commencement of the motion, v denotes the velocity of the 
point, and x , y, z its three coordinates referred to fixed rect- 
angular axes; m is the mass of this point; dx , dy, dz are the 
projections, on these axes, of the space which it describes 
during the instant dt ; mx , m,Y, mz denote the components of 
its entire force parallel to these same axes, and the sums 2 
are supposed to extend to all points, such as m, of the system. 

681. Before we proceed farther, it will be useful to distin- 
guish, in the second member of equation (a), between the 
terms which arise from the moving forces and those which 
result from the resisting forces, and to assign another form 
to them. 

For this purpose, let p be one of the moving forces, and 
a, / 3 , 7 the angles which its direction makes with lines parallel 
to the axes of x,y,z\ we shall have, relatively to this force? 

mx zz r cos a, wiy = pcos [$, mz zz P C0S7. 

Likewise, if ds be the space described by its point of ap- 
plication during the instant dt , and X, y, v the angles which 
the direction of ds makes with its projections dx, dy , dz, we 
shall also have 

dx = ds cosX, dy = ds cos p, dz zz ds cos v. 

Finally, if dtp denotes the projection of ds on the direction 
of the force p, and <7 the angle contained between dp and ds ; 
we shall have 
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dp ZZ ds COStr, COScr = COSa cos A + COSj3 COS/x + COSy COS j; ; 
and, from these different equations, we deduce(ft) 
m(x.dx -f- y dy + zdz ) = p dp, 

for that term of the second member of equation (a), which 
corresponds to the force p. 

If one of the resisting 1 forces be denoted by q, and the pro- 
jection of the space described during the instant dt 9 by its point 
of application on the production of its direction, by dq 9 it 
may be shown, in the same mariner, that — q dq is the term of 
this second member, which arises from the force q. In this 
manner, equation (a) will assume the form 

2 d . Smz; 2 = 2 p dp - 2q dq; (b) 

in which one of the sums 2 contained in its second member is 
supposed to extend to all the moving forces of the machine, 
and the other to all the resisting forces. According to the 
hypotheses that have been made respecting the directions of 
these two descriptions of forces, relatively to the motions of 
the points where they act, the quantities dp and dq 9 and also 
p and q are positive, consequently the sums 2 consist only 
of positive terms. 

682. If k denotes the initial velocity of m any point what- 
ever, or the value of v corresponding to t =z 0, then we shall 
obtain, by integrating the two members of equation (b), 

* * mv2 - i Smi* = $ 2 p dp - $ 2 odq; (c) 

in which the integrals are taken in such a manner that they 
may vanish at the commencement of the motion. It is under 
this form that the equation of living forces should be employed 
in order to calculate the effects of machines in motion ; it 
coincides with equation (b) of No. 564, when the integrations 
indicated in its second member can be effected. 

The products p dp and -Q dq, the sums of which are sub- 
jected to these integrations, have received different denomina- 
tions ; they have been termed the quantities of action , the 
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moments of activity , the dynamical effects of the forces p and 
q. It would be useful if they were always designated by 
the same term; the denomination of quantities of elementary 
work , which was proposed to be given to them by a French 
author of the name of Coriolis, is the one that will be here 
adopted. Consequently, the sums 2 p dp and Sq dq will be 
the quantities of elementary work performed during the same 
instant by all the moving forces and all the resisting forces ; 
and their integrals $2p dp and $20*? will express the entire 
motive work and the entire resisting wo?'k of the machine, 
from the commencement of the motion to the instant in 
question. 

Hence, equation (c) indicates that, in any machine in mo- 
tion, the increment, during any time whatever, of the semi- 
sum of the living forces of all its parts, is always equal to the 
excess of the motive work over the resisting work, during the 
same interval. 

683. If the moving force p, or the resisting force q, is a 
weight II, which descends in the first case, through a vertical 
height A, or which ascends, in the second case, to the same 
height, the product lih will be then the value of the motive or 
resisting work, whatever be the route traversed by this weight, 
h being always the vertical projection of the right line or 
curve described by its centre of gravity. If there are points 
of contrary flexure in this line, or if it returns into itself, the 
motive work and the resisting work will alternately succeed 
one another; and, as h is the difference of level of the points of 
departure and arrival, II h will be the excess of the first work 
over the second. In the case in which there are no such suc- 
cessions, the quantity of work corresponding to a weight n 
raised to a height A, is equivalent to the quantity of work 
which belongs to another weight IF, when elevated to a height 

nA 

A', which is such that N = jp-. 

Whatever may be the force p or q, the integral or 

4 H 
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$ q dq is always equivalent to the product of a weight P and a 
height h ; and, in order to compare together, and express in 
numbers, works of different descriptions, we may in this man- 
ner assimilate them to weights raised to given heights. In 
this case there is assumed for the unit of work, which is usually 
termed the dynamical unity the work corresponding to a 
weight of 1000 kilogrammes, which is supposed either to be 
raised to the height of a metre, or to descend vertically through 
a space equal to a metre. This being agreed on, if the nu- 
merical values of the integrals $p dp and ^Qdg be computed* 
1000 kilogrammes being assumed as the unit of force, and the 
metre being the linear unit, the numbers obtained in this man- 
ner will express, in dynamical units, the quantities of work 
represented by these integrals. Any sum whatever of living 
forces, such as \ S??2u 2 , for example, may be also expressed in 
dynamical units ; for if l be the height due to the velocity v 9 
g the gravity, and p the weight of m, we shall have 

v 2 = 2 gly p zz gm , 

and this sum is of the same nature as the integrals ^dp and 
dq> or as the product Uh. 

684. When the machine sets out from a state of rest, 
equation (c) is reduced to 

\ hmv 2 = $ £p dp — SSqg??. (d) 

As its first member is always positive, it is necessary that, in 
the first instants, the motive work should exceed the resisting 
work. But as the velocities of the points of the machine 
cannot increase indefinitely, this first member attains its maxi- 
mum after the lapse of a certain time, which is for the most 
part inconsiderable. By a means which will be pointed out 
farther on, the semi-sum of the living forces is made to 

remain constant from the instant the maximum is attained, or 
at least it then only experiences very small variations, so that 
the machine is said to have attained to its permanent state. 
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In this constant state, we obtain, by differentiating the pre- 
ceding equation, 

2p dp = S Qdq ; 

so that the effect of the machine is then to change, at each 
instant, the elementary motive work into an equal quantity of 
resisting work. But it is important to observe, that $ 'Eo.dq 
the quantity of resisting work into which the motive force 
$ Spdp is changed, during any time whatever, does not ex- 
press solely the work proposed to be done by means of this 
instrument, for the integral I'SQdq also contains the resisting 
work that arises from the friction of the parts of the machine, 
either against one another, or against extraneous bodies, and 
also that which is produced by the friction of the medium in 
which the machine moves (d). 

For example, in order to take into account the frictions, it 
is necessary, agreeably to what has been observed in No. 568, 
to add to l '2otdq, the integral arising from the resisting work 
properly so called, another integral S2 /n<&, in which f is the 
coefficient of the friction, N the mutual pressure of the parts 
which rub against each other, and ds the element of the curve 
described by their point of contact. In consequence of this 
addition, equation (d) will be changed into 

\ Sto 2 = $2 p dp — SSQdy - $2 /n ds. (e) 

Hence it follows, that when a machine has attained to a 
permanent state, $Sp dp the quantity of work performed 
during a given time by the moving forces, is not altogether 
represented by SSody the effective part of the resisting work, 
for this part is always less than the motive work $ 2 p dp, by 
the entire quantity of work that corresponds to the frictions 
and the other resistances. A machine is more perfect the more 
the effective work l%Q,dq approaches to an equality with the 
motive work $2p dp; but the first integral can never, how- 
ever the parts of the machine are combined, be equal to the 
second, much less surpass it. As an example of imperfect 
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machinery, in which the effective work is only a very small 
fraction of the motive work, or rather in which the greatest 
part of this is absorbed by the frictions, we may cite the old 
machine set up in Marly ; in this the motive work consisted in 
the fall of a considerable body of the water of the Seine, and 
the effective part was the elevation of a quantity of water to a 
height, which was far from being an equivalent for the small- 
ness of its quantity. 

685. The essential parts of a machine are, the part to 
which the moving force is applied, that which is in contact 
with the body which it is proposed either to move or separate, 
and the intermediate part which transmits the action of the 
moving forces. It is of consequence, in order to save ex- 
pense in the construction of machines, and also to diminish 
the frictions, that the solid mass should be as small as possible, 
consistently with the solidity of its parts; but there is another 
circumstance to be considered, in consequence of which it is 
necessary to increase this mass, and to add to the three essen- 
tial parts of which it consists, a piece called a fly , and which 
in general consists of a solid body revolving about a fixed 
horizontal axis. 

As the motions of the three first parts of a machine are 
either such as are alternately those of the motive and resist- 
ing kind, or such as produce a revolution, ^ 'Emv 2 , the semi-sum 
of living forces relative to them, becomes a periodic quantity, 
after it attains its tnaximum ; consequently, this will be the case 
with respect to the second member of equation (e) ; so that if 
the machine was reduced to its three essential parts, the motive 
work and the resisting work, in which last the effects of fric- 
tions are supposed to be included, would alternately predomi- 
nate, the one over the other; and if the alternate variations of 
the motive work jJSprfp and of the part § 2 flsds of the resist- 
ing work, were not exactly regulated according to the periods 
of the machine, JSQG^the quantity of effective work would 
continually vary. Now, in order to secure the good perform- 
ance of the working of the machine, it is indispensably neces- 
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sary that, for the most part, the effective work should ap- 
proach as near as possible to uniformity ; and the chief use of 
the fly-wheel is to accomplish this object. In fact, if dm is 
an element of the mass of the fly, r its distance from the axis 
of rotation, w the angular velocity about this axis, common to 
all the elements dm , and which may vary from one instant to 
another; ru will be the absolute velocity of dm; consequently, 
§r*tt> 2 dm will be the value of the sum of the living forces of the 
entire mass of the fly, or, what comes to the same thing, the 
product j ua> 2 , in which fi denotes the moment of inertia of the 
fly with respect to its axis, that is to say, the integral § r 2 dm 
extended to the entire mass. If therefore ifi(o 2 be added to 
the first member of equation (e), and if the semi-sum £ 'Smv 2 
be supposed to refer to the three other parts of the machine, 
we shall have 

\ jul(x > 2 + i Hmv 2 = JSPdp — $ — SS/NG& ; 

from which we obtain 

~ R — ijuto 2 , 

in which we make, for conciseness, 

r = $Sp dp — \ Swu 2 . 

Now, we may conceive that the variations of o> can be 
so regulated by those of this quantity r, that the entire 
variation of r — \fxu> 2 may be reduced to very small ampli- 
tudes, and that consequently, the resisting work may be 
very nearly invariable in the permanent state of the machine ; 
we may likewise conceive that, every thing else being the 
same, the variations of w the velocity of the fly, will be so 
much less, as j u its moment of inertia is greater. 

686. The quantity of motive force necessary to put the 
machine in motion, and to increase the total living force, 
until it reaches its maximum , is found to be augmented by the 
addition of the fly ; but after the machine has attained to its 
permanent state, the masses of its different parts no longer 
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influence its work, provided we do not take into account the 
effect of their weights on the frictions* 

If, during the motion of the machine, its parts experience 
a shock either between themselves or against extraneous bodies, 
and if after the shock the points of contact are actuated by a 
common velocity in a direction perpendicular to the surfaces, 
there will be a diminution of liying force in the system ; if the 
parts which experience the shock, are afterwards separated in 
virtue of their elasticity, there will be also a loss of living force 
when these parts are not perfectly elastic ; and when they are 
perfectly elastic, there will be a loss of living force in the first 
part of the shock, and then an increase exactly equal to this 
loss in the second part (No. 572). Consequently, in order to 
reduce the machine to its permanent state, without any dimi- 
nution being sustained in the quantity of resisting work, there 
must be a fresh consumption of motive work made by the 
moving force, similar to that which has place at the commence- 
ment of the motion, and equal to half of the living force that 
is lost during the shock(e). This is the reason why, inde- 
pendently of the damage which these shocks produce in ma- 
chines, it is also necessary to avoid them, in order to economize 
the moving forces. 

687. In general, the resisting work which arises from 
frictions and the action of the medium in which the machine 
moves, is a continually increasing quantity ; so that in order 
there may be some effectual work, or, at least, that the motion 
of the machine may be kept up, it is necessary that the quan- 
tity of motive work should also increase with the time, and in 
a ratio at least equal to that of the increment of the resisting 
work. If this is not the case, the resisting work will even- 
tually become equal to the motive work, at this instant, the 
semi-sum of the living forces of all the points of the system will 
be cipher ; the velocities of all these points will be zero, and 
the machine will stop, and be reduced to a state of rest. 

There should be also added to the frictions and resistances 
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which produce this gradual exhaustion of living force, the 
communication of a part of the motion of the machine to its 
supports, which part is then transmitted and lost in the ground 
where the machine is placed. This communication does not 
arise solely from the defect of solidity in the supports ; it is 
also produced by their elasticity, in consequence of which the 
motion is propagated in the same manner as sound ; and there 
may result from this propagation a diminution of the velocity 
of the parts similar to that which is produced by the resistance 
of a medium. An example of this remarkable effect is furnished 
in the motion of a pendulum suspended at the extremity of an 
elastic horizontal rod of an indefinite length. The details of 
this discussion are given in the additions a la Connaissance 
des temps pour Vannee 1833, page 26. 

When the action of the moving forces is suppressed, and 
the effective work of the machine has likewise ceased, the 
equation of living forces becomes 

i Swv 2 rz £ 2 nik 2 — $ S/Nflfc ; 

'2mk 2 being the sum of the living forces of all the points 
of the system at this instant, Smw 2 this sum at a subsequent 
epoch, and $ 2 fxds is supposed to comprise both what arises 
from frictions, the resistance of the medium, and also the 
loss of motion by the supports* Now this last term very soon 
becomes equal to so that the living force of the ma- 

chine will be completely exhausted, and it will cease to move, 
as has been already stated in No* 568. 

688. When a man carries his own weight, or himself, 
which we shall denote by u, to a place the vertical height of 
which above the point from whence he set out is A, the quan- 
tity of work performed is, by the rule of No. 683, expressed by 
u h ; but this quantity will give us a very imperfect notion of 
the muscular efforts that have been made by him, and of the 
entire muscular force which he has developed. Indeed it 
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would be difficult to obtain an exact measure of it ; we can 
only show that it exceeds , for the most part considerably, the 
preceding quantity, which would be cipher, if the height h 
was zero, although there can be no doubt, but that a man 
walking on a horizontal plane, exerts a quantity of mechanical 
work. 

If as he walks the man has first the left foot before the 
right, his centre of gravity is then depressed below its natural 
position by a quantity which we shall denote by e . Then by 
leaning on his left foot, the man, by means of the pressure of 
this foot against the ground, brings up his right foot to a level 
with the left, afterwards the right foot is advanced before the 
left, and placed on the ground ; in this operation he makes an 
entire step, which is thus made up of two parts. Now, in the 
first part, the man raises his centre of gravity by the height e, 
and thus performs a quantity of work equal to ue ; he im- 
presses at this same instant on this point a horizontal velocity, 
which, we shall denote by a, at the end of the first half-step ; 
this corresponds to another quantity of work equivalent to the 

semi-living force ^ — , in which g denotes the gravity. There 

9 2 

should be also added to % , the part of the semi-sum of the 

& 

living forces arising from the relative velocities of all the other 
points of the body (No. 569) ; but it is not necessary to take 
these into account in this estimation, which can be only a 
mere rough sketch. We shall likewise assume that the se- 
cond half-step has place in virtue of the .velocity acquired at 
the end of the first, and of the weight of the body which falls 
back on the ground, so that during the second half-step, the man 
exerts no effort whatever, and thus the vertical and horizontal 
velocities with which his centre of gravity are still actuated at 
the end of the entire step must be destroyed by the impact and 
friction of his foot against the ground. In this hypothesis, 
the quantity of work exerted by the man during the entire 
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step, will be the sum vs + \ — or u (s + <0? * n which a de- 
notes the height due to the velocity a 9 so that a 2 = 2 ga> 

It follows from this, that in a number such as n of equal 
and similar steps, the value of the quantity of work performed 
by a man or animal carrying a load, and advancing on a hori- 
zontal route, will be ftK(g + a), in which it denotes his weight 
u increased by that of the burden. If the entire weight was 
raised vertically to a height h about the point of departure, 
k h should be added to the quantity wk(e + a) ; and if the 
load is drawn along a route on which it experiences a resist- 
ance denoted by f, which is a certain fraction of its weight, 
there will result another addition of work to be done equal to 
fZ, in which l denotes the length of the route(/‘). 

689. In calculating the effects of machines in motion, it 
is frequently useful to distinguish the velocities which are 
common to all its points, and also those that are relative to 
their different points. For this purpose, let x , y, z be always 
the coordinates at the end of the time £, of any point whatever 

whose mass is m; will be the components of its 

absolute velocity at this instant, and the coordinates of this 
same point will become x + dx, y + cly , % + dz> at the end of 
the time t + dt. Now, the motion of the system during the 
instant dt , may be decomposed into a motion of translation 
and rotation common to all its points, in which their distances 
are invariable, and into particular motions, in which these dis- 
tances undergo suitable variations. Let d% d'y 9 d'z denote 
the increments of x 9 y 9 z 9 which arise from the common mo- 
tion, and d { x 9 d t y 9 d,z 9 those which result from the relative 
motion of m 9 then we must have 

dx zz d'x + d f x, dy zz d f y + d;y 9 dz = dz' 4- d t z. 

Likewise, relatively to this same point m 9 let v\ w f be the 
three components of the common velocity, they will be given 
functions of t 9 ,r, y, z 9 and will be respectively 

4 1 
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d'x 

It' 


<Vy 

dt’ 


w 


d/z 
dt ' 


those of its relative velocity will be likewise 

d t x dy d,z 
dt ’ dt' dt' 

so that the components of its absolute velocity will be 

<*!L- vl ju d JL + 

dt - + dt' dt ~ + dt ' dt ~ + dt ' 


and by differentiating, there will result 

cPx __ du' t dd,x 
dF~dt + UT' 

cPy ___ dv J dd/y 
dt ~ dt ^ dt 2 3 
d' 2 z ____ dw f t dd t z 
d& “ dt dt 2 3 


(0 


which will be the accelerating forces of this point m in the di- 
rection of the axes of the coordinates ; the differentials relative 
to t being taken with respect to this variable and to the co- 
ordinates x, y , z, considered as functions of t. 

If this point m is constrained to move on a surface, which 
may be either fixed or moveable, but whose form is invariable, 
it should remain constantly on this surface, in virtue of the 
motion common to all the points of the system. If i, = 0 be 
the equation of this surface, l will be a given function of the 
coordinates of m referred to the moveable axes, which partici- 
pate in the common motion, and this quantity may be changed 
into a function of the time and of the coordinates of m referred 
to fixed axes, that is to say, into a function of t, x, y, z . 
Equation l = 0 ought to subsist when these four variables 
are replaced* either by t + dt, x + dx, y + dy, z + dz> in the 
absolute motion of m, or by t + dt, oc + d'x, y + d'y, z + d'z, 
in the common motion of the system. Therefore, if infinitely 
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small quantities of the second order are neglected, we shall 
have simultaneously^) 

(^ + d / c) + ^(d'y + d l y) + f z {d'z+d,z) = 0 , 

d ± 4 . d ±d' x 4 . d ± d 'v 4 - — d'z - 0 
dt + dx dX + dy dy + dz dZ “ 


aud, consequently, 


db db ,d.b 
T/’ x + Tii d ‘ y + di d '‘ = °' 


(<() 


This being established, we now proceed to investigate the 
sum of the living forces due to the relative velocities of all the 
points of the system, and to compare it with the sum of living 
forces which result from their absolute velocities. 

690. For this purpose, let us resume the general formula of 
No. 531, from which equation (a) of No. 680 has been de- 
duced, and let us successively arrange the terms of this for- 
mula with respect to the different descriptions of forces which 
may act on the system that is considered. In the first place, 
let p be one of the given exterior forces ; as 8p is the projec- 
tion of the displacement of its point of application, on its 
direction, which projection is considered to be positive or ne- 
gative, according as it falls on the direction itself of ?n or on 
its production, we shall have, as in No. 681, 
m(x8x + y 8y + z8z) = pS p, 

for the part of the above cited formula, that results from this 
force p. 

Likewise, let u be the mutual action of two points of the 
system, whose masses are m and tnf 9 r the distance mm / , of 
which r is a certain function ; then as x , y , x f , y\ z ( are the 
coordinates of m and m' 9 we shall have 


r 2 = (a?— O 2 + {y—y r \ ) 2 + (*—*')*> 

and if Sr be the variation of r which results from their incre- 
ments Sx 9 8 y , 82 , §#', S y\ dz f 9 we shall have likewise 
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rSr = (x — a/) (§£ — §#') 

+ O - y') (§2/- §2/) + 0 — *0 (Sz — &=')• 


be 


The components of the force a applied to the point »?, will 




and those of the same force applied to the point m\ 



hence there results 

m(x$x 4- yS y + z§z) 

+ m / (x'Sa )' + y'S?/' + z'&z') z= ± r S r, 

for the part of the general formula, which arises from the force 
r ; in this the superior or inferior sign has place, according as 
this force is repulsive or attractive. 

If the point m is constrained to remain on the surface, 
whose equation was denoted by l zz 0 in the preceding num- 
ber, and if a> be the element of this surface corresponding to 
the point m at the end of the time t, and o>u the resistance 
which it experiences, this force will be normal to the actual 
position of o> ; therefore its components will be 

dh dL . dL 

?nx = wuv-r-, my= w uv-r-, mz = wtfv — , 
dx dy dz 

in which we make, for conciseness, 


IN THE CALCULATION OF MACHINES IN MOTION. 633 


*=[(SHf+(§)T 

and if we also assume 

v (s S * + | 8 i' + E & ) = 8 “- 

there will result wuSa, for the term of the general formula that 
arises from the resistance u>u. The factor u will express this 
resistance on the unit gf surface ; and 8w will be the projection 
of the displacement of m on the normal to the element o> ; the 
sign will be doubtful in consequence of the radical v, and S u 
is to be regarded as positive or negative according as the pro- 
jection of the displacement of m falls on the direction itself of 
the resistance wu, or on its production. 

Besides the normal resistance of the surface on which the 
point m is constrained to move, it likewise experiences a tan- 
gential resistance, that arises from the friction against this 
surface ; if this force be denoted by wf, and the projection of 
the displacement of the material point m on its trajectory by 
Ss, wfSs will be the corresponding term of the formula of 
No. 531. 

In consequence of this, the formula may be written as 
follows : 



= 2P<Sp ± Sr dr + So>u8w — Su>f ds ; J 

in which the sum S of the first member belongs to all the 
points of the system, and the sums 2 of the second member 
extend, the first to the points which are subjected to the action 
of the extraneous motive forces, the second to the mutual ac- 
tions of all the points of the system taken two by two, the third 
and fourth to all the elements of the surfaces that in moving 
resist, and produce friction. This being established, if the 
sole condition that restrains the motions of the entire system, 
be, that a part of the points of the system are constrained to 



634 


ON THE PRINCIPLE OF LIVING FORCES 

exist on these surfaces, all these points may now be regarded 
as entirely free, and Bx, gy, Ss, the variations of the coordi- 

atesofany point whatever, may be subjected to any condition 
we please. 

691. In the first place we will suppose that 

Sx = dx, By = dy, $2 =dz; 

m which case the displacement of m any point whatever is 
that which has actually place during the instant dt. We shall 
have at the same time gr = dr, and Bp, Bu, Bs will be replaced 
by dp, du, ds, which denote the projections of the real dis- 
placement of the point m on the directions of the forces p, 

<au, If the velocity of any point whatever such as m be 
denoted by then since 

drx d 2 v 

dt 2 dX + de dy + de dsi ~s d.v 1 , 
equation (h) will become 

| d.Smv 2 = Sp dp ± Sr dr + Swu du - Swf ds. 

Hence we shall obtain, by integrating, 

- 1 2 mk 2 = ^vdp ± $ Src?/- + $ Swu du - $ Zwvda ; (i) 

m which the integrals are supposed to be reckoned from the 
commencement of the motion, k being the initial value of®. 

The term $Spdp comprises the part of the motive work 
that belongs to the weight of the system; and if this weight 
be denoted by II, and the vertical height through which the 

centre of gravity falls in the time t by £, this part will be 
equal to n?. 

When the distances of the points of the system that is con- 
sidered continue invariable during the motion, rfrwill be = 0, 
and the term will disappear from equation (i). In the 
case of a fluid, this term comprises the mutual attractions and 
repulsions of its points, which extend to considerable dis- 
tances; it also comprises those mutual actions that are pro- 
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perly denominated molecular forces (No. 588), which extend 
only to insensible distances, and which produce those interior 
pressures of which no account was taken in forming- equation 
(i). The value of this integral depends on the change 

of form and on the condensations or dilatations of the fluid 
during its motion ; and for the very small variations of density 
which have place in the liquid, it may vary very considerably, 
on account of the molecular forces or interior pressures that 
result from it (No. 57ft). 

The sums Swu du and ScoFcfc that occur in the two last in- 
tegrals, are themselves double integrals, which extend to all 
elements such as w, of the resisting and rubbing surfaces. If 
the part of the system which produces friction by moving 
against one of these surfaces is a solid body, the force wf 
will be independent of the velocity of this body, and propor- 
tional, for each element such as w, to the corresponding 
pressure, which is equal and contrary to the resistance wu. 
If this part of the system which produces friction is a fluid, 
the force o>f will depend on its relative velocity, and will 
be independent of the pressure (No. 456). When the surface 
of which l = 0 is the equation, is immoveable, the projection 
of the displacement of m , on the normal to this surface, will 
be cipher, since the point m is constrained to exist on this 
surface 5 therefore we shall have du = 0 ; in consequence of 
which the integral $Swu du will disappear ; and if besides, we 
do not take into account the friction, equation (i) will be re- 
duced to the ordinary equation of living forces. 

692. Let us now assume 

See = d /t v, Sy =: d,y, = d/z; 

in which case the displacements of the points of the system 
implied in equation (h), are their relative displacements. Let 
djp , dfc dfi be the projections of the relative displacements of 
the points to which the forces p, u, f are applied on their di- 
rections ; djp , djU) dfi, will be the values of Su, $s, which 
correspond to those of S.r, §?/, that are employed. More- 
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over, as the other parts d'y , d!z of the total differentials 

dxi dy , ete, are supposed not to influence the mutual distances 
of the points of the system, dr will be changed into the diffe- 
rential dr, asm the preceding number. Consequently, equa- 
tion (h) will become 



= 2p d y p ± Sftrfr + Su>u d,u — SwF d,s. 


If the relative velocity of the point m 9 the components of 

which are be denoted by v n we shall have 

dt dt dt J 



and, by differentiating. 


\d*v} 


ddpc 
dt 2 


d t x • 


dd,y 


dt 2 


d,V' 


dd t z 

~dF' 


Hence we shall have in virtue of equations (f) 


d?x j d?u , , cPz . 

W d ' x + W d v + W d ‘ z 


= \dtf + 


dt 


' dv' die' 
■+ At 


dt 


Moreover, if we substitute d/. r, d,y, dp in the expression 
for $u of No. 690, in order to obtain that of d t u z we shall have 



which will be cipher in virtue of equation (g). Equation (k) 
will assume, by means of these values, the form 


id.Zmv? + 2 m(^ d,x + *Ld,g + ~-d,z) 

= 2p d,p ± Sadr — ^WEd k s ; 
and by integrating, there will result 
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Sjwd/ — | SjmA/ = J Svd,p ± $ SncZr — $ Swrd/ 

. (du‘ did , dw’ , \ > ( 1 ) 

-& m \Tt d ' x+ dt d ‘ y +-dt d ' s ' ) 

in which the integrals are reckoned from the origin of the mo- 
tion, h\ being the initial value of v r 

693. This equation (1) will make known the increment, 
during the time t , of the semi-sum of living forces due to the 
relative velocities of all the points of the system. 

If in the general formula of No. 531, we make the hypo- 
thesis which has conducted us to equation (e), that is to say, if 
we substitute d,y, d,z 9 instead of $%, St/, fa 9 we shall have 

2m (c$ d/X+ W d ‘ V + l? d,Z ) = ( xd,x + yd,y + Zd/Z ^ 
or, in consequence of what precedes(7i), 

*^*= c( x - + ( y - S) **+ ( z - stM : 

in which 2, the sum that occurs in the second member, is sup- 
posed to extend to all the forces that act on the points of the 
system, with the exception of those forces, that arise from the 
normal resistances of the fixed or moveable surfaces, and which 
are made to disappear, by means of the values assumed for 
§#, Sy, fa. Now if H denotes the force whose three compo- 
nents are 


( du \ 

( diA 

t 

dw‘\ 

\ X dt )’ 

m V-dth 

, m\ z 

dt)' 


and dji the projection of the relative displacement of its point 
of application on its direction, we shall have 

m(x- + (mv - ^jdjy + m{%- ^)^ = ±Hrf y A, 

the upper or lower sign has place, according as this projection 
dfi falls on the direction itself of the force H, or on its produc- 
vol. ij. 4 K 
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tion. Therefore, if in the first case h and d t h be retained, and 
if l and d,l be employed in the second, we shall obtain 

\ ILmv? — $ Hmk/ = § Sh dfi — $ Sl d,l ; 

in which the sum Sh dji is supposed to extend to all the 
moving forces of the system, and the sum Sl d 4 l to all the re- 
sisting forces. 

This last equation is in fact equation (1), presented under 
a different form. It appears from a comparison of it with 
equation (d), that the principle of living forces likewise ob- 
tains with respect to the relative velocities of the points of the 
system, such as they have been defined in No. 689, provided 
that the given forces p and q are replaced by other forces, H 
and n, which depend on the first and on the motion common 
to all the points of the system. We are indebted to M. Co- 
riolis for this theorem. It may be usefully employed in many 
questions which do not fall under the head of rational mechanics, 
and for which the reader is referred to a memoir of his in the 
twenty-first number of the Journal of the Polytechnic School, 
on the principle of living forces in the relative motions of 
machines. 

694. $ Sr dr the term that results from the action of mole 
cular forces, is the same in the two equations (i) and (1) ; for 
the most part the term that arises from the friction is also the 
same in the absolute and relative motion of the system, and, 
consequently, it does r not undergo any change when we pass 
from one equation to the other ; in this case, then, if the se- 
cond of these equations be taken from the first, we shall have. 

j?/ 2 ) — Sw (A 2 — A, 2 ) = $ 2 p (dp — d,p) 

+ S s<aXld “* 

If the forces p are reducible to the weights of the different 
parts of the system; and if n denotes the entire weight, and 
V the vertical height described by its centre of gravity during 
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the time t } in the motion common to all its points, it is easy 
to perceive that we shall likewise have^*) 

— d,p) = n? / . 

Moreover, if there is only one resisting surface, and if it 
be, for example, a plane that moves parallel to itself, the 
given motion of this plane may be assumed for that of the 
common motion of the system, for it satisfies the two condi- 
tions of No. 689 ; it will not produce any change in the mu- 
tual distances of the points of the system ; nor will it prevent 
the points that are in contact with this moveable plane, from 
remaining on its surface. Besides, it is evident that as this 
motion is perpendicular to the moveable plane, it will not have 
any influence whatever on the relative velocities of the points 
which slide on this plane, nor on the trajectories that they 
describe ; hence it follows, that the resisting work arising’ from 
the friction against this plane, will be the same in the absolute 
and relative motion, as is implied inequation (m). In order 
to simplify still more this equation, the motion of the resisting- 
plane is supposed to be uniform ; so that all its points describe 
perpendiculars to its initial position with a common velocity, 
which should be rendered invariable and independent of the 
action of the system on this plane. Its components u f 9 v% vf 
will be constant, and we shall have 



If this velocity be denoted by a, and the angle that its direction 
makes with that of gravity by a, we shall have also(A) 

XJ = at cos a. 

Moreover, let o, denote the pressure, at the end of the time t 9 
on the entire surface of the given plane, and acting in the di- 
rection of the velocity a . Then the resisting work corres- 
ponding to this force, taken in a direction the opposite to that 
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in which it acts, that is to say, to the resistance of the plane, 
will be — during 1 the continuance of the time t, the in- 

tegral being supposed to vanish with this variable. Therefore 
if the factor a be taken from under the sign $, we shall have 

$2 wvdu — — a^Qdt, 

for the value of the last term of equation (m), which will 
become 

$ 2m (A s — k, 2 ) — £ 2ot (v 2 — vf) + II at cos a — Qdt . (n) 

The velocity v, is the resultant of v and of the velocity a 
estimated in a direction contrary to that in which it acts ; if 
therefore, s denotes the angle that the direction of the velocity 
v makes with that of a, we shall have 

v 2 — v 2 — 2 av cose + a 3 , 

and if 8 denotes the initial value of e, we shall have also 
k, 2 = k 2 — 2akcosS-j~a 2 ; 
hence there results 

m(k 2 — A, 5 ) = a'Smk cosS — £a s 2m, 
i2m(u s — v 2 ) = a^mv cost — |a 2 2m; 

this changes equation (n) into the following, namely, 

2jm&cos§ — Swrocose + Ut cosa = dt, (o) 

when a the factor common to all its terms is suppressed. 

The sums 2m&cos8 and 2 mucosa express, at the com- 
mencement and end of the time t, the quantities of motion of 
all the points of the system, estimated in a direction perpen- 
dicular to the given plane ; the product fltcosa is the quan- 
tity of motion produced in the same direction by II the weight 
of the system, during the continuance of the time t ; and the 
integral is the quantity of motion destroyed during this 
time by the resistance" of the given plane ; now it is evident 
that this last quantity ought to be equal to the excess of the 
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first sum over the second, increased by the quantity IK cos a ; 
so that the preceding equation, "which expresses this equality, 
may be regarded as a verification of our analysis. 

696. When A the velocity of each point of the system is 
suddenly changed into the velocity v, the action of the system 
on the given plane "will become a percussion ; during an ex- 
tremely short time, IK cos a the effect of the gravity may 
be neglected; so that the quantity of motion destroyed by the 
plane "will be the excess of 2mA cos 8 over 2mu cose. 

If the system is a solid body situated above the plane, and 
"which continues in juxta-position with its surface after the 
shock, ucose the component of the velocity v will be the same 
at this instant, for all the points of the body, and equal to the 
constant a; therefore, if equation (o) be differenced with re- 
spect to t, we shall have 

II cos a = Q ; 

and, in fact, as the velocity of the plane is, by hypothesis, in- 
variable, the accelerations produced by gravity, which would 
have place in a direction perpendicular to its surface, must be 
continually destroyed by its resistance ; consequently, this 
force must be equal and contrary to the component of the 
weight II in this same direction, to which component the 
pressure q should be equal. 

We may remark that when the angle a is obtuse, the sign 
of the preceding value of q is minus. But, it was supposed 
above, that the direction of the pressure exerted on this plane 
was the same as that of the velocity a ; and, if the contrary 
was the case, the sign of q should be changed in all the pre- 
ceding equations. Now, as the pressure, in fact, takes place 
in a direction contrary to that of the velocity a, it follows, 
that when the angle a is obtuse, the value of Q must be 
— II cosa ; or, in other words, this value must be always 
equal to Ilcosa, abstracting from the consideration of the 
sign. 



642 


ON THE PRINCIPLE OF LIVING FORCES 


696. Equation (o), which is evident in itself, will enable 
us to determine the pressure on a plane ab (fig. 67), of a fluid 
vein which is actuated by a velocity equal to a 9 in a direction 
perpendicular to this plane, and which direction makes an angle 
equal to a with that of gravity. 

For greater clearness, we shall suppose that the liquid 
issues from a vessel through a horizontal orifice, and that it 
forms below the contraction of the vein (No. 676), a vertical 
cylinder, all whose points are actuated by a common vertical 
velocity, which we shall denote by 7 . We shall also suppose 
that the level of the liquid as kept at a constant height in the 
vessel ; by which means the velocity 7 becomes independent 
of the time. 

The vein retains its cylindrical form and the velocity y 
as far as cd, a horizontal section thgit is made at a short 
distance above the plane ab ; it will then spread on this 
plane, and will eventually flow over it. After the lapse of a 
certain time, the fluid will attain to a permanent state, in 
which the velocity of each molecule will only depend on the 
'place that it occupies, and where the pressure in any point 
whatever of the plane ab, will be also independent of the 
time. It is in this state that it is proposed to determine q, 
the total pressure that is exerted on the entire surface of the 
plane. 

The part of this pressure that is due to the weight of the 
liquid, will be the component of this weight estimated in. a di-* 
rection perpendicular to the plane ab, with the exception of' 
the part of this same weight that is sustained by the sides of 
the vessel from which the liquid flows. As it will be always 
easy, in each particular case, to take it into account, we shall 
here abstract from the consideration of it, and consequently 
make II = 0 in equation ( 0 ). It is evident that in the sums 
Snz^cosS and Swa cose, we may also omit the consideration 
of the molecules of the liquid that are situated above cd, since 
they always retain the same velocity, which causes the dif- 
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ference of these two sums to disappear. Finally, if the dia- 
meter of the fluid vein is very small, the thickness of the 
iqmd stratum will be also very small, to an inconsiderable 
distance about. the axis of the vein. At this distance, the 
re ative velocities of the points of the stratum will be sensibly 
parallel to the plane ab, throughout the entire thickness of 
the stratum, or what comes to the same thing, their compo- 
nents perpendicular to this plane will be equal to a. More- 
over this part of the fluid that is comprised between ab and 
cn will be much more considerable than the part adjoining to 
the axis of the vein, if the surface of the plane ab is very 
great relatively to the section 5b ; we may therefore, without 
sensible error, assume a to be equal to the ucose, the compo- 
nent of v, the velocity of each point of the fluid contained 
between ab and cd. 


. This being established, let cV be another section of the 
fluid vein, made above cd, and such that the volume com- 
prised between cd and c'd' may be equivalent to the volume: 
of the fluid contained between ab and cd j and let the time 
that the first volume of the liquid takes to traverse the section 
cd, and to occupy the place of the second volume, be denoted 
by 9, then if the sums 'S.mh cosS and S#n> cost, of equation (o), 
extended to all the points of the second volume, be supposed 
to refer to the beginning and end of the time 9, since at the 
commencement, all these points were situated above cd, and 
consequently, are actuated by a velocity, which makes an 
angle « with the velocity a , we have for any point whatever 
such as m , 


y, $= a, & COsS =r ycOSa. 

At the end of the time t, we have, as has been already 
stated, 


v cos e = a, 

for any point whatever such as m, of the liquid contained be- 
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tween ab and cn. If therefore the mass of this liquid be de- 
noted by /*, there will result 

Sm&cosS — Swwcosc = ju(ycosa — a). 

Moreover, as the pressure q is constant, the integral $Q,dt 
is equal to the product Q0, for the duration of the time 6 ; 
therefore by equation (o) we shall have 

fJL (7 cos a — a) IZQ 0 . 

If » be the number of times that the time 0 is contained in 
t any time whatever ; then np will be the mass of the liquid 
which traverses the section cd during the time t; but as this 
mass is also equal to pcjt , in which p denotes the density of 
the liquid, c the area of the section cd , and y the constant ve- 
locity with which the liquid flows through this section, we 
shall consequently have * 

np ~ pcyt. 

If the preceding equation be multiplied by n , and if we substi- 
tute in it this value of np> and then suppress the factor t 9 which 
is common to all its terms, we have finally 

q rr pcy (ycosa — a) 

for the value of this pressure that it is proposed to determine. 
It should be observed that this formula implies that the angle 
a is acute; when it is obtuse, the sign of a should be 
changed, as has been stated above ; so that then we shall have 

Q =: pcy (yCOSa + «)• 

These two expressions for q, likewise suppose that the 
plane ab is entirely covered with the fluid spread over its 
surface; in order to this it is necessary that a should not he a 
right angle, and in general, that it should differ sensibly from 
90 °. When the direction of the motion of the plane is vertical 
we have a =: 0 , or a — 180 °, and, consequently, 

a = pc 7 (y±a); 
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the upper sign has place when the plane moves in the di- 
rection of gravity, and the lower sign in the contrary case. 
If a — 0, and y be the velocity due to the height A, and g 
the gravity, we shall have 

Q = 2 gpch ; 

so that in this case the pressure q will be equal to the weight 
of a portion of the cylindrical vein, the length of which is A. 




NOTES. 


CHAPTER I. 

(a) From equation (1) we obtain 

(j — ghdt rs mdv — m'dv f 9 

which becomes, by reducing the first terms of the first member to a 
common denominator, and putting dv for — dv' in the second, 

(ml'-m'l) 7 ^ / t A7 dv ml'—m'l 7 

jjj ghdt = (m + «0 dv, = t -—- R gh ; 


dt (m+m f )U ft 


now if in the equation 


(eh dv\ 

T =*(rr-a> 

we substitute this value of there results 
at 


which is equal to 


ffh — mm / l\ , 

■vzzm-j-- \ —-~ }gh, 


T _ mmU f — 


: )** s 


mm 1 (l + l ■') 


m + m' W 
m 9 


gh ; 


(m + *»') W 

and when w'f = m/', this expression becomes, as V = 

'■ (— ■ -) • wm * h +• (« + -sr = -r • 

(6) The quantities of motion lost are m. (a — c) = (a'+c), 

from which we obtain 
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ma • 


mla f xz (m + m f )c, *.* c = 


ma • 


+ to ' 

if this value of c be substituted in m . (a — c), it becomes 


ma 


_ Z' m?ct—mm'a r \ mm, 1 (cl -f- a'} 

\ + m r J m + 

(<?) Since in this equation dv = <&)'= — , and 

Cfo C&£ 

we obtain by substituting these values for dv, dv r , x ; , 

from which there results, by reducing, 

d\v fl + 1>\ \gh 

x -dT*=[-ir r> 

and by substituting a. 2 for^d- and /3 for^, becomes the equation 

in the text, the integral of which can be obtained by the common rules* 
Now when the entire chain exists on the same inclined plane, that is, 

dx 

-when x — x r ~ di A, we have dx xz dx f , v xz — xz v f , consequently, 
the preceding equation becomes 

.(4*-^) = ( , T *) 5), ^ 

which, asHn this case is equal to V is reduced toP^ =^, iwhichis 
■the equation in uniformly accelerated motion, 

(d) Since a line parallel to the base of a triangle divides the sides 
which it meets into segments &lto the sides, it is evident that as 
x, the parts of the chain in equilibrio on l and V , are proportional 
to these lines, the line connecting the two extremities of the chain 
must be parallel to the base, and consequently horizontal. 

( e ) By adding these two equations together, we obtain mdv -h 
m / dv r xz 0, and if the first members of these equations be multiplied 

; 2 v, and 2 v f respectively, and then added together, there results 

2 mvdv -f 2 m r v r dv f + 2r (vdt - v f dt ) = 0, 
vdt — v*dt =: dx — dx' xz — dr y 


now 
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consequently, 

2 mvdv + 2 m'v'dv' = 2 Rcfr, mv i + jnV = 25 ndr + c>. 
(/) % law of Mariotte we have 


R : lew :: a : r, 


R zz 


hwet, 

r 


(q) As in general/^, «) = $ zdr + c>, in this case we shall have K i 
f ( r > a ) — — ^ — + c' s — few log »• -{- c\ 

Now when r = «,/(?-, «) = 0, v -*« log « + c' = 0, and C '=&a, 
log a, consequently, 


/O’? a) = felog-. 

(/j) See the discussion of this point of the question in the 21st 
Number of the Journal of the Polytechnique School, page 191. 

O') Fronl th e equation mv + mfv'— 0 we obtain v'— - — , and ' 
at the mouth of the piece where i> — v, »'= v', and r = l,™<! have 

^■v »v. +m v.= m ,.+ £ = sago m « =ikw ^i. 

(fc) The differential of v 2 relatively to a is evidently equal to 
2 m'kw 


iW -1 ) 


da, 


m (m + m f ) 

which, since m the case of a maximum it is equal to cipher, gives 

l 


log- 

a 


:h 


a — e 1 and as e zz 2,71828, it follows that a is some- 
what greater than 

o 


(l) When m f is at rest, u is equal and if vn! be consi- 

dered as infinite relatively to m this expression is cipher. 

(0 In the first case the actual motion impressed on m f is equal to 
mm'i) t . 1 t 

m + m'’ Whlch becoraes > wJl en m' is so small that it may be ne- 
glected relatively to m, equal to m'v ; in the second case the actual 
motion impressed on mf is which becomes, in the same sup- 

position, equal to 2 m f v. 
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(m) The integral of cos 3 G sin Qd6 = — £ cos 4 S, which taken be- 
tween the limits ~ and 0, is equal to hence the value of R is that 
given in the text. 

(n) See Newton’s Principia, Book II. Prop. 10, and Scholium to 
Prop. 34, 3rd edit.; Lacroix’s Differen. Calculus, Tom. 2, article 867; 
Woodhouse’s Isoperimetrical Problems, page 115. 


CHAPTER II. 


(а) The expression for c is equal to 

C = p dxdydz + p ^fdydxdz, 

and when these are integrated between the limits stated in the text, 
there results 

( o?bc ab 3 c\ abc . a , 7 . 

-° = ("T + t) = p T + 6 ‘> ; 

! if the axis passed through the centre of gravity of this homogeneous 

;parallellopiped, then the moment of inertia would be (a* + ¥) ; 

it is evident from the expressions for the moments of inertia res- 
pecting the three sides, that the greatest moment of inertia belongs 
to the least side; ind it appears from what is stated in the last pa- 
ragraph of No. 370, that the rectangular axes passing through the 
centre of gravity of the parallelepiped parallel to its three sides are 
iprincipal axes. 

, , i 

(б) As yt* — y 2 — ■ a > we shall obtain by making y — vs, 

* J J-’VCT 

f* ds ' 

n ° W J ~\7TT^ = arC S1 “ = ** • e, > b 5 T substituting for a, arc sin = , 

and this taken between the limits r , — r, gives C ° — 

J"™? 1 


2 arc sin = 1 = and the integral of 


v~£d s 

✓rr: 


»■*(- 


V 1 - & + i arc sin = *)> which when ^ is substituted for z, and 
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then taken between the limits r , — r 3 is reduced to j$7rr% and con- 
sequently, 


2 acx 2 dx C /— , on-cr* a? 

\ V v* p — 


cLv 


52 

which becomes, by substituting for »* 2 its value b 2 — — a* 2 , and re- 


ducing ^(a¥-4? 4 )^, the integral of which is 


()7rbc fa? A* 

~~ ~ 




and when this is taken between the limits x = a, # = — a, there 
results 

2 Trpbcfa 5 ct !,y \ __ 4p7rbc.cC 3 
~aT \8 ~ 5 ) ~~ 15 


(c) + d'a) 5 = 8 ^- - + — , the other terms of the 

series being neglected as infinitely small. 

(d) (r + dr) 2 — r 1 zz 2 rdr + do^ v it(v + drfd&t — xr 9 dx = 
2 Trrdrdx + wdrHx\ this last term is of the third order, and may be 
neglected. 

(e) See No. 84, 

(f) In this case we have 

jm. = ^ J (2 « x — x*) 1 dxzz^l (Act V — 4aa? 3 +• .a? 4 ) eta’ = 
y - «**+ y) + c - 


which when taken between the limits xzzO, xzzct, and reduced, be- 
comes the expression in the text, and when «. = 2a, it is equal to 


7Tp 

~o“ 



, 1 * I 32tt 5 \ 

— 1 6 a s d — j ~ 


$7TQCL h 

“IST" 


(#) Bj multiplying and dividing the value of p by /3 — a, wc 
obtain 

P — T \c 57 -pfl'*. (/3 — a) (^-~) = To (/3— “)• 

(/3 4 + a/3 3 + a 2 /3* + # 3 /3 + a 4 ) = (as afl = «, 0/3 = &), 
the expression in the text. 

(7i) jt> 2 = D a — (dcosS) 2 == a; 3 + y + # 2 — (. 1 ? cos a + ;*;cos/3 # 

cosy) 2 zr^(I — cosa 2 ) + ?/ 2 (l — cos 4 /3) + # 2 (l— cos 2 y) — 2.rycosa 
cos/3 — 2##cosacosy — 2 ?/xrcos/3 cos-/, which is equal to the expres- 
sion in the text . 
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(*) For in consequence of equations (2), if the members of equa- 
tions (1) be multiplied by a, b , c, respectively, and then added, the 
result will be equations (3). 

(&) By No. 377 we have x x = ax + o!y ■+- a'% equal by substi- 
tuting for a, a a", their respective values given in equation (5), 

(cosfl.sin\f/sin<}> -J- cos\{/ cos<j>)# + (cos 5 cos4/sin<f>— sin^ cos<f>)v/ — 
sin S sin 

which is evidently the same thing as 

(^cosdsin^ +^cos^cosi|/ — ^ sin 0) sin<p + (#cosJ/ — ysinvf/) cos<f> 
= by substituting x and Y for their values 
Y sin + xcos<f>, 

the expressions for y, and z t may be obtained in a similar manner ; 
hence we evidently obtain 

5 = 0 = sin cos<(>.$(y 2 — x 2 )c?wz + (cos 2 <|>— sin 2 <j>)$XYcfo?, 

in which if we substitute — for sin <f> cos<j>, and cos2(J> for costy — 

sin 2 <{>, we obtain equation (b). 

(0 Y = #cosSsin^ -f^cosficos^ — ssiufl, 

*7 = # sin0sin\f/ + #sin0 cosij/ + #cos0, 

’•* = ^ 2 sind cos 6 sin 2 *^ + #z/sin 0. cos 9 sinxf/ cos \p — zx sin 2 0 sin i// 

+ xy sin 0 cosd sin \p cos\p -|- ^ 2 sin0 cos0 cos 3 v}/ — - zy sin a 0 cos \J/ 

-}- zx cos 2 0 sin^J/ “J- #7/cos 2 d cos\J/ — # 2 sin & cos 0 
— # a .sinflcos0 sin 2 t// + 2xysind cos0sin^ cos<f> -(- zx sinrf/(cos 2 d — sin 3 0) 
+ y sinfl cos0 cos 9 if/ + ;27/cos^(cos 2 0~-sin 2 0) — ^sin0 cos0 ; 

consequently if we substitute/for $ tfdm,# for S y*dm, &c., and reduce 
all the terms into two expressions, one of which has the factor sin*, 
cose, and the other the factor cos 2 0-sin 2 0, the value of $y z x dm given 
in the text, will be obtained. 

(m) Dividing both sides of this last equation by cos 0, we obtain 
(h' (cos a 4»— sin* <|/) + (f-g) sin $ cos tang 9 =/' sin 4>-g' cos ^ ; 
in which if we substitute for cos •■£/, sin \p, their values, there results 
[A'. (1 — u a ) + (/— g) ■«.] tang. 9 f'u—gf 

1 +« s ~ v'T+zfi’ 

from which it is easy to obtain the expression for tang 9, given in 
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text ; and if in the first equation, their values be substituted for 
sin \J/, cos\]/, it becomes 

+ W u + J , _ ^ s . n cog y»±Z 2 (cos2 o _ sin2 5) = o, 

\ ! + ““ ) /l + « s 

and if all these terms be divided by cos 2 0, there results 

— r rr^ *“ * ) tang 0 + ^ lang 3 0 

V l+M* J 5 /l+M 2 /l+W* 

= [(/- A ) “ s + 2h'u+g — A] - ; a ” g = + (^'m +/') = (£' / «+/0- tang 2 9). 

V 1+M 2 

and by substituting for - 4 r= = , there results, 

/I + u* 


[(/— ft) ^ 2 + 2Mu +g-K](fu- g f ) 

h'(l - w 2 ) + (f-g)u 


±g'u+f 


= h-o 

+ (/-*)*]■ ’ 

multiplying both sides by the denominator of the first term of the 
first member, and we obtain 


- h) .] (/w - ^)+(/w+/0'[^'( 1 - w 2 ) + (/-y) «] 

+/0 (fu-gj. (1 + 0 

A'(l *~0 + (/-0 w 


now it is evident from inspection of this equation, that its first mem- 
ber can be resolved into two factors, one of which is I + u 2 7 from 
which it is easy to obtain equation (d), 

(») In this case we have by equations (1). 

$ xydm = aa'^xfdm + bb'^y/dm + cc r $ zfdni 
= (as (««'+ 66') $# y a <fe + cc'^z*dm, 


now, by equations (4), we have aa '+ = — cc', consequently, ^wydm 

becomes equal to cc f §z*dm — ^xfdm). 

(o) a = -J-m^+c 2 ) No. 370, v when bzzc, as in the present 
case, we have 


7 o „ . a-c (5 2 -~0 & 2 -« 2 

a = |- m& 2 , and a* = = M ^— = = — = — . 

6 * M 5m 5 

(p) The distances of the sides of the parallellopiped from the 

VOL, n. 4 m 
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centre of gravity, are s/ a 2 +c 2 , V c\ and the moments 

of inertia with respect to the sides, are £ M. («* + #*)> £ m (a 2 c a ), 
■f-M^ + c 2 ); so that when + * s taken from the first, the 
remainder = -J-m (a 2 + b % ) ; and therefore in the present case we have, 

« =± i/^, = i/ M ( y -° g ) = x/EEE 

v m v 3m y 3 ■ 

See second edition of Mr. Whewell’s Dynamics, Part II. page 271 . 


CHAPTER III. 


(a) As the velocity of dm is equal to no, when resolved parallel 
to these axes, it becomes — yo>, xw. 

(b) By substituting 5 y % dm for My,?/', and for and 


/> 

^r*dm ^° r °° * n ec l uat ^ on 


there results 


coM^y' + — = 0, 


(Sfdm + ^dm) - y.vf— pvf = 0. 

(c) In the case of equations 2, the value of the force parallel to 
the axis of x, is — ui^ydm, while in the case of equations (3) the 
value of the force parallel to the same axis of x, is cu 2 ) xdm, for the 
centrifugal force acts in the direction of the radius r, while the force 
in the former case was at right angles to r, consequently the ex- 
pressions for z\ s", the distance from the plane of the axes of x and 
y, must be the inverse, the one of the other. 

j Vfith respect to the statement in page 73, namely, “ that the 
jvalue of the integrals, which the equation (cos a 6 — sin* 6) J seydm + 
|sin 9 cos 9 (S x*dm — ^fdm) = 0, contains, may change with the po- 
sition of the point o,” it appears to be incorrect ; in fact, the direction 
jof the principal axes which with os belong to the point o, must be 
^parallel to the corresponding principal axes passing through the centre 
i — ^ or a P°‘ nt such as p be assumed in the principal axis GY 
j passing through the centre of gravity, at a distance from g equal to a, 
; then the coordinates of any element, such as dm, passing through the 
; centre of gravity, are x,z,y — an d we have \x .(j/ — a) dm = 
jSxydm — a J xdm == 0, v 
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sm fl cos & \xydm - 

S.m&W:=:0, V 77 ”Tfl tai1 ^ jj ^f’gT 15 ^ / ^ = 0, 

J J cos 2 Q — sm 3 Q 2 $& ,a c£m— ly*dm 

consequently, the two other principal axes are respectively parallel to 
those passing through the centre of gravity. 

( d ) x and y being considered as functions of the variable t, 

dx zn~dt, dy~~* dt, and as ^ = — m v, = xw, v xdyzzxFwdt, 

at at at at 

ydx~ —y 2 wdt, and consequently, xdy—ydx = wdt = v*wdU 

/ \ (V d*x\ d*x du 

( fl ) v = ][ x - Te) dm> and 38 W =' ~ y It ~ **> 


and 


dou 

dt 


-so 


XY — g/X\ 

S^W J 

d 2 x 


there results, by substituting for and observing, that in the in- 
tegral relative to dm, — must be taken from without the sign of in- 
dt 

tegration, 

u==S xdm + w 2 $ xdm + ^ 


hence, as $ xdm == m#, and $ ydm = ^ m, we have evidently the 


expression in the text. 


(/) 


dx 

dt 


a cos 


db . dQ 

i. e., -W= 2 l, Tt , 



(g) From the value of £ it appears, that when the axis of rota- 
tion passes through the centre of gravity, l must be infinite, and con- 
sequently the time of vibration, in fact, the oscillatory motion is then 
changed into one of revolution. 

(h) See Philosophical Transactions, year 1818, and WhewelPs 
Dynamics, page 240. 

(i) By dividing both numerator and denominator by a, the value 

7 Mrt*-|~A , Mfl-b'J dl u . e 

of Iz z, , becomes , v - 7 - = , which m case of a 

ma m da m 

A . . . 

minimum zrO, from which there results a 2 zz this value is evi- 

M ’ j 

dently that of the minimum* It. is easy to show, without having rc. 
course to the calculus, that l is the minimum in this case, for as it is’ 
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% 

equal to M&+ - -h m, it must be least when the numerator is least, 

ci 

since the denominator is constant, and as the product of the two parts 
of which the numerator consists is constant, their sum is least when 

A 

these parts are equal, that is, when a 2 = - . 


(i) By multiplying each member of this equation by dt 9 then in- 
tegrating, we obtain ^as dw zz ~ the value of w. 

1 2 

(k) Versed sine of /3 = ^ , v cos /3 = rad — versed sine = c — 


— =: when the radius is unity zz 1 — — , and by substituting this 
value in the preceding equation, there results by putting n for 

the value of v 2 given in the text. 

( i ) The quantity of motion impressed on the compound pendu- 
lum, is known from knowing that of the recoil, which may be easily 
ascertained, and then as this is equal to pv, when is given, v can 
be immediately obtained. 

(m) See Hutton’s Course of Mathematics, Vol. III. page 269, 
and Whewell’s Dynamics, No. 214, page 199. 


CHAPTER IV. 


(a) «, b, c, &c. are the same, at each instant, for all points of the 
body ; for wherever dm is situated the axis of x is fixed, and ff, 
are parallel. 




=9^v.,. +s ,.+»,.=(£i!|±2f y 


X, n 

COS IOtf, = = — F - , &c. 

V xf+ft+z? v/jt > s +2’ a +»' s 

j (c) In No. 411 it is proved that when p, q, v are constant, the 
differentials of these numerators are cipher, from which it follows that 
they are independent of the time. 

(<t)pd$ = (hdc+b'd'c'+ l"dc ")*, q*dt* = (adc + a>dc'+ a"dc"y 

'•'O' + f) ** — (a 2 + i 2 )<£c 2 + (a /B + 6' 2 ) dc n + (a ,n + b ,n ) dd n + 

2 (««' + 660 dcdc' + 2 (aa" + lb") dcdc" + 2 (a'a" + b'b') dc'dc " ; 
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now as a? 4 5* = 1 - c 2 , («« 4 j«) = 1 _ c « 4 b „ s _ x ^ 
2 (a^ + 5*0 = - 2ce', 2 («a" + lb") - - 2ce", 2(V«" + W) ~ 
2 dc", the expression given above becomes 

(p 1 + f) dt* = dc* — did + dc' a — d'dc" 4 dc"* — c fA dc' 12 — 
2 cc'dcdc' — 2 cd'dcdcP - 2 c'c"dc’dc" = + dc'* 4 . dc'" - 

(cdc 4 c'dc' 4 c"dd') a . 

(e) By making this substitution there results 


J 


dx 


da 


db 


S , — I uv dc 

a !t- ax 'di+ a y'dt + az 'di 

„, dx J _ . da' db' , dc' 

a df~ ax ' TIT + a ^dF + az '^ 


7 dt 


dm _ tfa", , „ dd' 

a df- ax ‘-dF+ a y'-dt +a *'ir- 


consequently by adding them together we obtain 


dx , dy dz (da , , 

a W +a dF + a dt= x { a d( + a 


& + a „ d J^\ 

dt dt ) 




( db 
\dt 


. db' db"\ f dc dd , ,afe"\ 

* ¥ + a + + * ¥ + a ir) 5 

now the first term of the second member of this equation is cipher, [ 
the second term of the second member is equal to — v r y„ and the ! 
third term of the second member is equal to qz n consequently we i 
shall have 

dx dij . dz 
a dt +a !i+ a 

the two other values may be obtained in the same manner. 

(/) If F/ — ry» ™—pzn P?J, ~ !F/> and their values, be re- 
spectively multiplied by a, b, c, there will result 

<fS ,¥ + m 'li + m "^ = •teh-w) 

* § + ii/ ¥+ W 'Tt = 

, dx dy . dz 
c dt +cc dt + cc dt= c **'> ; 

consequently, by adding these equations together, we obtain 
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(«* + &* + C*) ~ + (««' + J&' + O ^ + (««" + bb" + CC") — 
at at ^ 

= <?*/ - T vh + K vx < -p*i) +c(p&,~ q*,'), 

which as a s + 6 s + c* =1, and (aa k'+ bl'+cc'), (aa u -\-bb"+cc /l ) are 

ditJG 

= 0, gives for — the value in the text ; and when the differential 
dec 

of this value of — is taken, must be considered as constant, 

because they do not vary with the time. 
x dPv d 2 y d 2 z 

[g) At jp -jp and their respective values, be multiplied by 

a , b , c 9 we obtain 
d 2 JC 

= a X*Aq — yA r ) + ab(xAr — *Ap) + ac (yAp — &yfy) + ada. 

{qzj—ry) + adb(vx,—pz,) + adc(py / —qx / '), 

dhf 

a W ~ a 'X s Aq-yA r ) + a'b'AAr - *Ap) + aJc'tyAp- «'dq) + 


,A % z 


a'da'iyz, - ry<) + a'db>(rx, - pz) + a'dc'tyy, -q Xj ), 


a "d¥~ a "X z ' d q—y/r) + a"b"(xAr-z/Ip) + aJ'd'(yAp-xAy + 
a ,, da'\qz J —ryj) + a"db'\rx / -ps / ) + a"dc"(qy / -qx / ) ; 
and by adding them together we obtain 
d 2 x cPy d*z 

a dF + a dF + a dP ~ O* + a ' a + a ’ n ) ("At—yfr) + (ah + a>b> 

+ a"W) (xAr- zAp) + (aa + a'd + a" a") (yAp - xAq) + (ada + 
a’da,' + a" da") (qz, - ry,) + (adb + a'dbf + a"db") (rx.-pz,) + 
(adc + a/dd -f- a! f dd 1 } py i — qx^) ; 

| hence as a 2 -f- a fi + a tn = 1, ab + a> f b f + aJ f b ,f = 0, ac + aid + 
< a " c " = ada + of del -1- a! f do! f = 0, adb -f- a f db t + a u db ,f = — rdt, 

\adc + aW + a "dc' r = qdt, the value otpAt is evidently that given 
jin the test. 

I 0-) ^ the value of a given in No. 378 be differenced with respect 
F 0 4», the resulting quantity will be equal to the value of b given in 

the same number, and the same obtains for ilie values of 
svhich are respectively equal to b' and b". ^ ^ 

(i) Since by No. 378 we have 



t Z?- 2* + 4H " #( "**• b = - cosvj/sin^) 

sin !t~ -^( c osW^cos<i>- cosOsim^sin*) - rf*(sin0 cos0 

Zt C : S V°2~ “* * = *«* cos* _ # sL fi .sin*, 

«>s*cose+ S .n*sin*, _ *fc/ - _ *.( cort cos^cos* 
+ ira* cos* on*) + tf* (sin 6 co.sS sin * cos * cos* + sin 0 sin'* sin 
— sin 6 cos * v - b"dc" = - <fc.sin 2 0. 

]it ^“ Ce , We °^ ta '" by addin S these quantities together, and ob- 
literating those that destroy each other, 

th/1 = 2i C ~ b ! dC '- b " dc "=~ ^co^ + ^.rinj.sin*, 

the vdnes of ^ and nft may be obtained in the same manner 

( ) or example, if these three equations be multiplied by a, b, c 
respectively, we obtain J 

(Pdc -j- aa'dc’ -j- aa"dc" = aqdt 
Kdc ■+ bb'dc' + W'do " = _ bpdt 
tfdc -f cddd + cc"dc" =. 0 

(a -f a' 2 -f- a ,n )dc -f- (ao'-f- bb’+ cc')dd - f (aa»-\-bb" -J- co'^dcf'— 
dc — ( aq — bp) dt. 

(0 If in equations (8), da, db, dc, and their values, be respectively 
multiplied by p, q,r, and then added together, the result is evidently 
equd to cipher; and it is evident from the equation pda + q db + 

» , that when p, q, r are constant quantities, the numerators 

of equations (4) are constant, for their differentials are cipher, 

(m) The first of these equations is evidently equal to 
S ( X /V, — y,x,) dm -(- $ [p / p / — 

substituting for ^ and q, their values given in No. 408, we obtain 
y,p,dt =r z,y/dq — y*dr + fey/ _ qx,y,) q dt + (pyps, -rx^rdt 
. *&&—*• dr ~ z ^ d P + (S*A~ rxpjfr-dt + (qx/ -p X/y/ ) pdt 
as K » Vn z ‘ aro supposed to be principal axes, the value of 

Ste- */} ,)*•= - !(»,• +},•)£+ 5<ff -*?■$, dm. 

w =*< n =*> ■■■ ,[V/J »,*, _ 

a 'Wm] = 3(b"a-a"j3)n. 

L (o) If a z= b, then the value of dt is 
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the integral of which is obtained below; if a = c, then the value of 
dt is 

dt — it b .$dr 

(k 2 — b h + (b — a), a r 2 )* 

and a corresponding expression results when b = c.. When & 2 zr a&, 
then the value of dt is of the form 


dt = 


-+- \/ abc ,dr 


V (a — c).r ! .[(A-B)/i-(- — 5 

tU0) *<?**■■, j ii„ w •arm* «■ 1 rl 1 

it is easy to show, that in all these cases, the integral of the value of dt 
may be obtained in a finite form ; for in the first case, that is when a=b, 
it is evident that the two factors in the denominator of the general 
value of dt are equal, but affected with contrary signs, consequently 
or ac dr , ac 


the value of dt = 


k 2 — aJi -|- (a — c^r 2 ’ 


if we make 


(a— c).c" 


and k'Z—Ah: 


— - — yiidy 

:w 2 (a— c).c, it becomes — ^ — , the integral of which 


n 2 -J- r 2 ’ 


. m r 

is —arc tanor~ 
n ° n 

When a = c, by putting \/V as + x/a/i— k 2 X V a(b— a) = m 
and - — — a h—7c 2 ), the value of dt becomes equal to - 

and if mandw are real, the integral of this differential is equal to tzzm. 
log.(r-J- n 2 + r 2 ) ; if the coefficient of r 2 is negative, then the ex- 
pression for dt may be reduced to dtzz — — . the integral of 

Vri 1 — r 2 

y 

which is m. arc sin zz + c ; it may happen that n or m are negative, 

in which case the integrals are also easily computed. In the last 
case, i. e. when k 2 ~A h or b h 9 then the terms independent of r* in 
one of the factors of the denominator of equation (g) vanishes, so 
that the term r 2 comes from under the radical, and the value of 

dt ± \ r Z£cdr 

rV' (a— c).[(a — b) h +• (b— c)cr 2 ]’ 
which is evidently either of the form 


dtzz 


2mndr 
t / rc 2 -fr 2 


or dtzz 


2mndr 
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the integral in the first case is 


t = #alog. 


\/ n ? + r a — w 


or = 


% — \/ 7i 2 — r a 

w+ \/ w 2 — 


(p) In consequence of the three first equations (8), we have 
€?c = ( aq—bp)dt , db = ( cp-~ar)dt , &c,, substituting cfc for — 
6/?)cfr, &c., we obtain 


(«&• 4 rote) c 4 (6^ 4 £<$>) b -j- (adp + pda) a = 0. 


( q ) By taking the squares of equations (h), and then adding them 
together, we obtain 

c* *■*(«• + c' 2 + c m ) + B y . (6* + V* 4 b" 2 ) 4 Ay.(a 2 4 «' 2 4 a" 3 ) 
4 2cr.Bq.(cb 4 c'b' 4 c"b") 4 2cr,Ap.(ca 4 c'a'[ 4 c"a") 

4 2Bq.Ap.(ba 4 b'a ' 4 h"a") zzb 2 4 4 

which as c 2 4 c /2 4 c" =r 1, b 2 4 V 2 4 V n = 1 , a 2 4 4 a//2 — 

c6 4 c'6' 4 d t lf t ~ 0 , ca 4 cV 4 = 0, 6a 4 b'a' 4 b"a" zz 0, 

becomes the expression in text. 

(r) If the first equation (7) be multiplied by sin9.sin<J>, and the 
second by sin 0. cos p, there results 

sin 6 . sin <ppdt 4 sin fi . cos <p qdt — sin 2 9.^\J/> 
i. e. by substituting for sin 0 sin <p, sin 9. cos p, their values given 
above, 

^ 4 ^, /c J -c¥ 

- R -) du — nr" 1 *- 


(s) By neglecting the products this 

sum is evidently equal to 

S(?V 4 4 $(r% 2 +p% 2 )dm 4$(pV 4 q 2 x/)dm, 

that is, 

? 2 .S(#/ 2 + *S)dfn 4 * a S(*,* 4 yf)dm \p%yf 4 *?)dm = 

<f,B 4^0 4j» 2 A. 


(£) By No. 407 we have 

w cos 10 # ;zz a"p 4 bf'q 4 c"r, = in this case 0, and by substituting 

AO Bo cr 

for a /; , b", c", their respective values we obtain 


a p 2 4 4 Cr<i h 

k k 

4 N 
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(u) By taking the value of ^ in each of these equations we obtain 
P 


and 


(3' __ (a — c )n __ a n f /2 _ ^ 2 .(a — c)(b--c) 

/3 bw' (b — c)?i ’ ab 

/3 /2 : /3 2 : : (a-c)a : (b — c)c. 


(®) Since py,—qx t = 0, No. 404, tang £ = ^ = Jj- 

(#) When the instantaneous axis coincides with the axis we 
have sin io# y = 0, and therefore p = 0, and ^ = 0, consequently we 
must have also /3, /3', respectively equal to cipher, and v a == 0. 

( [y ) This is evident frona the known formulae 

gx l — e ~ x ^/ — * gi' — l -j- q a>|/— i 

sin #= : , cos# = — : 

2/-1 * 1 


in which if x is of the form x ! — 1, it is evident that each of these 
values ofsin#*, cos#, when expressed in a series, are composed of 
possible quantities. * 

{£) It appears from equations (i) that 


_ sin0sin(f>.fc sin0cos<p.& 

P A 5 ^ B ? 


r or n : 


COK0.& 


hence by substituting for p and q their values given in equations (2), 
we shall obtain, by observing that k zz mvf, equations (3). 

(af) The second members of the two first equations (3) become, 

wheni=0.-a. A ^MB -c) siny . _ „ bVa.(a - c) 

mvf mvf r 

by means of which a and y can be determined when 0 and <j> are 
known at the commencement of the motion, and as 0 is very small at 
the commencement, it must, by what has been established above, 
continue very small. 

Q 2 

( V ) Cos & ml — — q- &c., now as sin 0 and v 0 is a very 


small angle, we may neglect 0 2 , v we have in the third equation (3) 

1 = —.and c nzzmvfi 
mvj ^ 

If b be supposed equal to a in each of the two first equations 
(3), there results, by adding their squares together, 
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- „ . 0A a 2 .A 3 (A— c) 

sin* err sin 2 S = 

pWf 2 

Now, o»= s/ p %J r r 2 = (by substituting for p, q, r 9 their values 

given by equation (2)), V^.a (a - c) + n\ — (as c6 2 a.(a — c) = 
p z v 2 J' 2 sin* e\ 

^ J, the expression given in the text. 

(d/) It is evident from the value of 8 given in No. 420, that when 

a = b , 1 — 8 zz -, and as — — = when these values are sub- 

a cos s c 

stituted in the expression for \J/, we shall obtain the value given in 
the text. 

(</) By multiplying the two first equations (7) by sin0-cos<p, 
sin 0 .sin< 2 , respectively, we obtain 


pdt. sin0.cos<p = sinp.cosi p sin Hdty — sinS.cos 2 <pdQ 
qdt&ii\Q,&m<p zz -sin^.cos<p sinW^ + sin0.sin a p.cft ; 


now it is evident that if we divide these equations by eft, and then 
take the second from the first, we shall have the value of jDsinfl.cosp 
— ysinO.simp given in the text. In like manner if the- two first 
equations be multiplied by sin 0 sin p, sin 9. cos <p respectively, we shall 
obtain 

j?eft.sin0sin<p = sin 2 <p.sin%?\{/ — sin<pcos<p.sin0d9, 
£eft.sin&cosp = cos ,J £sinW\f/ +■ sinp.cospsinfiefa; 

if these equations be divided by eft, and then added together, we 
shall obtain the value of p sin 0 sin <p + q sin 0 cos <p given in the text. 
Also, as 

p 2 (U 2 zz sin 2 <p siaWxj/ 2 — Ssinp.cospsind.eftf/eft q- cos s <pdQ* 
q*dt 2 = cos^sin^chjr* + 2sinp.cosp,sin0dvf/rf0 -f- sitfpdQ*; 

there results by adding these equations together, and dividing by eft*, 


^+? a = sin2 i§- 



(J v ) In the general expression of e of No. 281, err a, s' — a + 
90, zz 90,' consequently, the value of E or l in this case is 

l zz encosa, + ^cos(a ■+ 90) -f- ?w,cos90 = cw.cosa — //, sin a. 

(y) As £is the independent variable, if this multiplication bo per- 
formed, we shall have 
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y 9 sin^dty it- j . 

- — ~ — — == ly# sin «'/£ ; 

now asy sin0 is the horizontal projection of the radius vector go, 
ysinflc?\J/ is equal to the arc described by this projection in dt 9 
y*sin*W^ . . . 

v ' — ~ — —is the area described m this time. 

(hf) From the first equation (6), we obtain 


■=(t)*( 


’CW \ 2 cos cc \ 2 

T l shTb 


therefore, by substituting this value in the second equation (6), there 
results 

dfi . /cm\ 2 

sin a 0 d? = ”^ ,s ^ n2 ^C cos ^“* cosa ) — ( — J . (cos 0— cos a) 2 , 

which, by substituting ~ for and for and then con- 

A A A A "* 3 

cinnating, becomes the expression in the text. 

(i') By substituting for sin 0, cos 0, cos a 9 their values expressed 
in series, and restricting the series, as is indicated in the text, equa- 
tion (7) becomes 

which, by concinnating, becomes the expression in the text ; and 
it is evident from an inspection of this expression, that if 0 was 
dd 2 

greater than a, 0 2 ^ would be negative, if 6 was equal or less than 

Bet, d9 2 

the corresponding value of 0 2 ^ would be cipher or ne- 
gative. In order to resolve the first equation (9) for dt, we should 
multiply both sides by dt 2 , by this means the first member becomes 
6 2 dQ\ and the second member is the factor by which dt 2 is multiplied. 
Qd) By substituting for dB and G in the value of dt, we obtain 

\/ — a * sin u co s u dw 

V [a 2 sin 3 u -f- ^3 2 cs 3 sin 2 ^- — (od — a? sin 9 u 

a 2 sin u cos u du sin udu 
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sin udu . . dx 

V^l— (l+jS^cos H l/l— (l + /3*).tf* 


i. e., by making ^ , — — — 

V1+ /3 a v"l + /3 2 /l — 2/ 9 

• , i • 1 . 1 

integral is — arc sin zz y + c ; i.; e. 


, of which the 


=. arc sin = 


Vl+F * ‘ ~ l/l + j8 2 * 

cos w -f* c. It is to be remarked, that when dt is ex- 
pressed in a function of 0, that the signs with which the numerator 
is affected are the opposite of those by which it is affected when dt 
is expressed in a function of u, because the d cos . w — — sin udu. 

(/') From the preceding equation we obtain, 

sin.^i ' V'l + /S' - t/rj — ~ V^a’— P, 

hence we obtain the value of 0 2 ; now when 6 = a, tzz:Q, and when 
fl - £* 


v'l + p 


5 £ = t, therefore we have 


/5W 


a 2 


>2 _ . 


sin 4 T 


+ ftp . 


1 + /3* ” 1 + |8* 

X A 2 

V t = the expression given in the text. 

OO It is evident that the value of fl 2 may be made to assume 
tlie form 

a 4 /3 2 + a 2 , (l - sin 3 if 

09 — 1 \ * / 

1 + jS' 


a* /3 2 + a 2 . cos 2 £ / -'y- 


1+/3* 


in like manner we have 


a 2 - 0 2 Z=r 


; sin 2 1 


y / £li+J!, 


1 + /3 2 r x 

therefore, if these values of 0 2 and a 2 — fi 2 be substituted in the second 
equation (9), we obtain, by multiplying it by dt 9 
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a 3 j3 2 + a 2 cos a ^ , y 

consequently, 


•.•&!> = . 


/3 V'-.dt 
|3 2 + cos 9 £ 


cos^y iin.p y'&dt 
+ cos 2 1 yUSliJ 


which is evidently reducible to the expression in the text. 
(»') In order to perform this integration, let us make 

fiV f (1 + fa) = m, and y/EZ+El - n, 


then we shall have 


d\p — — — 7 ^~ q l/ 1 £ c /t . 

(3 2 + cosHn P * x Ut ’ 

now if we assume tang tn = then 

^=r^,.nd^=2. f ^, +ib ^. +I i_ 

_ m, die 

~ «' l + /3 2 + /3 3 ^’ 
the integral of this last quantity is equal to 

m fa m 

«./3.\/i+/3 2 ‘ arc ang - yi+^ - n.pyr+f * arc tan s 
/3 tangi/i 

— /r+^ ; 

and if there be substituted for m and « their values, it is evident that 
we shall obtain for if/ the expression in text. Now if in this ex- 
pression of if/, the value of t at the end of the first, second, third, 8tc., 
intervals of time, which are (as appears from what is already estab- 

Med)^ u, J, ■/ to, b„ »b sl i. 

tuted, we shall obtain the expressions given in the text ; and it is by 
subducting the value of if/ from the preceding one, and this again from 
the first, that the arcs traversed by the node n during the successive 
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intervals T are obtained, and it appears that they are all equal, and that 

f \/l _L Q2 /3\ 

their common value — j , which by multiplying 

both numerator and denominator by /3 + ^1+ becomes the ex- 
pression in the text. 

(o') Since in this case cos u = 1 — sin w = w, we have 

sin 0 zz sin a cos u — cos a sin u == sin a ^1 — — cos a . u. 

sin 2 0 = sin 2 a (1— « 2 ) — 2 sin « cos a -u + cos^.-w 2 ; zr sin 2 a -f- (eos*a 
— sin 2 a) w 3 — 2 sin a cos a.w = sin 2 a + cos 2 a.w 2 — sin 2a.“w ; cos 0 = 


cos a cos u 


+ sin a sin u = cos<* — -^Q + sin *• 


* cos 0 — cos a 


zr sin — — cos a. 


, <£0 


(jo') Now if these values of sin 0, cos0, be substituted in equa- 
tion ( 7 ), there results 

2 o' 

(sin 2 a — -w sin 2 a + « 2 cos 2 «) [(sin 2 * — wsin2a+w*cos2a). 

(wsin a — —cos 2 a)— 2 / 3 2 (« sin a— -3- cos 2 a) 2 ], 

Jt 2 

and as powers of u higher than the second are neglected, the second 
member of this equation may be reduced to the form 

u sin a (siu 2 a — u sin 2 a) — -- sin 3 a + 2 / 3 3 v? sin 2 a j , 

consequently, we shall have 

Pv, c/w 2 

-.(sin 2 a — wsin 2 a + u* cos2&) — = 2 u sin a, (sin 2 a — wsin2a) — 

ts 

v? sin 3 a (cos a + 4 / 3 ' 2 ) ; 

now if both members of this equation be divided by sin 2 a— wsin 2* 

4 - u 2 cos 2 a, it is evident that the first member will be , and 
1 g dt 2 

we must divide the first term of the second member by sin 2 a — 

u sin 2a, and we must divide the second term by sin 2 a, in order 

that no powers higher than the second may occur 5 when these 
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\ du* 

operations are performed, we shall have the expression of given 

in the text; if the square root be taken of each side of this equation, 
and if then it be multiplied by dt, we shall obtain the value of dt , 
given in the text. 

(q') This expression may be made to assume the form 


l/f <*= 


chi 


and if we make 
sin a 


y'cos a + 4 S 2 /- m— 

V * ■ * COS a-|- 4/3® 


z = u — 


, _ 2 sin a 

and v v 2 r—rxr-w- 


snr a 


cosa-f*/3 2 ’ “““ * w cos a +■ 4 ‘ "* (cosa-J- 4]3) 2 * 
the value of will become 


A 

Vr lit 


dz 


V co s a + 4^(^^r-^) 


and if we make z = 

dt 


+ W 

cos a+4/3’^' We sl,a11 have 


sm a 


. yf (cosa + 4^)= — ii'v/ f (cos a +4(3 2 ) = 
A y 1 — y 2 a 


arc sm 


cosa+ 4/3 2 

i = *■ — 


= = arc sm = — — — z 

sin ci 


. ( cosa + 4# 2 \ 

= arc sin = : ~-.u— 1 , 

\ sm & ) 

and when we integrate for the cosine, we must take the opposite 
signs. 

O'O When cos cc is neglected, the value becomes 

M =^r(l- cos 2|3«V / |),a n da s cos 2/3 1 \/ |=1 _2shi 8 /3i (\/f> 

we have u = the expression in the text. 

(*0 making the substitutions indicated in the text, we obtain 


(sin'a — «sin2a) ^-= 2/3 ^«sin a, 


and by dividing both sides of thi3 equation by the factor of \ and 

dt 

neglecting the square of we obtain 
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d4> 

dt 



u 

since* 


now if in this equation there be substituted the value of ti } given above, 

j # 

we obtain the expression of given in the text ; and the value of 
d^/ is obtained by multiplying both sides of this equation by dt } and 
noting that sin a /3< =i~ |cos2/3i l/^. 

A X 


CHAPTER V. 

(a) When the same face is always presented to the central body, 
the angle which the moveable describes about its axis of rotation 
must be equal to the angle described about the central body; in ad- 
dition to the condition of equality between .the motions of rotation 
and revolution, it is also necessary that the axis of rotation should i' 
be perpendicular to the plane in which the body moves. 

(fi) As +• 5* -f- r 2 = uj\ we have by equations (3) of No. 405, 

cos io*, (= in this case cos a)=£, and by equations (1) of No. 418, 
we have, (as cos sox, = in this case cos a), p = (ui cos f! )-— fccosa . 

A, 

now it is evident from the equations a w cos a. = 7c cos a, bw cos j3 = 

A cos b, cio cos y~Jc cos c, that when a = 90°, 6 = 90°, c = 0, then 

06 — /3 — 90, ysO, in which case the value of w is — , in which 

c 

if we substitute MVjffor h, we obtain m zz 

(c) In fact, if the body when it commences to move, satisfies the 
conditions here specified, either all the three principal moments a,b, c, 
must be equal, or the perpendicular to the section hek must coin- 
cide with one of the three principal axes, and, therefore, the other ' 
two must exist in the plane hek, i, e,, we must have a zz a zz 90, 1 
P = b zz 90, y — czzzO* 

(d) Since the instantaneous axis, if it does not exactly coincide with 
the axis of figure, deviates very little from this axis, which is that of the 
greatest moment of inertia, the constant J of No. 420 must be real, and 
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the duration must depend on this quantity, i.e. on 


(A-C).(B— C) i 


or on the differences of the moments of inertia of the earth ; but, as 
no Taxations have ever been detected by the most accurate obser- 
vations in the geographical latitudes of places on the earth's surface, 
it follows that the oscillations of the terrestrial axis, which depend on 
the initial state of motion, have long since been annihilated, so that 
whatever variations now exist, must have a permanent cause. See 
Ifoumal de VEcole Polytechnique , Tome VJII., &c. 

( d ) As the arcs described in the several successive days consti- 
tute an arithmetical progression, the arc described in t days is equal 

0+ n(l +(t — 1 )a)]~z=:nt + \ant(t — 1). 


(e) As the length of the year is very nearly equal to 365,25, the 
number of days contained in a century is 36525, consequently, the 
■ number of days contained in i centuries, i. e., in t days, is equal to 
; (36525) t, in like manner as a is the diminution of each day, the 
; annual diminution is (365,25) a, and the secular diminution is 
(36525) a, in the same manner it may be shown, that the values of 
and ml are respectively (36525) n, (36525) n f , 

( f ) By substituting in equation (1), for t f their respective 


values, itbecomes $ = |* 


.(m— (36525) 2 =^/3.(??z— 


(36525)* • 

now in the most ancient eclipse recorded by the Chaldeans, 720 B.C., 
i. e. 2532 years ago, we have by hypothesis (3i = 36525 . 25,32a = 
0,0000001 ; and therefore 25, 32.0,0000001. 445210°=34 / .?jO. 

(g) There are three cases considered ; 1st. When the axis of ro- 
tation is vertical, in which case the bullet deviates from the vertical 
plane passing through the axis of rotation, and consequently, de- 
scribes a curve of double curvature. 2ndly. When the axis of rota- 
tion is horizontal and perpendicular to the direction in which the 
bullet moves, in this case, the force r acts in the vertical plane which 
is perpendicular to the axis of rotation ; consequently, the curve 
described by the bullet will be a plane curve, but as the effect of the 
friction will be either to increase or diminish the weight, the range 
will be affected; if ; the velocity of the rotation be such as to 
render the resistance arising from the friction greater than the weight, 
the curve will be convex to the horizon, when the direction of the 
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motion of rotation is towards the horizon, consequently, in this case 
the curve described will have a point of contrary flexure. The 
third case is that in which the bullet turns about the diameter which 
coincides with the direction in which it moves, or with the line of 
flight, in which, as is stated in the text, the resistance has no effect; 
this advantage is secured by rifle-barrelled guns, whose effect is to 
render the axis of rotation of the bullet coincident with the line of 
flight. 


CHAPTER VI. 


(a) By substituting for x, y, z their values given in equation (6), 
there results 


x cos A zz x t . cos A *4“ aa.cos A 4 fib cos A -f- yccos A, 
yzosp , xzy l cosji + a.a'cosju, -j- |3,&'cos^ + yc r cos^k, 
#.cos y zz z^cosy -J- &»&"• cos y -{- fi*b ,r cos v -|* yc" cos v, 
consequently 


#cosA +*/cosfx,+ #cosj/ =3 tfyCOSA + y y cosjW.+ Zj cosy cos A 

+ a'cosp Jf-a" cosy) + (3.(i.cosA + b'cosp + b tf cosy) y,(c. cos A 

+ c'cos^u, 4- c" cosv), 

which, by putting cos A', cos/^/, cosv', for their values furnished by 
equation (4), is evidently reducible to equation (7). 

( b ) Since when the moveable is terminated by a point that touches 
the given plane, the coordinates a, fi } y are constant, there are only 
ten unknown quantities to be determined, which can be obtained by 
means of the nine equations (1), (2), (3), and equation (7). 

(c) When the given plane is fixed and horizontal, and is taken to 
be that of the axes of the coordinates x and y , as we have then also, 
A = 90, ^ = 90, also z zz 0, we must have % zz 0 ; and as in this 

ease we have also m respectively equal to cipher, there 
at* at* 

results M m — equal to constant quantities, consequently, the 


horizontal motion will be uniform and rectilinear, and the velocity 
must depend on the horizontal percussion that the moveable expe- 
riences at the origin of the motion. 

(d) As a = b, c" =s cos0, and rzr?i, the value of /becomes, 
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d\b . 

by substituting — sin a 0 ~ for a l, p + l n q 9 the expression m text, 

and in the value of h, as ^ = ysin0~, it is equal to 
at at 

cn« + A.(sin«« §-' + + m. (y 2 sin^ J - Sy^cos^. 

(e) By substituting for a, a f 9 af\ b , b' 9 b" 9 their values given in 
No. 378, and observing that <j> = nt> we obtain 

«cosX + a'cosjw, + a^cosvrz cos A. cos 0. sin smnt + cos A. cos^. 
cosnt +■ cos^. cos0cost^sin.?i£ — cosju,.sin\{/.cosw£ — cosy. sin0sin«£, 


which becomes, by putting p and q in place of their values = psin.wt 
+ Q.cos?itf. 

(/) Since the quantities P, q, r, by hypothesis, vary very slowly, 
when the coefficient of sinwtf contains a term which has cos mt for a 
factor, m being a very small fraction of n , even in this case it may be 
rejected in the first approximation, for, as is stated in the text, the 


product of sin nt . cos mt = sin t + sin t. 

( g ) If in these equations we make — — m, — (p sin nt + 

A A 


Qcos?ii)=T,^(Qsinnt— .pcosn^)=T / , then they will become 


dq + mpdt == t dt, dp — mqdt = T f dt ; 


now if the second of these equations multiplied by be added to the 
first, we shall have 


dq + flj dp + m(p—6 } q')dt = (t + ')dt, 

let q + 6 x p = z> and v q = z - b x p 9 and dq + & x dp zzdz — pd$ l9 
by substituting this last quantity for dq + 9 x dp, and observing that 
8 x q = Q { z — we shall have 

dz — jpd$ x + mp*(l + 9 x 2 )dt — m9 v zdt = (t + « 

if the terms multiplied by jp be taken from this equation, there will re- 
main an equation of the first degree between the two variables z and 
6 V from which there cau be obtained a primitive equation between 
these variables. — See Lacroix , Tom. II. No. 562. Now this can be 
effected by making 

d\ -m.(l + b*)dt = 0, 
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this equation will enable us to determine the factor which in ge- 
neral depends on t; however in the present case, as m is constant, 
this equation is satisfied by making dt x = 0, m(i + ^ 2 ) = 0, by 
means of this last, we obtain = ± \/ — 1, consequently, by sub- 
stituting this value of there results 

dz 7ii \/ — 1'Z dt zz (t ± / — 1 T f )dt ; 

hence in the case of the upper signs we obtain by substituting their 
values for t, t', 

dz*— m\/ — Iz'dt = ^[PsinM#+ Qcosratf-|- q y/ ITT*. sin nt — 

A 

p V — 1 cos nt]dt 

= *j-[ p ‘(sin^ — V — l.cos nt) +■ Q.(cosfttf + V — l.sinntf)]£ft, 
v by substituting their exponential values, there results 


dz f — m V— 1 z f dt =5 dt . (q — i/ - 1 . p)] ? 


consequently, by integrating, we obtain (Lacroix, No. 562) 

*' - ^ .6-"V=i.(Q_ l/3l. p) dt-\- const. )^J ; 

the value of the integral under the sign $ is 

Ry (q — — 1 • p ) + const.] 

a (n — m ) . yCI l ’ 

now if E', p', od denote what R, p, q become when t s= 0, we shall have 


B / y (V / _l. P /_ <*/) 

const. = — . -t=L ; 

a. (n — m ) . v — 1 


consequently, the value of will be equal to [because 


71 — m c n) 


X A '.^ 1 /- ( Q -^_2! P ) + *1 ±, e nuV=l (/-l.P'-Q') 
A c n y'—i A cn V^T 


In the same manner, if we suppose 6, = — / -b we have 
dz ft ^r mV —\% n dt = (t — —1 t') dt 

zz ^ [(P(sin nt+ V — l.cos nt) + q(cqs nt —V — 1 • sin nt )] eft. 
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— er ~ ntv '~ l -dt - 1 p ); 

V *"= e - mVZri [^ s ^^.(Q+l/^T P) e-«V=r. + const .j, 

the value of the quantity under the sign J is 

By r < { »— > . (q + y/IT. p) + const. ~i 

A L (>-«)/- 1 J’ 

'* *'* Q '> p/) denote as before values of r, q, p, when f = 0. we 
shall have 

const -*Z — (<*'+ V^I.r') 

A CW- ’ 

and *"= _ ^ -A .g-^yCT (^ + V /Z: Tp) 

/-l 

+ ^£ € - m ,V=T (q^+i/TTpO 

A OW ‘ ’ 

V ^ + «//=: 2os=^ Q (e”^- 1 - 

on ‘ y/ZTi 

_5Zp „/— * -)- g— n<V— >") 

™ ' ‘ 

+ g>. (^3+^ 

hence we obtain by substituting for the exponentials their values in 
functions of the sine and cosine, and observing that w= (iz £ \ n , 

*' + *" = 2q = g Qq. 2 sin Mt — p 2 cos «.<] — ^Ssin^nt + 

R/ y , a (a-c) 

— .b'2.cos 

which by putting d and e for their values, and dividing by two, gives 
the value of q, as it is stated in the text. 

In a similar manner we might obtain the value of p, for as we 
have «> - V -1, the original equation becomes 


t- V=r,>=4 ^=7^, 
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consequently if we take the difference of the preceding values of z ! 

and and then divide by y' — 1, we shall obtain the value of 2p 
given in the text. 

(h) By substituting for p and q their respective values, we obtain 
/jsirm* = X R /ry s i n (lZf} nt.imnt + q'.cos^— ^ ji/.sinw< — 

CM A A 

R(Psin a tttf + Osin nt* coswtf)] 

q.cosnt = R , [p / . cos ^~ C \ nt.zos nt — ft'sin^— ^ nt.cos nt — 

cn A A 

R (p cos 2 w£ — Q. sin ntf . coswtf)] 


for 


V p.smwtf + qcosnt = — r'.p'cos 1- Q.sm r.p : 

C?2 a 1 A 


cos ?irf.cosw£-[- sin w£»sin nt == cos ^ 1 — - — nt = cos— ; 

c° s ^wJ.sinntf— -sin ^~Y~) n ^ C0S ^ =:s i |ll ^l — ; 

it may be shown in the same manner that the value of d& is that 
given in the text. 

(i) By substituting for cosv, cosp, cos A, in the values of p' and 
O', we obtain 

p r =z cosd'. sin g. sins' sin i]/ / -f- cos 0'. sing, cose' cosvj/ — cosg. sin0', 
Q' =2 sing, sins'. costj/ — sins, cos s', sin \p', 
which are evidently reducible to the expressions for p' and o' given 
in the text. 

(k) Since the sine of an angle is the same as that of its supple- 
ment, we have in this case sin d very small, consequently sin 2 0 and 


v 0* may be neglected $ hence we have cosfl s: 


- (i-~+&c.) 


— — 1, the value of cosf) is affected with a negative sign, because it 
is by hypothesis an obtuse angle. 

(J) Since cos 2 A -|- cos 2 ^ + cos 2 v ~ l, and r is nearly vertical, the 
squares of cos A and cos^w may be neglected, and therefore cos 2 v =r 1. 
(m) If we substitute for d& and sin0<ty in the value of dc, and 


observe that — — = m , we obtain 

Cfl 

dc zz [cos A sin \|/ cos\J/ — cos^sitvhf/ +- sinS cos\[a — cosAsim|/cos\J/ 
— cos/^cos*\J/] dtzzm [sin 5. cos^/ — cos /&) dt = 02 ( 0 ' — cos p) dt> by 
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substituting c' for its value ; the second equation (15) may be ob- 
tained in the same manner. 

(n) As these equations are of the same form as those integrated 
in note it will not be necessary here to show how they maybe re- 
duced to an integrable form, for, from a consideration of what is 
there stated, it is evident that they may be reduced to the form 
dc f -f* 8,dc + m * (c—$,c')dt = (t 4" QjT^.dt, from which by the arti- 
fices there pointed out, we can obtain 

dz±m \/ — \.zdtz=i m[cos Adz. V'^T.cosjifc] dt, 
and therefore 

*’ = mer-^V^ [J **✓= T ([ cos A - ^/~-i . cos/,] dt] + c,) 

z" = me^V~i (Je— m#-/— f([ C os A + cos F ] dt] + c>), 

••• by substituting for r-mtt their respective values, there 

results 

z f z=Lm [_cosmt—\/ — l.sinmf]$ [cosmtf + V^Tf.sinm*] 

[cosA — V — l.cos^]^, 
equal by performing the multiplication 
z'zz m.oosmt[ cosmt. cos Xdt — m. cos mt$ cos mt \/ -~T. cos ^dt 
+ ro. cos mt S'/—!, sin mt. cos Xdt + m . cos mt$ sin mt. cos j u.dt 

— m \/ — l.sinmt^cosmt. cosXdt—m>smmt$cosmhcosp.dt 
+ m.sin?rctf$sin mt. cos Xdt — wsinwjfjsin mt \/ — l. cos p.dt 
z"=:m.(cQsmt + V - l.sinm()($cos»2*-- V^T.sin^).(cosX + 

V — l.cos P^dt 

= cos $ cos mt cos x,dt +• m .cosmtfjcos mt — 1. cos (i.dt 

— m. cosmt $l/ — l.sinmf.cosAc^ + M»cosmt§sinmt.cosfi.dt 
+ m Y — 1. sin mi J cos wztf cosAcft — m.sinwtf $ coswatf cospdt 
+ m . sin.wtf. $ sin mt. cos \.d\ t -f- m sin.yn^ $ sin mt V — l. cos pdt ; 

z f z (f 

now as c — . g 9 ** these values of and ^^be added together, 

it appears from an inspection of the preceding expressions, that all 

terms multiplied by V - I, destroy each other, so that there re- 
mains 
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X f 4 . jgM 

^ = m. cos mt J cos mt, cos X.dt -f m. cos mi $ sin mt cos (*dt 

— m-sinmt^cosmtcosprft -|- m. siiuntf $ sin mtfcosAeft j 
in like manner as c — by taking the difference of the pre* 

Z y — 1 

ceding values of z' and z", and dividing by 2 y~l, we obtain the 
value of c, or sin 0. sin 4, given in the text. With respect to the va- 
lues of the arbitrary constants, as 

z'=e~^V~i .(cos \ - /TI. cos fc) dt + c], 
s"=e” tt V r -i l (cos A + V^T- cos fc) dt 4 - c'], 

lf a, and b, denote what cos X, cos /x, become when t = 0, we shall 
have (as z', z" — 0 when t = 0,) 

0=«^i/-i.( Al _/~i. Bi ) +c ] = o,o=e-^i/=r[(A l + 1 /rr)B 1 +c 1 ], 

V Ce m, V—i -|- c'e— mt V-* — a, (g«‘<t/~4- e — mty /~ Ij 
+ B > (■ e~^V~ _ e mt^) - 2a,. cos mt 4. 2b,. sin mt. 

(°) In this case we must have = 0, consequently the terms 
multiplied by k, k* , iu the values of sin£)cos\|/, sinOsintj/ must dis- 
appear, and as m is very small, the variations or deviations from the 
horizontal plane must continue very small during the continuance of 
the motion. 

( P ) ^is s ® r ies is that which arises from integrating $ cos A cos mtdt 
by parts, for if we put dx for cosAofr, we have, by partial integration, 

Scos mtdx = cos mtx + w$sin mtxdt = (r/asiti mt )xdt — ?tt 2 $cos mt [xdt) 
= cos m $ cos \dt + m sin mt 5$ cos k.dt* ^ v# cos mt $$$ cos \dt a &c . ; 

and it is evident from its form, that when the variations of cos A are 
very rapid relatively to those of shimt, cos mt, that this series must 
converge rapidly, and may thus be reduced to its first term ; but this 
is the same thing as if cos mt was regarded as constant in the integral 
$ cos A cos mt.dt. 

Now when k, k', are respectively equal to cipher, we have, by 
considering sin mt, cos mt, as constant, 

sin 0 sin $ ss — m.sin *mt $ cos udt -f «z.sinw^.cosm*$ cos a dt 
— m cos \ 2 ml J cos pdt — m, sin mt eos mt $ cos a dt 
= — m* J cos pdt . 

The value of sin 6 cos\{/ can be obtained in the same manner, 
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(#) We obtain by adding the two preceding equations 

■■■ 

(r) Since the pulley turns on its axis in the direction in which 
the vertical forces act, the moments of the forces of the points of the 
pulley with respect to its axis must be added to the forces acting in 
the vertical direction ; and, as the linear velocity of-any point of the 
circumference of the pulley is by supposition equal to that of any 

point of the vertical string, its angular velocity must be equal- — 

. c dt 

(s) This equation becomes, by substituting — for — and 

dt 2 dt 2 

observing that gft = gp.' = w - 


-(r+~-T+Z)Z-(’+?).£ 

=^[ p ' + “-T 

'which is evidently reducible to 

(0 If all tbe terms of this equation be multiplied by dt % and 

afterwards by dz, we shall obtain as cPz =- —dt 2 

dt 1 

dzd 2 z— ^ zdzdt 2 + gadzdtf = 0, 

of which the integral is 

dz*-iP + g0Lzdi i + cd p _ 0) 

■dt: dz 


^ ' gjz 1 — &CLZ — 


gOLZ 


which can be integrated by the ordinary rules* 

W Since J = V^[ce s ^7 _ when { = 0, 


we 


have 


|=o, = V / S.(c- 


°0 — 0, c = c'; 
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and since z = 0, when t = 0 we have 




al 

7 ' 


(v) And since 


e W ? S- 

e i = 1+1 




.-■OT, >(9)‘ 

r 1.2.3 + 0^4 + &C> ’ 


-e.*/fc 
e i 


= 1-0 



1.2 TIF+TXSJ *•’ 


V (al — 





v 2^ r = 2(«;-fe) 



04 £ l * . 

j; 

1. 2.3.4'. 


therefore, dividing by ; S, we obtain the value of y, given in the 
text. 

(*) Since all forces prfo- act in parallel directions, it is evident, 
as they cannot impress any rotatory motion on the body, we must 
have \ypd-c, respectively equal to cipher, and as the moment 

of the resultant is equal to the sum of the moments of the compo- 
nents, we have Har,= $ hxpia, and v x x = 0. 

C y) It is evident from what is established in No. 57, that when 
$ Xda = 0, tydo- = 0, the origin of the coordinates x and y, coincides 
with the centre of gravity of b, 

(?) When the two centres of gravity exist on the same vertical, 
$ '.* }> nnust be a constant quantity, consequently. 


j»$d<r = 

(ci ; ) We have 


which by substituting 
text. 


p, i.e. pb = p, and v pzz^. 


d*w h? f* 

l ~dp- ~Ty° s 


for P its value M g, gives the expression in the 


(b r ) In this case, if each of equations (1) be squared and then 
added together, we shall have 
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_ m 

V ~~' r dt ' 9 an< ^ *•" cos a = — sin 6, cos /3 r= cos L 
{</) When this is the case, equation ( 3 ) becomes 

fca S = -T $ (cos * 6 + sin * 0 •* = -T-l rd " = --b 1 ’ 

JJ-. 7 


hence when 


■•^dt- h 3 cdt A ~ Aoct 
• dt dt --~MT’ and «' = ^--J F > 




W means of this equation we have 

Which is equal to the value of I given in the text, when we restrict 

the expansion of the radical to the two first terms; now by the first 
equation (I), we have 

co „ „ _ 1 dx 1 ( ■ n di\ 

vdt—v[ rsm 6 di)' 

and by substituting fori, and neglectingthe square and higher powers 

. dt , 

°* there results 

cos*=i^ + if£f sinS d *dy \ rffl 1 dfl 

“ * + « 3 V dfi SmS ~dIdi C0S 6 ) r Jt~u r dt S1 " 9 ‘ 

Now as u 3 = — 4 .^., we have ev | dently 

-i r — sinS— 1 , difi-y dt . . 

« dt ?i J L dt- efts J r dl Sln ’ 

consequently, by substituting this value of - irf sin fl in the value 

1 1 dt 

Of cos* given above, there will result the expression for cos* given 
obtained ** 1 * ™ ** mmn * v the expression for cos/3 maybe 

(«) In this case the second terms of the values of cos*, cos /3 are 

evidently eiphev, „dvS«.«* = i = he « e it „ 
evident that the value of^—ia that given in equation ( 4 ). 
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( f * ) Since cos^. eos0, eosa. sin 6 = by putting for cos/3, oosst 
their respective values, 

1 dij . , 1 (dx _ . dy . , .Wa* 

- cos 0 _.C0S 2 ^ + -^.sinfi.cosG U-. -r~- 

udt u* \dt dt Jdt dt 

1 das . . 1 /eta; . _ . dy . a \ dy ?'d$ 

u dt w 3 \dt T dt J dt dt 

if we substitute these expressions in equations (3), we obtain (as 

-. — Creos^cr = 0, C.rsinflAr = 0, ^ C ^^sin 6. 

u dt J n dt J jv? dt dt j 

j 1 d# 2 p 1 1 dy 2 f O . O * / 

cos 6d<r — 0, — A r^cos^rfo-zz — . — . 6y 2 , — ~U\ r 8 sm 2 fink* 

-w 3 dsf 2 J -w 3 *#» / w 3 df J 

1 d?/ t o\ ..Ao — % dx 2 + dy*ly 2 d6 , . 

=*■£*&*• 3 -=- r- J d, = lW ■» 

the text, by substituting u 2 for cf# 2 + dy 2 , and — for 

(g r ) It is evident, from a consideration of equations (4), that 
^ divided by ^ being equal to is also equal to ~~ divided 

by consequently we have tans.—, £ being an arbitrary con- 
stant, and ~(1 + tang^)*, hence there results 


d*y , 

w d, = - 


*** „„ d ■,$= — , 

(1 -f tan 2 e)* ^ (l+tang 2 g) 4 


in the same manner it may be shown that 

da _ (a — %.*) tang £ 
rfr ~~ (1 + tang 2 *)* 

These values of are evidently equal to those given in the text, 

do etc 

and by squaring them, and then adding them together, we obtain the 
value of u given in the text. 

(h f ) If both sides of this equation be multiplied by dt, we shall 
have 
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/i 

( hgdl \ 

' — dM I . 

, cU 

dt 

Te 2 

1 -*£L‘dt j 


' k* 


•log-^1 


~=- 1 -f const j 

a J 


hence if ^2 be the initial angular velocity, we shall have const* ~ 
log&, v log~= ^log^l— + logjQ, consequently — equal 
to its value given in the text. 

Now in obtaining the approximate values of v and the square 
I.., rdQ 

ana Higher powers of — are neglected; therefore at the commence- 
d& 

ment, when = and r is a maximum, the smaller this product is, 
the more accurate will be the values of v and — . 


CHAPTER VII. 

(a) By multiplying the three first equations (1) by cos«, cos/3, 
cos r , respectively, and then adding them together, we obtain 

N.<cos’ a + cos»/3 + cosy) + ■[(«- «,)«OBa + (»_,,) cos 0 + 
(w-wJcosyj^O, 

by multiplying the three first equations (2) by cos*', cos Bf, cosy' 
we obtain the second value of n. P ’ Y * 

to which they are respectively equal, we shall have 
N N 

m "* M / *T" 6 cos HGL + 0'cos h'gV =r 0, 

(C) r rom the first equation (6) we obtain 

that is, by substituting 

__ M / (^OSHGL-h^cos hW I 

M -f M'' “ COS HGL ZZ 0, COS HG^ 
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(d) From the three first equations (4) we obtain, by multiplying 

them by cos a, cosj3, cosy respectively, ° 

2n 

— + «cosa + *cos/3 + wjcosy = ucosa + vcos/3 + wcosyz^cosHG/, 
that is, 

Ow/ (0COSHGL 4-^ COS HVlO 
~ M / + 9 .cos HGL = Q l COS H gL 

(e) In the first equation (7), when 0' = 0, we have 

M0 COS HGL 


0! COS hg£ = ■ 


[ + M' 


now if m, in consequence of its density, may be neglected with 
respect to m', the denominator of the preceding fraction may be 
considered as infinite, relatively to its numerator, consequently, we 
shall have fl,= 0; when the bodies are perfectly elastic, the first 
equation (8) gives in this case, 


0 ,.»C KG l - ( M — Mp < ■ COS HGL 
M + M' 


and the second member of this equation, when m is neglected rela- 
tively to m', is reduced to - O.hgl; the value of the second equa- 
tion (8), is in this case 

9/C0SH'G^=-!- Mfl - COSH ^ 

M + M' ’ 

= to cipher when M is neglected relatively to m'. The preceding'/ 
cases strictly obtain when m, whether perfectly elastic or soft, im-J 
pinges on a fixed obstacle. J 

(/) Since Ma' == Ma 2 mM, consequently, a' = a — 2hb } and 
by what is established in No. 886, we have 

f.Mc*a=Mac, £McV =Ma'c, v £ Mc»(a— a')=s Mc(a-a') = 

hence we obtain 

cc and v a' + coc,' = a + col — 7hb. 

(g) When the absolute velocity of the point k is constantly ne- 
gative, its initial velocity a + col and its final velocity a ' + col' are 
both negative 5 consequently, as of + ca's= a +• col + 7 Kb, a + col 
jnust exceed 7 hb* 

(h) Since the final velocity of k is, supposed to be equal to 
cipher, we have 
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«' = - ca’—Sh b ') - e „- a (g±fg_> 5a-2ca 

2 7 a — 7“ * 

(0 By equations (6), and on the hypothesis that y = 0, we have 

- + m cos x + v cos /3— «, cos a— v, cos /3 + + M ' cos a! + /cos &' 

M' 1 r 


+ w' cos/- w/cost/- Vcos/3' -«i/.cosy'=0, 

which, combined with this equation, gives the expression in the 
text. 

(A) By multiplying the three first equations (a) by cos «, cos /3, 
cos y, respectively, we obtain, by adding them together, 

M.(a.cos«+ &.cos/3 + c.cosy) - m («cosa+ »cos/3 + wcosy) 
— n (cos 2 a + cos 2 /3 + cos 2 y), 

from which by substituting k for its value, and dividing by m, gives 
the expression in the text. In like manner, if the three last equa- 
tions (a) be multiplied by cos a, cos/3, cosy, respectively, and theu 
added together, there results, 

N(cos%-|-cos s /3+cosV)+N\(cosacosa'ri-cos£ cos + cosy cosy') - 
/«.((«, cos « + v l cos/3 -f- w, cos y) = 0, 
i. e. N + n' cos S - p. (*, cos * + a, cos (3 + w, cos y) = 0. 
Hence the first equation (b) becomes 


N + N'COS $ N 

~~ M 9 


and^± N - CQ - S j = ^. 


P M (J, 

therefore, from the first equation, we obtain 


V 
m' * 


and from the second, 


n'=(V_!!£_ n \_L 

V- M J cos S ’ 
(top — N.COsf> . 


hence, by comparing these two values of n', we obtain 
N given in the text. 


the value of 


UHAPTER VIII. 

(a) If the weight of the string be taken into account, the string 

can no longer be considered as rectilinear, for it will be then ’acted 

on by three forces, namely, the two tensions at its extremities, and 
this weight, acting at the centre of gravity of the string. 
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(b) Since the elements are proportional to the lengths, if the 
element at the point m he denoted by p we have 

P y j pdx 

p: - dx:l v p = c -p. 

g r gl 

( c ) By substituting in the first equation (1) its value for T, we 

obtain, as dre = and d (x + u) = ds, 

ddu p (Pu 
q ‘dx~"gii* d *' 

and in the second equation (1), as d .r— =dv^~- 4- t there 

v ds as 1 ds 

results, by substituting for T and dr, 


that is, 


ds 


ds dx gl dt 2 




hence, as by hypothesis, we may neglect ~ we obtain 


dx ds ' 


ds gl dt* 


dx> 


as we 


may substitute ^for this equation is evidently the 


same 


as the second of equations (2). 

(d) See Lacroix Traits Elementaire } No. 319, the equation may 

be reduced to an integrable form, also in the following manner : 

dftt/ (Pu /A/ 

Since ^==& a -|~, if to each member there be added — , 

we have 

i-oh-s— =[*+•& 

hence, if we suppose ^ = ^, we have evidently 


dz ^ dz 

Tt~ a W 


dz dz 

-y-dtzz— adt, 
dt dx 


if to each side there be added < ^-,dx > there results 

ax 
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dt dt + d* dx ~T x ' d -^ + at )> '■' zor< dl Jra %= *(* + Q 0, 

* bein S an arbitrar y function of » + at. I„ like manner, if « Jl- 

dx.dt 

be taken from each side of the equation g = «*g, we shall, by a 

similar process, obtain — — ct-^ — ^ .j, being another ar- 

bitrary function, therefore, by adding and subtracting these two 
equations, we obtain 


dy 

dt ~ ^ (* + ®0 + | Ip (X — £»<), 

% 1 1 

— g-tK-ar — ai> 

consequently, 

7 dy dy 

y ~dt dt "** a t)dt+-Lqr at ) 

dX ~^ {X + at)d *=^(*+*t)M* + «t) + l r J(x-at) 

t}* . a< ^ ■ + F(«- a<), f and f being twofune- 

tions depending on and 

<*) SmCe ^ = ®S V*d*=fs- vat, we have evidently 

^ + $ar = 2 fa, — <t>x— 2 f^. 

the 2n Jut' th"" ^ k"™"’ b6CaUSe * = ^ is the ^tion of 

to V s fh • C °T enCement ° f the m ° ti0n ’ the 0n, y restric ‘ion 

o <p is, that it must be equal to cipher when * = 0, * = l- h may 
be as is stated m No. 488, a discontinuous function, i. e. the form 

sltedi r^ ^ made U P of differe "‘ P^ts, which are not repre- 
sented by the same equation, i nits,,extent from a to g . From the 

circumstance of the extremities a and b being fixed, the remarkable 

eauatiorW t 'f ^ in e q uatl °ns (5) are inferred; from the first 
equation (5)_ it follows, that reckoning from a, the curve represented 

by y — is continued on each part of a, and has corresponding 
rmseachs'de, the one being above and the other below ab; and 

l e r r aU ° n <5) f ° WS that ^ Same » ^so true with 

Sr fo m th P ° ,nt ! 5 • 6 r" 6 " C ° ntinUed ° n each side > - ith - 
milar forms, the one being above and the other below the axis ab. 
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(g) In this case it is evident, tliat the ordinate of the curve 
must be a maximum ; and when the initial velocity is cipher, i. e. 

i ~ d.fx d. va 

when 0, — ~ , v f* = Par, and the value of 7 / in equa- 

tion (3) becomes 

2t—J {p° 4“ at) — «£). 

and the function/expresses the original form of the string, i. e. the 

form when t= 0 , consequently / is known, and from equation (5) 
we have/? +/( - £) = 0. 

(h) In like manner, after the time equal to -, the form of the 

a 

curve is the same as at the commencement, with its position inverted, 

and after the lapse of the times, ??, & c ., the figure will be the same, 

.. l 

if we suppose«t_ -we have the figure the curve assumes in the 

middle of the times between the extreme positions, which have 
been just discussed ; in this case when there is no initial velocity, 

+ y) +f(# — and since by equation (5)/^—^ 
— there results 


tile abscise indicated b, , + i „d i refer to ,>oiot. a squal 

distances from the middle point of ab, if in the original form of the 
curve, the ordinates for the portion between the middle point and B 
be greater than the ordinates for the portion the middle point and a, 
L e ‘ if [t is not symmetrical, then the part of the curve which is to the 
left of the ordinate that passes through the middle point, will be 
above the axis ab, at the middle of the time of a vibration, and the 
position of the portion which is at the right of the middle point will 
be below ab, and similar to the other portion inverted, so that in 
this case the string is never rectilinear. If the ordinate raised at the 
middle of ab divides the curve, in its original position, inio two 
equal and similar parts, then the ordinates corresponding to the ah- 
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C t l 

scisss3 g ■" ** 2 X are e< l ua > therefore, in this case, whatever be 

the value of x, y vanishes when at = consequently, in this case the 

curve becomes a right line at the middle of each vibration. 

(0 Ia like manner for equation (d) we have 


aw* 

ii 

2vra 

--- p -2 

(Cl. i%x f ■> 

\ . . i%X , iirat 
) 4sin _. sm __ 


iiT# 7 \ 

sm — j — tyx'dx' J 

sin 

lar# isrfltf 

—• cos —> 

dty 

% (Cl - 4V#' . 



dt* — 

p 2 

- sm — y <par ax' j i*sin-y. cos— y 

- ■ 


Z . wr#' 

^ sin tyx'dx' 

■)*' 

. iV# . i’xdt 
• sin — j — . sin — y , 

ii 

M 

l . ilex' ' 

^ sm fyx'dx' 

\ . «V# ir at 
j^o^-cos — 

+ 


cos 

»<r# . 

— sm —’ 

A _ 2«r« , 

da? “ P 

J 9 s m T ^j 

^ . iV# 

1* Sin -y COS -y 


Sir /Pi 

• , , ,, A 


»V# . ivat 


Pa \J0 

sin— <j/x / dx'J 

| ism — . sin— 
l l 


hence it is evident that^ = a 2 ^ . 

dt* do? 

(k) When # = — the equation §xr=zh sin^p^ ss h sin which 

therefore is the greatest value of <(>#, or the height of the trochoid. 

(l) As <j/x=:0, the second term, second member of equation 
(d) is cipher, and the first term is reduced to 

2hrl 


y 




. . m-rX' \ . mar# mnat 
sm* — — da' A sin — y cos — — ; 


. mnx'dx' 2m<itx'dx f , l 

as sin — j — — — i cos ^ • + Jd#', the integral is equal g 

when taken between the limits l } 0, consequently the value of y is 
that given in the text. 
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(0 d± jr = 5 = zq^r- ~ w){ * + Swy ’ whichwl,en 

& is neglected becomes the expression in the text, and as by No. 
483, T— wzzq^ t by substituting this value of T — w we obtain 

1 , consequently, when 5 = 1, q == A. in which case the ratio 

1+5:1 becomes that of 2 : 1. 


Notes to Paragraph II. 


(m) As dl is by hypothesis the entire increase of length of the 
rod when subjected to tension A, ddx is the increase of length of the 
part dx of the same rod, No. 288, therefore we must have t : A :: 

dw : l.dx, v t = j . and, consequently, q = — ; now when x=0, 


the equation of motion is — % substituting q for 

. d 2 u pd 2 u 

(»&) That this value of m satisfies equation (1) is apparent at once 
by taking the values of — as in note (i), and substituting them 


in equation (1) ; it is likewise evident from inspection of this equation, 

that w = 0 when x = 0, and ~ = 0, when x = L 

dto 

(o) In taking the value of in this case, it is evident that the 


two first terms in the value of u need not be taken into account, 
and the third telrm becomes, when differenced with respect to t f 

= I ^ <jj>'x'dx, and the fourth term when differenced with respect 

to this same quantity is 


2 ivra 
na 


• s (S5 cos! 7“^)r 


cos w cos 


■itab 

~T~' 


which when i zz 0, is the second term in the value of 


du 

dt 
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( p ) Beyond a the extent of the original agitation, as long as at ^ 

# — a, the functions/^# atf), f(#~ a£), are cipher, and consequently 
the quantities v and s , they have a finite value, the moment that at rz 

# — a, then they become cipher again, when a# = # 4 - os, so that 
the agitation of the points situated on the positive side of x com- 

ti? Ct X ol> j j - 

mences when t = , and it lasts from to t'zn , or 

a a a 


during an interval of time = — , and the portion which is agitated 

CL 

at the same time, is comprised between x = at — a, and#= a, 
so that its length is 2 a, v as the extent is constant, i.e. 2 a, and the 

2a 

time the same in all, namely, — the velocity = a. The proper veio- 

a 


cities will depend on the equation v — ^f(x — at) — - v(x —at). See 
Nos. 660, 1, 2, 3, 4, 5, 6. 

(a) Since as v s = ^, + sdx must be an 

V2/ dx dt dt dx 

exact differential. Lacroix, 261. 


Notes to Paragraph III. 

(i q ) As q>'x = h from x = 0, to x = c, the integral of J <p'x'dx' in 
this interval n hc 9 and as from x — o to x = l } p'x = h,', the inte- 
gral ^tp'x'dx' in this same interval is h f (l — c) = h'c\ consequently, 
from x = 0 to x = l 9 § tyx'dx' = he h!d . In like manner the 

integral of <p'x r cos^^- dx' from xxzO to xzzc, is h .sin and 

from xzzc to xzz:l, this integral is ~ .A', sin — — - — — = — -t-h'. 

vk L nt 

cositf.sin^; v S®'#' cos — —e^from xzzO to xi=zlzz- 7 -(h — ft') 

. «9TC 

sin "T’ 

(r) See the expression for u given in the third case of No. 495, 
and as t =;y.~ by differentiating this value of u with respect to x , 
we obtain the expression for t given in the text. 
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V l 




S -7- ■ r ■ s'cos - i-.J cos^^W— * .; n ^\ 

< **■ / iv > ‘ 1 1 ~rj' 

••• S*Wi£.“? =**.*=! + if 

* * f sir J *v ~’ 

which when taken between the limits of l and 0, is reduced to 
2 1 2 . 

17 cos ITT, l being substituted for x>, hence by putting this value 

in the preceding equation, we obtain x- - -.slcosw.sin — 

it i l 9 

and by making j. = S, g = - £ - cos *V .sin . iQ, therefore by substi- 
tuting for i all integer numbers from i = 1, to i = x , we shall obtain 
(by remarking that cos iw is alternately - 1, and + 1), the value of 

2 furnished by equation ( 3 ). 

(t) This value of v, when t is either cipher or an even multiple of 
? results from the eq^tion sin cos sin .V ('£±f) + | sin 

in. ^ ^ J f and if in these last terms, l— -c' be substituted for c, they 
become b sin fa isimV which are respec- 

tively = f costV. sin it • (^~j^ — £ costV. sini,r. ^ . 

(“) By substituting these values in equation (4) there results 

•= 7 (b+ ' — (2^)] = PT 

substituting c for l — c', and remarking that l r= c + c') h'. 

(«) When x — l, then cos —■ = cos it — (— 1 )i, consequently 
the value of v is that given in the text. 

(x) This appears at once from the consideration sin — cos — 

l 1 

. t ■ i*(c — x) , . 

— f sin - — + ^-sm j and that cos w = ( — ])i, 

(#) ^ the second case of No. 495 , when a is fixed and b is free, 
the first member of the value of u vanishes by hypothesis, and the se- 
cond becomes by substituting — k for <p f x = 


t costV. siniV. ( ~ i. ~ 
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— — Scos (2 * _1) ,rtf 1 • ( 2 «'-l) • (2i-lj 

2 CCS $r~ ) ~(2 i-iy s,n ~2T "*• sm — 2T“ ^ 

= (“ cos *■ (^ - c) = (- 1 >«- cos 21^1} xc ^ 

the value of u given in the text, 

(z) In equation (7) of No. 326, when x is substituted for <(>,#, 
and then differenced with respect to x 7 it, becomes 

dx ~~l 2 (§0 *' sin - 2 ( P'-'U . cos &zU #x. 

Now the integral of a '.sin = — — x >. cos 

M (2 I)tt 

, 4J 2 . 

2/ (2 i— I)V Sln — 27 — 5r * r '> ™ben taken between 

the limits J and 0, becomes 

4/* . r 4/2 

(2 * _ i) V ,Sln ( 2 *’~ 1 > 2 = (2i-l)V 5 

consequently, we shall have 

*=r 2 fs=rc"“f ? fe 1 V**. 


sm — ^ — ^'sin - — — — -7rat 


- UFa 2 ccs ~zT< 1 -^ sin ~2T %x - sin 2T“ ^ 


~ l ~ (&'— lj?r \T5rr aX ’ 

that is, dividing by <&?, and substituting 6 for — , we have 

1 = J- £ 2?~T ,cos < 2i - 1 )- fi > 

therefore substituting their different values for i we obtain equation 
( 6 ). 

(«') By substituting l- e' for c, sin ( 2t '- 1 V(g+ <0 _ sjn 

= *<* - „ 4^0 „ 


(2i-!)J = 0. 


C01 (2j _ 


= - C qs ^=1Mi±£!2 
2 / 
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Notes to Paragt'aph JV. 

(a) As the variablesare by hypothesis independent of each other*, 
it is evident that when l = 0, is developed, as pointed out in the text, , 
the coefficients of each of these variables may be put separately equal! * 
to cipher, and they must consequently contain one independent va« t 
riable less than l = 0, the given equation of partial differences. » 

(b) If we suppose in equation (a), that 6 =t—h 9 and also that . 
the coefficients p, q, r, &c, are functions of then we have 

it = p(f— + Q ,(t—h)P + r.( 0— 7*)r +■ &c., 
and, by substituting for u in equation (b), we obtain 

h)p-\ +yB.(<— AJr- 1 + &c.= 

+ a, i& + &c ‘ '• 

now in order that these two scries may be identical, we must have 

cP p d* q cPr 

« = 0, 0=1, 7 = 2 , be.. and « = <*£-? 2 R = a^,3s =a^, 

xc. ; and it is evident from inspection, that all the coefficients de- 
pend on the first p, which alone remains independent, if wo call it 

d>tf, then Q = , it = - f - f - " , and so on ; honeo wc obtain the 

Y * dx* 1.2 .dx* 

value of u furnished by equation (c), 

If now we suppose 0 = (x—h ) 9 and v the coefficients of series 

(a), namely, P, q, r, &c. to be functions of t, we shall have 

«« =p (#—&)*+ Q(jr— A)/®+ r(jp— A) v+&c., 
and by substituting them in equation (b), we obtain 

&c. =a«(a-1 )?(*-/*)•-* 

+ a./3.(/3— h)P-* + a.y.(y—l) n(s— h)r~* + &c . ; 

since the exponents a, |3, y, 8, & c, constitute always an increasing 
series, in order that these two series may be identical, the first term 
of the second must disappear, consequently we must have either 
a = 0, or a = 1 5 in the first case, the other exponents j3, y, 5, &c. 
must bo the even numbers 2, 4, 6, &c., and in the second case, they 

4 R 
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must be the odd numbers 3, 5, 7, &c. 5 therefore in the first case we 
have 


dp 

dt 


1.2.G5Q, 


and in the second, 


fa o , „ dR 

-^- = 3.4.«r, — = 5.6.«s ; 


dp 

dt~ 2 ‘ 3,aQ > 


dt 


= 4.5.AE, 


dR 

dt 


= 6,7.«s, &c. ; 


consequently there will result for u two series, one of which proceeds 
according to the even powers of (x-K), and the other according to 
the odd powers j and in each of them the first coefficient p remains 
in eteiminate, and all the other coefficients may be expressed in 
terms of f, winch in this case is a function of t, v if i n the first case 
i be called rf/t, and in the second f (, we shall have, by making u 
equal to the sum of the two series, equation (d) of the text. 

(e) By Taylor’s theorem, we have 




u" + 



u'" + &c„ 


in which u is the value of u when sc — A u' = —, u" — &r on 
, dx ~ dx* 01 

t ie same hypothesis ; now from the equation (b) we can obtain the 

I j. d 2 u d A u 

va ues o &c. when x — h, in functions of t, consequently 

it is easy to conceive that the resulting value of u may assume the 


u — 1 pt 


(x-ny d^t 

1.2 ' dt + 


(at—hyd^t 
1.2.3.4 IF &c ' 


(x-h) 

1 


+ 


(x—hy djst t ( x—h) a d-'tt 
1.2. 3 adt + 1.2.8. 4.5 TddF’ &c ” 


which when the constant h is made equal to cipher 
senes is developed according to powers of becomes 
(d) In fact if in series (d) we assume 


i. e. when the 
series (d). 


^t=A.+ 


1 + 1.2 + 1 . 2.8 "+ 



&c., and ¥t = a' + b 't A- — 

~ 1.2 

+ &c., 
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b, MW .h. of f , ta, 5* « . t „ »d .o. 

ranging them into series proceeding according to the powers of 
we can obtain the series (c). 

(e) By multiplying both sides of this equation by dt 9 there re- 
sults 

dp , logp 

aardt . , and v j— - -.= and v p= a*® 0 ’*, &c. 

(/) This is evident by substituting for its value 1 _ - + 

w 4 * 

“ &C *> f ° 1 ' thcn W* 1 - 1 = W 2 "~l - cu’H-l + w 2n+3 _ w 2»+5 

+ &c., and when these terms are respectively multiplied by dec, 
and integrated between the limits oc - oc, each of the terms is ci- 
pher, v C 00 a> 2 ”- 1 dca = 0. 

J — oc 

(t?) B y performing this differentiation with respect to g, and dividing 

by dg, we obtain C *«--**• oMI wsri*, C °° e-ff“Vrfw=— 

0- oc 2 g* J-oe 2* 

S ee , 1.8.5 A; „ 

_ oc® # = ~yr •-£> &c-, consequently, the value of the 

o 

» <& term wheng = 1, is that given in the text; this formula evidently 

* ; 2 71 n> QC 

gives k — ^ «-• a> 3 ”'d«, whore » may be any 

positive integer. 

(A) If in formula (c) we suppose each term to be multiplied and 

9/y> 

divided by equal quantities, namely, — — C 00 «-»VVc« 

and A, we shall evidently obtain by concinnating 


M - A L «(** + + L2.8.4.** +&cc -j *-“* ** 

but in consequence of what has been established in note (/), namely, 
tllat S-°oc e ~“’ “"” _1 = °» we ma y evidently introduce in this 


4a/ 4 , d z ®& IdaPtPP&Sa 


value of u the terms i\/ at X c—<*’ud<a, Hat*/ al^^X 

dV J — QC J 


-d'ptiY OC 
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e “ w'dtv, &c., for they are respectively equal to cipher; conse- 
quently, the value u naay assume the form given in text. 

(t) As wdm = —~ by partially integrating the value of 

du i , . dn 
^ we obtain - = 

~ P'C* + W5> ~ + g ( »+2» du>, 

consequently, as the first term of the second member of this equa- 
tion vanishes, we have the value of equal to that of « 

When the Tadii of the interior and exterior surfaces of the 
cylindrical slices are respectively r and r + dr, the base of the slice 
will be equal to 2 ntrdr, and this multiplied into their height or its 
equivalent er ~ r , gives the volume of the slice equal to 2 ire — r% rdv, 
and this when integrated between the limits 0 and ao, gives the 

volume of the entire surface of revolution equal to 2*- $ “ e-r’ rdr 

~ i r, for the value of e-'rdr when r = x> is 0, and when r = 0, it 
is equal to — i-. 

This value of k may be also obtained from the consideration that 
if e— “Vco be expanded into a series, and if each of the terms be 
integrated between the limits oc, - oc, the result will be a series 
equal to the known value of yV. 


(0 = 

therefore, 


UJ° 

sin 2aoo~2acv 


(2aov) 3 


f &c . 5 


e-*>\sm2j,ujdtv 


= fl -—4- w4 ^ 

\ 1^1.2 L243 



~r 


(2ouv) 3 

UksT 



dcx 


*.* ivlien these two series are multiplied together, and then integrated 
between the limits a, - a, the result will be evidently cipher. From 
similar considerations it maj be shown that 



0,4 cos 2 oLojdto = 



e w * dcu cos 2 a,wdw. 


(m) As cos (at + 2aoi) =± cos a', cos 2 K(y — sin at sin 2 aw, by sub- 
stituting this expression in the value of u, as the function of a; can be 
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taken from under the sign of integration, and C 50 e-“*sin 2aa;r/a)=0, 
, v— x> 

we have evidently u = — — L ■ ^ <?— »" cos Qouvdcu zzz e—** cos v 

(• DO _ i/Z 

j q ^ w cos !2ao)^o) — e — a * 


(«) Since cos 2acv = 


e a«(dV— 1 0— 2awy- 


a 

stiiuted for a, the preceding equation becomes 


when at/ — lissub- 


30" V 2 )dtxi = — « u . 

0) As by supposition l=0, is not higher than the second de-i 
gree, when series (#■) is substituted in place of u in l = 0, the result 
must be the value of L given in the text ; and as the equation l= 0 
obtains whatever may he the value of t, the coefficients of e** eP*, 

&a, must be separately equal to cipher, from which it appears that 
equations (h) obtain. 

( p ) By making this substitution we obtain 


■f 


* = (! ±|V=T) ^ - (|± %V~) + &c . 

+l-/ v/rr + e_, ‘ t/=r )+ |V^r y+&c, 

= (by substituting for the exponentials their values) p cos A t + 
q cos fit + &c-, + ft sin A t + q ' sin fit + &c. 

(<?) ^Y!* en ^ v > 8cc-, are real, then /3, ol r 

and wee? versa. 

(r) In equation (i) when t = 0, in whch casew z) by 

hypothesis, we must have (as cos A^, cos fit, &c. are respectively equal 
to unity, and sin A t 9 sin fit , &c., are respectively equal to cipher) 

#,) zzp q- q + r + &c., in a similar manner it may be shown 
du 

that when we take the value of — in this equation and then suppose 
t = 0, that we will have f (a, y, ss) equal to xft -f pq' + &c. 

*'4 
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Notes to Paragraph V. 


(<)As™_9+l (/ 2 ra _-JL_ = (»+.,-*= ‘ -2-) 

? ' P '’ 3 “27’ wh!ch dIffers from result obtained by Chladni 
by a ^th part q. p. 


(«) See the different cases which have been discussed in No. 320, 

the quantity b- ~ of that number. 
you 

(v) Since p is the weight of the rod,^ is equal to the quantity of 

matter, and oi being the area of its normal section is equal to the 
a S lu > 

density ; now as * = JL by substituting « M for (3, and 
for uiy we obtain equation (5). 

(#) In tins case ®is constant and equal to the base of the rectangle, 
and -.- co- 2ev, likewise as the centre of gravity is equally distant 
from the opposite sides of the rectangle, we have k-k' = s , and 

the integral vudu\ becomes ® - #OT . _ ^ there . 

fore, ^ = h\ and h — ah ~ — Q£ . 

3 1/3 

(y) In the case of a cylindrical rod by substituting for v, k, k', 
^=^_2\/ s ^-uKuMu, now if we put u = ey, the quantity 


i#M 2 dv, may be made to assume the form 2 a* ( ~~ = _ 
y*dy ■ . ' / ~y iL 

l/l— yj the lnte & ral ofthese two expressions are respectively equal to 

2*.(~^l/l-/ +i(arcsin=^)) J 2 6 ‘[^+ : A] 2e*. 

• 1.3 

2a arc sin = y- 

Now when u — e, y = 1, •.* when the preceding integrals are taken 
between the limits 1, -1, the parts multiplied by 1 /fZ/ vanish, 

and the circular parts become respectively g % _ 3 conse . 

2 2 
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quently the value of uih* taken between s, — s, is s 4 5, as u> = vs 1 
h == |, and b = ah = 


(*) In the case of a triangle, as its area is equal to the base mul- 
tiplied by half the height which is equal to 2 s, we must have co = as, 
the integral of vu'du is supposed to be taken between the limits 
h, —lc', reckoning from the centre of gravity as the origin, v as its 
distance from the vertex is two-thirds, and from the base one-third 
of the height 2s, we must, in th sjirst case, have k = -*-s, k' = J £ £ , 
and in the second k — -J s, k'—$ s. 


(“') Therefore in this first case we must have v : A : : — 4- n : 2s 

3 1 

, I r4eu 2 dn , , -n 

’ vu du — ^ I” u*du J of which the integral is 

l fisu 3 t W 4 -J 

Ts L~ + Tj 


which taken between the limits and ~ becomes equal to 


21 

9 






which after all reductions is equal to ^-==uA a , -.-as As, we have 


== — , and consequently l — ~ 

(&') When the convexity is turned downwards, we have vu*d'u = 


£ / 2 E\i l du 


a 


of 


which the integral is ^ 


^ f2su 3 w l \ 
V~ + 4/ 

when taken between the limits k = ~ it becomes 

o 3 

f ff 2’-i 3 / /4< 2'1\ 

9L3 3 ^ £ ’ "*■ STiTs ' ~ 3y 

which also, after all reductions, becomes equal to v k 2 ~ 


and 


and b = as 

(®0 Asp and q are functions of x, if this equation be differenced 
with respect to x, wo obtain ^ = ^.sin m*bt + ^cos m*bf, and 
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in like manner, if this equation be differenced twice successively with 
respect to t, we obtain ^ — — mtyp smmtbt — ;«% 2 cos nfbt ; 

now if we suppose m'bt = we have ^ = and ^ = -m*b*p 
* ax' dx* rft 8 e 

= by equation (l) - b 2 m'p — 

dx* J dx* 

\d') For the integration of this equation, see examples of the 
differential and integral calculus, page 393. 

(e ) By differentiating the value of jt> twice successively, we 
obtain 
d?p 

Awj 2 sinir— A''m 2 cosOTjr-f-|-B»i 2 (e»« ! - r e-»»)-f.4B , ?)i 2 (e”“4- e - »«) 
which because it is equal to cipher when x=0, gives h! — b', in 
like manner by taking the value of when x - 0, we obtain a =b; 

now as the values of — , —l t &c., are also cipher when l is put 
for oc in these values, we can obtain the equation 

a (2 sin ml-+* + er**) = a'(*>»+ 2 cos ml), fcc. 

• (/0 expanding this product we obtain 

4 sin 2 w/ e Swi? + 2 — 4 cos mH — 4 cos ml,(e m * e~ ml ) -|- e 2mi 

+ 2 + <r 2m * = 0, i. e. 8—4 cos ml (^-f- — q. 

(g-') If in the expression for y we substitute for p and q , their 
values, and observe to put for a, a',c, fas, the quantities to which 
they are equal, we shall obtain equation (b) ; now the value of 

d& = (£»* 4- e~ ml - 2cos ml) (- »j 2 sin w* (e™* - e-»“) + 

(2 sin mZ — e -mZ ) (— m*cos («”“ -{- e -»«>), 

but when « = 0, this expression is evidently equal to cipher, and 

when ob zz L it becomes 

* 

[(e ml + 2cos»»I] [— m z sin ml + ^ m z (e ml — _|_ 

(2 sin wZ— e™t+ e-™ 1 ) (~m 2 cos m/+ 

which is also equal to cipher ; in the same manner it may be shown, 
d s x * 

that dx* ^ * n same circumstances. 
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(^0 ^-3 — (e ml + 2coswi£)[— . 7 n 3 cos^+^wi 3 ( 6 m# 4 ’^' wlr )+ 

(2 sin ml—e mI + e-™*) (rn? sin mx + £ m 3 . (e™ — b ~ in *) ; 
and, therefore, 
d*x 

— — (e™ + e-™ — 2 cos w/) (Vz 4 sin mx + \m> + 

(2 sin ml — e 7ni e~ ml ) (w 4 . cos wi# -{* (e mx + e* 171 *), * 

which is evidently equal to m 4 x. 


(*') If in equation (a) we substitute 1 'fo rcoam l t 

<u 

then it is immediately evident, that if m is a root of equation (a), so 
will — wand zL 

(*0 lt is evident from the value of x that it does not involve t t 
f d 2 xy xd 2 y 

therefore, consequently, when equation (1) is multi- 

plied by xdx 9 and then integrated between the limits l f o, it may be 
made to assume the form of this equation. 


rlr\ f ^ d*y d 3 y C* dx fay 

(; Jo 7 ^’ and this last <l uantit y 'S equal 

dx d 2 y f* d 2 x d % u j At 

ihc'i &~ 3 d&'d& dx ' and this < i uantit y is e i ual to ^‘£- 
f*>x dy d*x rd*x , 

Jap-s^ = a?-y~j3si3 wiW - 

(m f ) Since by equation ( 4 ), y = <px,^z= <p% when t = 0 , if in 

the equation ^xydx = h cos m?bt -(- H'sin m* bt, and in its differential 
with respect to t, we suppose t = 0, we must have, as is stated, 

^ xtpxda = h, ^ xfxdx = m'bn'; 


now if in the first member of equation (e), we substitute for y its value 
derived from formula (6), it is evident that as the second member of 
equation (e) contains only sin m%t cos m 3 bt, if such a root as m! is stated 
to be, occurs in the value of y, and if x' denotes what x becomes when 

m is changed into m', we must have ^ xx'dx= 0; and in the case of 

m — ot ; , when formula (b) is substituted for y in equation (e), then 
VOL. n. 4 S 
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as this equation obtains for all values of t , we must have the coeffi- 
cients of the corresponding circular functions equal, i. e. 


3 So xS ^- = iSo x ^-’ &c ‘ 


( % f) In differentiating the second equation (A), it is evident that 
the differentials of its second number must, in this case, be cipher, and 

when we obtain a differential of the form we can 

VJo <*** 

by means of equation (d) substitute m d x for ^ 7 , and thus obtain 
the expression in the text. 

(o') If we substitute for sin m?bt } its value in a series, it is equal 

m 2 bt m 6 frt 3 ... 

to — ; ; — - - ^ — &c., v when this is multiplied into 


1 1.2.3 r 1.2.3.4.5 


X , _ A ''X.&M3B m \ 

£ • tlle ^ rst term IS equal to *£ ( ^-7 1 x, and 

V So x ^ m b V So x 2 dx ) 

the coefficients of the subsequent powers of t are of the form 
(&Yxdx 


A**V*d* -\ 


£ xm il , and therefore equal to cipher. 


So x2 ^ 

0*0 Since e-^ = l ± t 4 -_±_ 4 - &c., sin = -y 

+ &c., if their values in series 


■ 1 “'U^8 + &C ■ , eosma: = 1 - ] 2 
be put for e ml y e—™ 1 , e”“, «-•»», sin. mu', cos mx, &c., in the expression 
given for x in page 305, we will obtain by restricting ourselves to 
the third power of m , 


s= ( 


, , „ . 2.w s 2 s 

1 +T+X 2 +1 -”*+15 " 2+ — ■ 


H- 


m 2 l 2 


imz + + &c.J iij>3 . 

■ -JJ- + i + -g- + & 733- + i - i rnx 4- 


ml mH 3 \ A 

t 1.2 

- m 2 ^\ 

4 '7.2 J’ 


which, by obliterating quantities that destroy each other, and concin- 

4 vntf 3 

natingjbecomesSfw^^m# — . = 4 mtf*. 


H> 


now when this 
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expression is substituted in equation (g), it becomes (by taking 4mH l 
from under the sign of integration) f — - — j |^\ (3# — 1) qxd.% + 

$ 1 (2> x _ r) divided by (Ll*? J 1 (+d*~ 

l>lxdx+-dvj 9 and this divisor when integrated between the limits /, o, t 
f 4 m* l 2 \ 2 

is equal to ( — - — J J 3t , consequently, the value of the term in question 

will be that given in the text. The reason why we restricted our- 
selves to the third power of m in the expansion of the exponential and 
circular functions was, because if higheT powers were retained, they 
would not be obliterated by corresponding powers of m in the value 

of V x*dx, consequently, when m is supposed to be infinitely small 
•10 

they would vanish. 

( q f ) In the case of an entire vibration, in which the vibrating 
body returns to the point from which it set out, we must have 


\2 

£-&T = 2tf 


2<r#* 

t == y - — , and as & is the thickness, it is evident when 


A is given that n = varies as 

( r ') In the case of a rectangle, if the base be 2 a' and height 2e, 
it is evident from the expression given for b in page 302, that the 
values of n will, every thing else being the same, be in the ratio of 
e: s'. 

(s') When the normal section is a triangle, the value of 6 s in one 

( 2 y— 

case is — - — , and in the other as y §, so that in the two successive 
o 


semi-vibrations the values of t will be different; however, as it is 
evident that in these two vibrations, they interchange values, the en- 
tire vibrations will be always isochronous. 

( t ') In the preceding analysis the rod was assumed, as stated in 
page 300, to be free at its two extremities, here it is supposed to be 
firmly fixed at the extremity a, and free at the extremity b, in con- 

j 

sequence of which we have g — 0, and =r 0, but this expresses in 

general the angle which the tangent at the point a makes with the 
axis of x , consequently when it is cipher, the mean filament must 
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coincide with the tangent at the point a ; and in determining thes 
constants a, b, See. we must make use of the equations # — 0, y ss 0, 

~zzO, instead of equations (2). 

( V ) It is evident that neither 8 nor 8' can surpass for if they 

did, then we would have, for instance, 8—^ + in which the ex- 
pression for A could be reduced to a form in which 8 did not sur- 
pass^; now it is evident that cos(^(2i + l)tf if i) = ± sin£, it 

follows that if in equation (a) we substitute for ml, we can obtain 
immediately the first equation (k). 

(v>) When t = | we must have »*(*+»«+» + = 2, 

2 

consequently these exponents must be respectively equal to cipher* 

7T 

and as # = - we must have i = 0. 

(x f ) By supposing 8 = 0 in the second member of the first equa- 
tion h s we obtain a value for sin 8 , which is evidently only an ap- 
proximation; but by substituting this approximate value in the second 
member of this equation, we obtain one still more accurate ; now as it 
appears that the values of 8 relative to i = 2, i = 3, &c., are less 
than 0,01765, it is evident, that the values of A will, as is stated in text, 

differ little from the -f. 1)#, or the odd multiples of The 
least value of A taken into account corresponds to and v 

A = 4 -h 

(y') In second equation (k), if we approximate to the value of 8', 
by means of the expression for sin 8 r when i = 0, we obtain the ex- 
pression in the text ; and, as in this case, is not when i = 0, 

the least value of A' which gives the gravest tone is 5 and as 

the other quantities which express the ratio of n : n 1 , are the same, 

we have — zz — =s 0,15715 j now if the values of 8 f be determined, 

n, A 4 

as in the former case, when tr: 2, =3, 8tc.> it is found that they 
continually diminish, hence it follows that the corresponding values 
of A' will be y.p odd multiples of ^ 
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[z f ) Since a = n x JLl and b = ah, we have n zz 2.(3,56082) 

v l 

g £ 

and by substituting — , — _ respectively for h , we obtain the values 

of n given in the text ; it is evident from the expression ^ ^ j^vu % du 

~ctih\ that, every thing else being the same, h depends on the thick- 
ness. — See page 301, No. 520. 

CHAPTER IX. 

(a) See Nos. 122, 126, 128. 

(b) See Memoires De l’Academie Royale des Science, tome 1, 
unememoire sur la variation des constantes arbitrages par M. Poisson. 

/ \ t *v d 2 y <ftz dV 0 . _ _ 

(c) In this case , — , &c., are respectively equal 


to v 


cipher, and as from the values of l, i/, l ", &c. — n - fL — rz 

dx l 7 dy 

y — b 

~j— , &c., it is evident that when x = a, y = / 3 , z zz y, the equa- 
tions given in the text will result. 

„(d): If a + u, (3 v, y 4 - w be respectively substituted for 
y , z in the value of l, there results 

? rr V (cl 4 - w — a) 2 -J- (/3 + i; — (y -j- w — * c)* 

- V (a - af + (/3 - bf + (y - c y 

— V (a— «) 4 +2 (a— «>+(/3 - A) a +2(/3 - i)w +(y-e) a +2(y-c)» 

- /(«-«)“+ (/9-J)* 4- ( r -c)> 

= V(a- a yT(p-~b?+(y-cy+ + + < jr 

v 

- /(«-«)* + (/3-iy + ( r - c )» 

when the squares and higher powers of w, v , «> are neglected. 

A 


(<?) Now in equations (4), we have in this case ^ = 5^, and 


^=( j J> by substituting a + ufora, consequently, by 

making similar substitutions for y, z, xJ, &c., we obtain, as 


.up, 


m 


d?u 

IF 


. mg .(z±£-zy -»»'*•( 


«. -}- a A 
2V* 


> 
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{oi + u—a”\ 

g \ ¥7' — Jt" — &c * 5 

'^*5.?® ^ e . neglected, as is evident from the values 
of ?, &c v the value of given in the text, may be deduced.- 
(j0 When u 9 v> w are cipher, the accelerating forces, which in 
general are expressed by *?, fa/ vanish. 


CsO From the first of these equations we obtain 


and from the second, 


to == — cos p + ter cos y # 
cos A * 


* 

whence a comparison of these two values of to gives the equation 
«^.(ycosA-«rcos^)EzJy.(^cosK-arcosA)j v $?:£»:: as these 
factors — See No. 543. 


(ft) If in this equation their values be substituted for to, to, 
to', &c., there will result 


a r (zcos^ —y cos y) z + y f (sc cos v-zco s A) s -f cos A — arcos^e 

^'cos^— ycosvy+^cosy— ^cosA)f / +^(y C osA-^ / cosjU,> / = 0, 

which by concinnating can evidently be reduced to the expression in 
the text. 

(0 % making this substitution there results 
2m.(A— a)(2rcos^— y cosj/)s + Sw.(b— &)(, rcosy— zcos\)e + J.m 
(c —c) (y cos A— x cos^) e — 0 ; 

now ascosA, cos^w, cosv, are the same for all the terms, we must have 
the quantities by which each of them is multiplied equal to cipher, 
as for instance, the quantity of which cos v is a factor is 

V) — Zmy.(A-a); 

hence then we have 


— yk) = J:m(xb — ya\ &c. 
(fy By substituting for to, in the expression 

^/ to 2 ^ ty* + to* 


dt* 


it becomes, as to = 0, 
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__ a/ ^(co^A + cosV) _ J./ **S*(1_ cos*)-) ^jssinv 

* dt % ~ dt ' 


(l) The expressions for Sx, Jy, Sz, &c. are respectively grouped 
into quantities, whose respective multipliers are the increments of the 
several variables w, v, w, u', 8sc, 

(m) It is evident, that as Q is constant, we can by a suitable va- 
ration of «,«, &c. cause this quantity to disappear; the values of . 
a, P, y, &c. in this case belong to a state of equilibrium, because ; 
the accelerating forces vanish when u = 0 , v = 0 , &c. 

(n) J = rn t/fcos (t V'p—r), - r), v 


* 


if their values be substituted for « v,™ &c . in equation (a)> 

there will result a common factor R sin (tVp-r), which may be 
struck out, and the terms on one side will be DNp, en <p, vn" p , & c . ; 
and on the other, gn, hn', kn", &c. 

(o) When Wp is increased by 2r, the value of sin (tV~p-r) 

becomes the same as before, and the actual amplitude of the oscil- 
lations will be («n + In! -f- cn" 4 - &c.) r. f 

(p) In this case, in the expression for the amplitudes, the quan- i f 

. . . iicx . iitx' <w ^ 

titles sin-y, sin-y-, are the only terms which differ in these ex- 
pressions, consequently the amplitudes are as these terms. 


au /— /— 

(?) Yt~ RN v p cos (tv — wRN.sin (t i/J- >•) e-»t . 

d 2 U , y— _ 

— = — pBN.sin (ty p—r ) — w t/a.RN cost ( \/p—r) e-«* 
4- <u*RN sin (t\/ p—r)*!-** — cos(f Vp—r) 


now, if in equation (e), we substitute for ^ its value given here, as.' 

&c., are supposed to be neglected, thesecondterm ofthe value ' 
du 

of^- must be neglected ; in like manner, as «*is neglected, the third; 

term of the value of may be omitted; and since this equation 
(e) always obtains, the terms multiplied by the sines must be identi- 
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cally equal, and likewise the terms multiplied by the cosines, this, 
therefore, gives at once 

d'n. \/J.cos(t\/ p—r) *“•*+ &c,, = — 2 dnon\/ ^.cos^V^ p—rfer-**, 
consequently, 

d 7 n = — 2dncw, &c. ; 


to must be positive, as is observed in the text, in order that when t 
increases, the values of u, v, v . ;, &c., may become less. 

(r) As all the coordinates are in this case independent variables, 
and as their number is triple of n that of the material points, or bo- 
dies, the number of simple oscillations will be 3 n. 

( s ) By substituting c — z for z in the equation of the ellipsoid, 
which must be done when the origin of the coordinates is trans- 
ferred to the lowest point of the vertical diameter, this equation 
becomes 

+ y* 

& + + ’ 


which, when z 2 is neglected, gives the value of z. Now as the oscil- 
lations about the lowest point are supposed to be very small, x and y 
must be very small, and d fortiori, z must be very small with respect 
to x and?/. 

, CO ^ = ■■■% = *V\ f-cos(V/ {-»*) = 

(when t = 0) r. ^ . cos r =r p', in the same way, the values of 

i *— 

9 


R sin r, r sin r', r cos r 1 may be obtained, and x zz R.cos r.sin t Vi 

A / g p'ct, V go \/ SC 

— Rsmr.cos^V ^ sinf — - — |- p. cos fey substituting 


— for h , ~ for 
S e c 

(u) On these suppositions the first equation becomes whentf=:0, 
; and its differential coefficient becomes — aQ ^ . sin \p = p f . 

1/ ? , but as sin ^ = 0 , we must have p' zz 0, q is evidently equal 
Y or 

* dty 


8 

• i t • r\ . j 
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(u) By squaring and adding the corresponding members of these 
equations, we obtain 

(sin 2 ip + cos 2 40 — a 2 cos t \/ - + jS 2 sin 3 1 - > 


which as cos’ 




cos 1 / f+1 

h 


, sin 2 £ 


v / f= 


l — cos 2 1 \/\ 

A 


2 ’ v * h 2 

becomes the expression in the text. 

(a?) See Wheweli's History of the Inductive Sciences, vol, i. 
p. 175. If v, v ; be the velocities with which m and m/ are respec- 
tively actuated along the line connecting these two points, the space 
described by them in dt are \ dvdt> ^dv'dt. 

(, y ) Since it is evident that these points, when only subject to| 
their mutual action, must eventually meet, and as the entire spaces' 
described by each at the point of junction are in the inverse pro- 
portion of their masses, this point must be their common centre of 
gravity ; indeed this is evident also from the consideration, that the 
motion of the centre of gravity of any number of points subjected 
to their mutual attraction, is not affected by this action, consequently 
as all the bodies must meet, their point of junction is the common j 
centre of gravity. 

(z) By substituting a-f for#, and /3 +^i> in the first equation 
(a) it becomes 


d 


££+«£&+ r ~ 4- a d — ■ 

2 w V‘SF + *’~f + v d¥ + *'W 


■a:, 


d?a 

w 


a <#*1 „ 


'dt* 


— Hi 


d 2 X A 

w) 


which is evidently reducible to 


dx dn 

(a) By substituting for y, — , the first equation (c) be- 


comes 


+ *' )d (^)- <* +^ d - (^w 1 ) = + 

&J.. d li -l - d l'\ .. — e. 




+ *?J 




’Vi 
4 T 


dt J J 
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~ My ' JT ~ ~ Vi S*£' 

which evidently becomes equal to the value of c given in L text. 

(b) Since m _ the value of the moment of inertia of 

thesphere which is equal to = 2 Jf ; and as , is the mean 

and * the mean radius ° f the earth > ^ 
equal to c, the first term of the second member of formula (f). 

(0 By making this substitution, the first equation (g) becomes 
i dh due d v* i 

-*-*+*v -*3r + 4+4 -*•£]= ( 4 - 4 ) 

+ ("'A - l) + | S „y _ | 

dg dh 

“ le ** sign 2, inasmuch „ toe, 

" “* ““ f ° r dl ,h * •»'»» •> «». « **. = »,. fa„ = 

JMK “ **- »a 

Hf - *»£. 

Si J iTZb °! tbe *” T"?””' ft » «r obui. to, „i« 
given m the first equation (h). ’ 

w «(*. + ** + ,*) = + 

tat thi. las, geMit,. i, to _ „ ** eons.,™,!, _S S „ 

i. tbe .aria, ion of too li™ g W produced b, to. force 

■rS- 'r.ftlT* “ 4“ tl “ ° f “• member of 

equation (aj, that arises from the frirtirm 

^ , motion, the components must be 

p ed by dy, dz respectively, and it will be 
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/». (Sj, +^* 


+ 


from which as 2m ^ = 0, it is easy to obtain the value of 2ml)* 
given in the text. 


(g) Since 2m — 0, we must have 2m ^ = ^-Sm, and also 



and ^ 2m 

at 



consequently as 2m^ = 2 m^- 22m *. | + 2m g, if we 

substitute for 2m gf), and also for 2^2m* and for J? 2m, 

we will obtain the expression in the text. 

(h) By substituting dm for m, and S for 2, in equation (e), we 
obtain S (Aa + b& + cc) dm = $ (<*»+ ft* + c*) tfm = ft. 

(0 % substituting their values for a, ft, c, in equation (f), we 
obtain 


S[(?.Air / _^ / )+(^ / - j pB^)+(>oy / - g cs; / )] ( fm==S[(»-.(B^-A 3 , / ) 

+ q.(Az,— c*,) + ^(cy,— B*r y )]a&» = ft(rcosy -|- jrcos/3 + p.cosa) = ft. 

(ft;) This is evident by substituting 2 2m (a a + ft* + c*) for 
2 2»i (Aa -|~ b& 4- cc). 

(m') If the equation 2m ^ = 0 be integrated twice successively 
we will obtain an equation of the form 2 ma = aim -f At. 
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BOOK V. 


CHAPTER II. 

(a) dm — pdxdydz, therefore the motive force arising from this 
particle must be of the third order, for we have xdm — ~ da: dydz, 

CLX 

consequently y is also of the same order, 

(b) ~ are equal to the cosines of the angles which the 

v as ds ds ^ ° 

tangent at the point of the surface, whose coordinates are x, y , ^ 

makes with the axes of x 9 and - are the respective cosines 

B R E 

of the angles which the resultant R makes with the same axes, conse- 
quently, 4- is equal to the cosine of the angle be- 

^ J ds R T ds R ds R n b 

tween the direction of r and the tangent, but by what is stated in page 
422 this is cipher, hence the tangent is perpendicular to R. 

dr 

( c ) In this case we have dp = (xdx -f- y dy + z dz) = — pga 2 

0PC$ p&ct? 

and p = + jSj when jo = 0, j3 = — pga , *. • p = II + ^ pg a ' 

(d) In the case of a repulsive force it is evident from the ex- 
pression for jo that its least value is when r is greatest or equal 

to c, in which case it becomes — n — , hence the least va- 

c 

lue of FT in the case of a repulsive force is gpa — 

(tf) If p •zzfcp, then dp—fQ.dty if this be integrated from any 
internal point to the surface, and if <j>' be the value of <j> at the sur- 
face, we shall have p = — Fp', and as this value of p is the same 

whatever point on the surface is taken, F<f>' must be constant for all 
points on the surface (because it is by hypothesis the same through- 
out it), v d.F<p' zz 0, v p is constant at surface; hence then since 
I p s= v<j>— F<j>^ and F<j/ is constant, <p must be a function of p 9 and is 
1 constant when jt? is so, and surfaces of equal pressures are also sur- 
; faces of equal densities, but in homogeneous fluids p is necessarily 
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constant, and is no longer a function of ji>; so that the preceding con- 
dition that when p is the same, p is the same, does not hold. When 
the fluid is incompressible, p may be any function, continuous or dis- 
continuous, of jo. 

(/) If the central force be equal to we shall have 


x _f** Y _f** 7 _** 

A. — "T. * "5 1 — — " • ai — — • ""j 

A' n tr yfl a 1 rp n ft* 


z 

if' f n T T n ' ¥* 

and by No. 583 we have for each stratum dp= p,(jtidx Ydjy-f* zdz) 


= in this case (xdx + ydy + zdz), now as p is constant for 

each stratum, we must have xdx -\-ydy 4 -*ds = 0, and for each 
stratum x* + y 2 + & = a constant quantity. 

( g ) Let p, P, denote the pressures corresponding to the two func- 

4> $ 

tions p, <t>, then we have logjurz^+c, logrrr^+c, conse- 


0~.o 

quently, ^ = e k , and as p, <p, are supposed to be given, if we 

± 

P Jc 

suppose IX = ~, then there results the expression p = n .e . 

* 

(h) By substituting for s its value r s + c, we have 


= 2 dr -f c $rtfr = r* + + c, 

2g-J 4 i r 


and when this integral is taken between the limits a and o, it becomes 

a?b = a* + ca s = (by substituting- for — J ^ + c j a ! • c=& -- j 

now as in this case the general expression xdx 4. ydy -f zdz = 
- gdz, we shall have dp = - g&* + «?(xda> + ydy) and v 
p — — gss + J« a . (« a + f) + c '> for 0 = 1 by hypothesis, and at 
that circumference of the cylinder in which it is met by the most 
elevated section of the fluid, we have ss — b 4" and, as p is ne- 
cessarily equal to cipher at the surface, we have 0= — g(b + £&) 
4. £*».(*» 4- j,*) 4- o', and C '=g.(b +%h) 4 - tf), conse- 
quently p=g.(b + %h - ■»)! now as the diameter of cylinder ==2a; 
the area of any section of it is 2iru, and the differential of the cylin- 
drical area is equal to 2 mudx, consequently, dp the pressure on this 
differential is equal to 2w adz Y p ~ 2nq g<Q> + \ the 
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pressure on the side = 27rag.(b + \h— \z) z + c„ and when taken 
between the limits zzzb z == 0, it becomes 7 rag.(b + 

(t) In No. 106, the value of a corresponds to that of z in this 
number, e corresponds to y, a to c, and a to z ; consequently if in 
the expression for a of No. 106, we substitute for e, a , a, and observe 
that -f-y 2 )? we shall obtain by changing the signs, the 

expression for z ; it likewise appears from No. 106 that the value of 
a /2 in that number is equal to x £ + y 2 of this No., now by making the 
same substitutions as in the case of the expression for z, we obtain 

a' = vV+Y 4 = + — ■ V ^+y a - - arc tang 

= V z 1 + (y— (1+y 3 ) arc tangrry), now the values 

a } ,x h!y m 

of x and Y are respectively rr yT ==== , from which it is 

easy to obtain the expressions for x and y in the text. 

( Jc ) From the equation 

2 7 “ iK 1 + 7*) arc (tang m y) + gy 3 = arc (tang = y) — y, 

we obtain f y + sy 3 == arc tan g =: 7? ^ rom ^ * 1S eas y 

to obtain equation (d). 

(T) By substituting in equation (d) for tangy, its value in a series, 
it is evident in the first place that it vanishes when y — 0, and se- 
condly, that its roots are equal two by two, but affected with contrary 
signs, and the differential of equation (d) is 

9 + 3.(6 g — l)y 2 + 2ey* 1 

(3+y 2 )* 1 + / ’ 

when this expression is reduced and concinnated, it becomes equation 
(6) - 

(m) This is evident from the consideration, that when any equa- 
tion and its first differential coefficient are satisfied by the same value, 
the given equation must have two roots equal to this value. 

( n ) Equation (e) is evidently equal to e.(y* + 10y 2 + 9) — 2y 5 , 
but the quantity within the brackets ~(y 2 + l)(y 2 + 9), now if this 
value is substituted for a, we evidently obtain the expression for arc 
tangzzy given in the text. — See Mechanique Celeste , Book III. 
No. 18. 
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( o ) Since agreeably to what is stated in the text, the axis of the 
positive abscissae intersects the curve only in two points, fromy = 0, 
to the value of y — to the distance of the first intersection from 
the origin, the ordinates are 4-> and from this to the second inter- 
section, the ordinates are—, and they afterwards increase indefinitely 
on the side of the positive coordinates. It is evident from the equa- 


tion s = 


(?+ 1 )(? r + 0 


that when s is a yzzO. 


Since for values 


of iZ 0,1123 there are two distinct intersections, the approximate 
values of equation (d) which belong to a value of e Z 0,1123, of 
which there are evidently two, determine the values which are com- 
petent to a figure of equilibrium, 

(p) By making these substitutions we obtain 


(3y + 2sy 3 ) Q 


7t 

9 



y* y* - 2 «y 3 2 fiy*\ _ 

T + T + ~3 ir)~ 


y — +y* + iy*> 


(higher powers of y are neglected, because in the required expression 
we neglected powers of y higher than y 4 ), == by obliterating terms 
common to both sides of the equation, and reducing 

ArV 1 

3 V 3 J” 45 ' 15 A 3 ) 

which, because we neglect powers of y higher than y~, becomes 
(g) Since ~ z = e, the ratio of odct to is the same as that! 

, 7 P - 2y 2 r* 

of 45Tjjc.fi : i. e. : : 3fi : I : now 3s = v -^r — 5a s c-t- four! 

1 9 A 

times $%fpc } which is the proposition in the text. 

(r) See Harters Translation of the Systeme du Monde , Vol. II. 
Chap. VIII. notes. 

(s) By making #zzc, and substituting its values in aseriesforarc 

tang = y, we obtain z — (y~iy 3 + ■iY+Scc—y) 

= 4itfpc(l + y 2 ) ( — i + A/ 5 ) (= when y* is neglected) 4tvfpc 
/ 1 2y*\ iirfcc ( 4y 2 \ 

\ S~~l5j = l 1 +loJ 5 “ like Manner we obtain 

(*+Y«)*= 2^0- 


^1+V (y 


y-y-H 
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Sir/pcV 1 +y£“ $ + 1J + &c -] = - • (l- £) t/l+y 8 , 


(= because /l + y 2 = 1 + jq-P-^j - j] — 

_4^cf V"! 

3 L ^ lOj 

a 3 2y 2 

(t) Since ~ — 7- rr s, we have a 2 c = 4 irfpcs , but e = v a 2 c = 

4 TTfp 10 

T = V v/x 2 + v* +• « 2 c = - 

Q+w- SO ■ ° - ! ¥ (■-£) -*••■ = 


(«) Consequently, by taking the sum of — X - ^~- —— — - and 

z 

— the compression, it comes out equal to y 2 . i.e. ^ 

J 

(v) Arc tangy 4“ arc cot y = but cot y = - , v arc 

2 tangzry 

5r 1 3v 4“ 2^y® 

tang = y = o — arc tan g — now if in the equation - — ■ — _ = 

& y y* 4" » 

i* — “ + we multiply both sides by y 2 4- 3> there results 

3 y + 2^»=y*g-y+^ + 3j-^+^ v 
2 s /=| r 2 -4 y + ^-^+^, 

dividing by 2sy*, we obtain 

5r 2 3tf 8 
y= 4i“^ + 4i7 2 -6i/ +&C,; 
now by means of Lagrange’s formula, Lacroix, Tome I. No. 107, we 
can obtain the value of y in this equation; for by that formula, if 'we 
have y—a + f ( y), then in general 

4- &C«, 

in this case vj^y) = y, <p(a) = a, tya s= 1, and v 
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m 


7 = « + Fa+~.d.I$^ + 


■ .d. 


r(a 3 ) 


+ &c., 


da ‘ 1.2.8 dtf 

now if this value of A be compared with that given above, we obtain 

_ w , ■> 2 3x i 2 1 

a - Ts ’ ( - r ' ) &c> > consequently, ra = _ 

3 * 1 


+ — &c -> = ( b y substituting for ^ & c>| 

'(-)■= J. i - «<., *.g2» =- i.i + !«, = _ ‘ . gy = 


256s 


■ &c., 


by substituting these expressions in the preceding value of«y, we obtain 

256s 


Y = 


4s 


8 + l& 

it vr 


&C. 


(*) 1“ th 's case of a force varying as the distance, the motions! 
are not deranged, however numerous the bodies are which compose , 
the system ; likewise in the case of this law, the orbits described 
are ellipses, whose centres coincide with the centre offeree, and 
the times of describing different ellipses about the same centre are 
equal. See No. 235, notes. 

G y ) Since by what is established in page 442 the resultant of the 
action of all the forces passes through the common centre of gra- 
Tlt y> *,,»/„*„ are respectively equal to cipher, consequently this 
equation must be reduced to equation (f), which, when e = 0 is, as 
we know it ought to be, the equation of a sphere. 

(z) In this case, referring to the general expression of the ellip- 
soid, given in page 434, namely, J-wc 3 (1 -f-y 2 ), it is evident that c in 


in equation (c) corresponds to \/ c in this equation and j-i — tol+y*, 


consequently, the expression for the volume must be, as stated in 
&irc\/ c 


text, 


3.(l-s)- 


CHAPTER III. 


(a) It is evident from what is stated in the text, that in the ap- 
plication of the siphon, the distance of the surface of the fluid, in 
VOL. ii. 4 c 
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which the lesser leg is immersed, from the highest point. of the bend- 
ing, must be less than the height to which the fluid would rise in a 
vacuum by the pressure of the atmosphere ; and it is because the 
weight of the water in the longer leg is greater than in the shorter, 
that it flows out at the longer, and the pressure of the air keeps up 
the supply ; this instrument is employed to raise water over a height 
less than thirty-three feet (which is about the height to which water 
ascends in a vacuum), when the fluid is to descend below the level 
of the water on the other side ; the velocity of the ascending water 
depends on the difference between the length of the shorter leg and 
thirty-three feet; and when this is inconsiderable, it may not be such 
as to afford a sufficient supply to the water descending in the longer 
leg. 

(b) What is termed the hydrostatic paradox depends on the prin- 
ciple of the hydraulic press, which is this, that any quantity of water 
or other fluid, how small soever, may be made to balance and support 
any quantity or weight however great ; for it is evident from a consi- 
deration of the hydraulic press, that when the tube de is very narrow, 
compared with ab, the addition of a small quantity of water in it may 
{increase the pressure on ab in a great proportion. 

(e) Since when all the points of a horizontal base experience 
equal and parallel pressures, the resultant of these forces passes 
through the centre of gravity of this base ; in ail fluids in which the 
pressure varies with the depth, the centre of pressure must be below 
the centre of gravity, when the pressed plane is not horizontal; and 
. it is evident from the general expression for the pressure on a plane 
inclined to the horizon, that as long as its centre of gravity remains 
the same, the prism, the weight of which is equal to this pressure, 
. remains the same. 

(d) If a be the angle contained between the plane of the trape- 
zium and a vertical plane, it is evident that the vertical distance be- 
tween horizontal sections passing through ab and mn is equal to 
a; cos a. 

(e) From the second proportion we obtain a — b: b : : hi hi and 

from the first, ut,—b equal 

by reducing the value of u given in the text. 
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if) By substituting for u the preceding equation becomes 

jj«lr — — ^cosa ^ ^ 


+ cosa^ cunPdis— cosa^ ^ ; 

performing the integration between the prescribed limits, we 

. L . («— &)r , , Ok 2 (a^kl 

ar'c ah-x'c. —™-- h + #'cosa. — ^cosa. h 1 


— — w w»«. g 

ah 3 (a — 5).. a/& 3 (a—b) 

:e.-- c. - — g — - hr + cosa. — cos a ^ — - — 


/* 3 , 


from which it is easy to obtain the value of 

(g) It is evident from the expression for that when the trapes 
zium revolves about its centre of gravity, though the magnitude of 
the pressure remains the same, the point, where the resultant of the ; 
pressures meets the surface, varies with the position of the pressed i 
surface. 

( h ) It is easy also to show from No. 601, that when the sides of 
a vessel are perpendicular to its base, the entire pressure on the sides 
is equal to the weight of a triangular prism whose height is the same 
as that of the fluid, and whose base is a rectangular paraliellogram,' 
one of whose sides is the altitude of the fluid, and the other the pe- , 
rimeter of the vessel j so that if the vessel be a cube, the entire lateral 
pressure is twice the weight. 

(*) The machine called Barker’s Mill is constructed on the prin- 
ciple adverted to in the text. 

(Jc) In all the cases discussed in this chapter, it is implied that the 
sides of the containing vessel are destitute of flexibility, but, strictly 
speaking, this is never the case, and wheu the flexibility is at all ap- 
preciable, the vessel must acquire some curvature j now if p be as 
usual the pressure on the unit of surface, and ds the element of the 
surface, the pressure on this element = pds , and if t denotes the 
tension which each of the extremities of the element ds experience, 
and m the angle which tangents drawn at the extremities of this ele- 
ment make with each other, it is evident that the resultant of the ! 

two tensions = 2 t. sin but sin^? = — , (r being the radius of 

curvature, No. 169, and m being indefinitely small), consequently , 
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4 when there is an equilibrium, we have 2 t.-^=sj pels, v t = ^5' 
. , and when p and r are known we can determine t. 


CHAPTER IV. 


(a) It is in consequence of what is stated in the text, that insects 
are enabled to walk on the surface of water, as is often observed to be 
the case. 

(b) Since the immersed body is at rest, the line gf which con- 
nects the centres of the whole body* and of the part immersed, must 
be vertical, and, consequently, perpendicular to mn a line drawn oil 
the free surface of the fluid at rest. 

- y, (c) Since the area of mnc the immersed triangle is given, and 
since when the asymptotes are drawn to a conical hyperbola, a tan- 
: gent to the hyperbola, terminated by the asymptotes, always cuts off 
! a constant area and is bisected at the point of contact; it follows that 
mn touches a given hyperbola, whose asymptotes are the sides ca and 
cb of the triangle, that e is the point where mn touches the curve, 
and de is perpendicular to the curve 5 if an ordinate be drawn from 
any point of a hyperbola, parallel to one asymptote, and terminated 
by the other, we know that the rectangle under this ordinate, and 
the part of the other asymptote, intercepted between it and the 
centre, is always constant $ in the present case it is equal to rah ; it 
is evident that the equation aP— 2 hx cos a = y 2 — 2 hy cos j3 is also 
the equation of an hyperbola, in which the origin of the ordinates is 
| in the curve itself, and, in fact, the intersection of this hyperbola 
with the one whose asymptotes are ca, cb, will give a geometrical 
determination of the different values of cm, cn, and therefore of df. 

(d) When each of three angles is solely immersed, they give 
respectively, at most three positions of equilibrium, consequently, 
nine positions for the three angles; in like manner, in each of the 
three separate cases in which two of the three angles are immersed, 
•we may have three positions of equilibrium, consequently, nine in all, 
therefore, for any given prism, we may have eighteen different posi- 
tions of equilibrium, at most. 


• » 4 ft® — » reft 

(e) If in the equation y+cc-zz — - we substitute — for y, we 


shall obtain 
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aud by solving this equation we obtain the two roots given in the 
text, namely, -L|jU a - c 2 dt y'(4a s -£?)«- 16r«Q; and it is evi- 

dent from the equation y + x — — , that when one of the roots 

is taken for at the other will be the value of y. 

( f ) the case then, of an isosceles triangle, when only one angle 
is immersed, the greatest number of positions of equilibrium is three, 
and the least number one ; and also when the base is immersed, 
the greatest number is three and least one ; so that when both cases 
are considered, the greatest number of positions of equilibrium is six, 
and the least two. It is also evident from a consideration of equa-| 
tions (5), that when the specific gravity of the prism is equal to thatl 
of the fluid in which case r = 1, that then at = y = a, so that when\ 
the vertical angle is immersed, the base of the triangle coincides with ! 

the surface of the fluid; and when the base is immersed, asl r=0, 

we have xy = (1 — r)al = 0, v at and y are respectively cipher, so 
that in this case the vertex of the triangle coincides with the surface 
of the fluid ; it likewise appears from the general values of cc and 

y, namely, c*f- 16ra*l, that in this case, 

all other positions are impossible. 

9 

(g) The first condition, i. e. r Z — is necessary in order that the 

two values may be possible ; and the second condition is required, in 
order that neither value may surpass a . , for if then one of 

them will be equal to a; the same observations are applicable to the 
second case. 

(h) As the prism i$ equilateral, the same observations are pre- 
cisely applicable, whichever of the three angles is immersed ; con- 
sequently in this case of one sole angle being immersed, the entire 
number of positions of equilibrium is a multiple of three; when both 
formulae are admissible, the number of positions will be eighteen as 
in the general case; when neither of the formula, there are only 
two positions for each angle, namely, one when the angle and the 
other when the opposite base is immersed, so that in this case, there 
are only six positions of equilibrium. 
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(») Smce in ,h. weight rf the ^ is , (h 

IT "> U ‘ l *» «» P« i- 

h *™ "» «»• ta., their volumes are as 

“ d “ ,he ""Sko «• by hypothesis equal, the den- 
sities mygt be, inversely as the volumes or heights, 

(k) By substituting for z we shall have 

lit* b? inUr " ine ,Dd “s by rab we obteie, h, con. 
— 3 c?u — 2(2r — l)c» — o, 

TlueofT T 1S v^’ the thlrd t6rm is ne S ative > consequently the 
alue of .. positive; and when rZ * the contrary is the case In 

the extreme eases r = 0, r=] , it is evident that « = c , w = _ “ 
respec ive y satisfy the gwen equation; the first indicates that the 

j Terse™ " ^ ’ “ d ** ^ that the ^ody is fa. 

(0 When the body is supposed, as in the text, to be perfectly 

ZZ i * ^ Sl!ghtl7 d!StWbed fr °“ itS Potion of equili- 

g * ”’ 7 ^ ° f gl ' aVity ° f the P lane of Natation (see No. 

613 ,a„d centre f ity of body inthis caseexi f t previ J in ^ 

before Toth trt ° # diStUrbed fluid wil1 b * the same as 

b . 7 m ° tlon of the centre of gravity of the body will 

the nZ0 T aDd * P ‘ reCtilinear; but if the centre of gravity of 
the plane of floatation does not exist in the vertical passing through 

Xitd e 'Th 5 ' 0f ‘ I '' b “ < ' J ' '•* if ‘b.b.dy i , P rat U-5- 

S." Sit ”‘ P “‘ 1 ibrough its centre 
. X ^ f S Tavit y passing through (he plane of the 

floatation, will not exist m this line, so that when the body is slightly 

blTZ d u h ' “ T ”“ 8h,! * ,h ' kod r«»d fluid were eqnd 

Z, X ttr y le *"«»■ *b. twu 

weight and & he p C !. Dtre of S ravi - of ‘he body, namely, the 
»«gH U d pr«,„ e f tb. flui4 „„ b , >nd m J me a 

. . ", lh ' *“"‘n *» Ibis esse then there i: 

tit, u" u ““ "““ I however, the only lore 

*** h ‘«l. « lb>. by which in JZ 
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new position, the pressure of the fluid causes the body to turn about 
a perpendicular to the section abcd passing through g. When the 
metacentre coincides with g the centre of gravity of the body, the 
body will remain in whatever position it is placed. 

(m) The integral ^zdz must be taken between the limits #= 0, 
z = y, in order to obtain the integral $, zdv ; this is equal to Jcos ; 
and in order to obtain k 9 we must take the sum of all these expres- 
sions ^cos9y 3 d\ for every element dx, or the expression £cos 05 y*c?X 
for the entire section abcd. 

(w) By substituting for its value f* + 2$J.sin0 + J a sin 8 0, and 
observing that £ and sin 6 remain the same, we obtain the value given 
in the text, and since ac the common intersection of the planes 
abcd, ab^cd" passes through the centre of gravity of abcd, and l is 
perpendicular to ac, we must have $ IdX = 0. 

( 0 ) The integral of dzdX* cosfl is zdX . cos now when 0 = 0, in 
which case y = all the cylinders zdX* cos0, of which the entire 

body is made up are equal to 2#A, the difference is q.p.zdx—. 

A 

(jt>) Since terms of the third order with respect to 6 and £, are 
neglected, gpax cos0 = gpav—gpv ££cos0(?+y as i n *O = i^l 

(< 1 ) As ly*~^l*dx is the moment of inertia of the plane of 
floatation of the fluid, it appears from the limits of d given in text, that 
the stability of the body depends on this moment, on the relative 
position of the centre of gravity of the body and of the displaced 
fluid, and on the quantity of fluid that is displaced. 

( r ) In this case when G is lower than h, the equilibrium must be 
stable, and the lower c is relatively to h, the greater will be stability, 
so that when the body is drawn from the position of equilibrium, the 
force that tends to reestablish it is so much the greater ; it is on this 
principle that in order more effectually to prevent ships from upset- 
ting, the heaviest loading is stowed in the lowest part of the vessel ; 
in this case it is evident that the metacentre is higher than the centre 
of gravity of the body ; on the contrary, it is evident that when vo 
is > by % and its sign is negative, the metacentre is lower than o, and 
when vo is negative, and equal to fry*, the metacentre coincides 
with 0 . # 
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(s) Since, by hypothesis, the body is symmetrical on each side of 
the vertical plane, the intersection of this plane with a horizontal 
plane, such as the surface at rest, must be symmetrical with respect 
to the horizontal section, consequently the centre of gravity of abcd 
must be in ac. — S ee Note (g), p. 672 . 

(t) Since k is the centre of gravity of abcd, and the line akd 

always meets the contour of abcd in the same points as a and c, the 
distance of dAfrom ac is constant, and as the angle between the planes 
ab"cd // , abcd is equal to the angle 4 , the distance of dk from ab^cd" 
= £sin0, consequently we shall have + £sind; in like manner 

the distance of dk from A the vertical plane passing through akc rr 
Zcostf, and the distance of this last plane from the plane passing 
through g, and parallel to akc is equal to h. sinS, v x = IcosO + 
h sin 0. 

(y) v being the volume of displaced fluid, and p its density, its 
weight is Vp, which in the case of a floating body at rest, is equal to M, 
consequently by substituting Vpg for Mg, the motive force of the 
displaced fluid comes out equal to — pgu. 

(y) Cos Qdk is the projection of dk on the horizontal plane, and 
therefore equal to the base of the vertical cylinder ; now if its value be 
substituted for we have $ y cos Qdk zz 5 £ cos Qdk + sin 6 . cos Q.tydk, 
hence as $Z<2A=0, and $dA=&, we obtain cos W a=&?cos 0; also as 

0 2 is neglected, ss x = ? + V = j-pj, V by substituting its values 

for M,u, and we shall obtain equation (2). 

(x) In equation ( 3 ) of 332 , Jr 2 dm = mA 2 and 

(y) As a? = ZcosQ + Asin0, y = £ + Zsin0, xy == ^Z.cosfl -J- 
sin8 + l 2 sind.cosfl + ^sin 2 6; ^xydk* cos0 =r £cos 2 9 $ ldk + £A.sin0. 
cosfl^A + sin A cos* 0 $£ 2 £?A + Asin 2 0 . cosd $ Idk 5 which in consequence 
of equations (l), is evidently reduced to sin 0 cos* 9 &y* + $sin0co$0.k 
Now the value of when unity and 4 are substituted for cos 9 and 
sinO, and 4? is neglected, is po = (by* ± va)py.0 5 consequently as 

^ mA 2 = pv7c\ the equation becomes 


dt 




^z) See Note (l), page 720. 
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(a f ) The integral of equation (2) determines the vertical motion 
of the centre of gravity ; and the integral of equation (3) determines 
the oscillatory motion on each side of the vertical ge, when by 2 dt va 
is positive; when this last expression is negative, the value of 6 is of 

the form cos \/ — l.t, and when expressed in exponentials, it is evi- 
dent Q may increase indefinitely. See No. 421 , notes. 

( [l V) See Nos. 548, 549. 


CHAPTER V. 

(a) The medium height of the barometer expressed in inches is 
29.75 inches, v as a cubic inch of mercury is equal to 8 ounces q. p. 
29.75x8, i.e. 238 ounces, or 15 pounds nearly, is the pressure on 
each square inch at this height; from which it is easy to infer the 
total pressure on the entire convex surface of the earth. 

(b) As each square metre of the earth’s surface may be regarded 
as the base of a prism of the atmosphere, whose height is that of this 
fluid, by multiplying this height into s, or, what is the same thing, 
by multiplying m XJh7.6 into s, we obtain the tofol mass of the at- 
mosphere. 

(c) The quantity Jis called the height of the homogeneous atmos- 
phere; it is evident that at any given latitude and elevation above 
the level of the sea, it is not varied by any difference in the weight of 
the air, when the effects of a variation of the temperature are not 
considered, but if while IT remains the same, the density undergoes 
any change, t will be changed in the same proportion; however the 
density does decrease not indefinitely, but has a limit, as appears from 
the following note; see also the Philosophical Transactions for 1822. 

(d) The limit is less at the equator than at any parallel, because 
the centrifugal force is here the greatest. 

(e) As the centrifugal force is : il to the radii of the circles de-i 
scribed in the same time, the force at the distance r -f* z from the 

centre is to ^ : : *’ + r, v it is equal to from the' 

equation *= r( 1/289 — l), it is evident that z is somewhat morel 
than 5 r. ^ 

4 x 


VOL. II. 
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(f) See Theorie de Chaleur, par Poisson, No. 203. There are 
two causes of diminution of temperature as we ascend in the air, the 
increased distance from the earth, the principal source of heat, and 
also the greater power of absorbing which the air acquires by being 
less compressed. 

(g) Since the quantity of water that ascends in the pump by- 
raising the piston is bx> and as it is equal to the quantity by which 
the water descends in the reservoir, namely to |3y, we must have 

bx 


y = 




bx 


(h) By substituting for y its value - 5 -, we obtain 

P 

j3 "h b x 

^ # = “g * X ~J'' 

(i) If this equation be solved we obtain 


‘•Q c± r tl *V'<* ± i ± y-* 

1 this gives the actual ascent of the water ; in most treatises it is assumed 
that the reservoir does not subside by any sensible quantity, when the 
water ascends hy x y in which cas efzz 1 . 

(k) Let v, v', be the respective volumes of the air at the tem- 
perature zero and 100 , we have the following proportion: 

v' : v : : 1,375 : 1, and v'— v : v : : ,375 : 1, 

i> : V v 7 — v the total dilatation for 100° = v., 375, consequently the 
dilatation for each degree of the centrigrade thermometer is v, 00375. 
'j When we know the dilatation for each degree of this thermometer, it 
’ is easy to obtain the corresponding dilatations in the case of Fahren- 
heit’s and Reaumer’s thermometers, by multiplying the preceding 
fraction in the first case by and in the second by -fife, or by f ; 
' for these fractions express the ratio of the degrees in each case to a 
degree of the centrigrade. It is necessary here to observe, that ac- 
cording to recent experiments made with great accuracy by the late 
Professor Rudberg, an account of which is given in the second vo- 
lume of Taylor’s Scientific Memoirs, it appears that the value ,3 75 
for the dilatation of gas, is greater than the true value, which is q. p. 
,364. 
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(l) For since av is the increase of volume for each degree of the 
centigrade thermometer, « being = ,00375, «v9 will be the increase 

for t degrees, and as d' : d : : v : v (1 + a 0), p/— p . 

1 “|" oc>9 

(m) pi n :: f : d', p — + a 8). 

(») k=^z=mQ.0™76 X (7951,12) G . 

(o) p being considered as a function of z we have dp'zz^-dz. 

dsr 

00 ° = 10611 " t^rr ••• ">« =i^. fe- 1) 

(q) By making these substitutions, equation (3) becomes 

dp ^ — gr* dz 

p ~k(\+*1i)'7+7y ; 

the integral of which is 

1 g** 1 

og ^~A(T+ a 0)-(H^) + c ’ 

' now wten g — 0) this is the value of log n, and when js = 0, c = 0. 

—grz 


(r) The differential of i 3 

(fc7 


— grdz 


grzdz 


\ F 

?)* 


J-ffn t 


(l + «0) (?' + z) *** jfe.(l + cc0)(r + *) 

which is evidently reducible to y . 7^ — • 

/c ( I + ccQ) (r zy 

therefore the integral of 


A.C1+O0) (r- f«r) 




0 } 


„ . , —JZiH -gr* 

w# A?.(H-a0) (r-i-#) . /c.( 1 j «0) (t {■ a) 

A.(l +afl) («• + *)’ is— n.« 


(*) By substituting its value for c in the expression for — , and 
dividing bye, we obtain 


2n.^ 




y 


(0 In the value of c ss 0, there will be a common factor, 
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namely, therefore, by suppressing this factor, it will be 

'■ —gi‘« 

reduced to , E r _. . 

i(l + a 9) — c _ 0, and, consequently, 


*.(! + 


~S r , ( i.fl-4-al)Vv 

« 0 (?Ti) = 


from which it appears, that the value of * can be determined by 
means of a logarithm , in the case of^- = 0, we have evidently, 

— (l - JkwO+d) -lil 1 

« V * ' — 1 +L> 

1 SS 

in which transcendental equation the value of z can only be com- 
puted by approximation. 

(u) From the values of n and p given here, we obtain 

,08 5( =b?,, "““ (4) ' r) = W-** <£j. * 

log mgh, now 

log m ? h '- = l0 S *8* + 21og.~, 

consequently, there results 

log mgh - log mgh' = log A + 2 log -- — HI 

h ' 6 r fc.(l+afl)(»-+*) • 

4. I V 


W . = i±t'. « = 0,004 = j4. 


’ aQ 


-Gfc)- 


(#) See No. 193. 

(y) By substituting in the expressions fori given in No. 625, the 
mean between 7951,12s, and 7971,09s, which is nearly 7962>»,10o, 
we shall have k = 7961, lO.s, and, therefore, by putting its value for 
m, we have 
k 

- [1 ~ 0,002588 cos 2 (48° 50' 14")] = (18337™, 46) s. 

(#) By substituting for g its value given above, and 2 EjEE f or a g > 
equation (5) becomes equal to i og |. 21 0g I±-f 

— (1 — 0,002588 cos 2 &) g . 1 % 

(1 —0,00258b cos, 2 (48° 50' 14 /; ) ’ w i * . j. * 5 

iooo ) 1 » 7 
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hence in order to convert log ^ and log f into vulgar logarithms, 
by substituting 


( 1837” 46) g for - (1 - 0,002588 cos 2 (48° 50' 14") 


we obtain 

h 


f los t + 2\oa r ±£\ = ( (1-0.00258 8 cos2^.)g] 

v. 6&/ »• / V m -( 18337 v 


z 


46) (1 + 2 (|^)3 

therefore it is evident, that in the value of z which may be deduced 
from this equation, the logarithms are those in the vulgar system, or 
of that in which the base is 10, as is observed in the text. 

(O By No. 255, when p f , the density of the stratum, is equal to 


half p the mean density of the earth, g* 


9'* 


4r 


, and when 


# 2 is neglected, 


9 T 


(**+*)’ 


■■■*=>■ ( I -T+lf)= 


y ' ( 1_ if)* hence * ~ m9 ' h ' ~ m9h ' lo e | = Io e ■ 

= logp + lo g— now when neglected — — g; = 

\ X 4 / 1 4 T 

A + jjp andalso = 1 + — , on the same supposition, v 

!°S ( 1 + f^) = lo £ ( L + |~) = 2 lo S ‘ (* + |j) > in like manner, in 


the equation—? = — from which equations (4) and (5) 

are derived, if for g f its value be substituted, the second member 
becomes 

H T+W dz ' ( 1_ 4?) and v los n = E(i'+a8f' ( l “If)’ 


and log 5 = —JL . 

& p k{\ + a&) 


■■(‘-S3. 


therefore, when the action of 


the stratum, the height of which is equal to is taken into ac- 
count, this is the expression which must be substituted forth© second 
member of equation (5), and when by means of this equation, the 

value of z is deduced, it is evident that in this value 1 — — will be 

8 r 

changed into 1 +- — for f 1 — = 1 + ™ . 

8r \ 8 rj 8 r 
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(&') When the tension of the maximum quantity of vapour of water 
is 0,76 w , then d', its density is to D, that of perfectly dry air : : 10 : 16, 

or d] = d /3 now d /} the density when pressure is 0,016, is to d the 


density when pressure is 0,7 6 m as 0,016 : 0,76 m , *.• d' — ~ d, 

AO jUj « O 

0,016 1,6 


but 


0,76 


_10 1,6 _ i 
' 76 f V 16 * 76 “76’ and 


* * n' — — 

76’ 

1000 


(c f ) At the temperature zero, p — ~Q“ y ' 5 > as increase of 


volume is 0,00375 for each degree of temperature, this increase for 
18°, 75, is (18, 75(003 75). 

(d f ) Since a is the tension of the vapour and h the pressure pro- 
duced by the mixture, if d be the density of dry air whose elastic 

force or tension is A— a, we have d: A:ih— a : h V dzz A - in 

h 

like manner by what precedes, A may be considered as the den- 


under the pressure A, and 


10 


pressure or tension a. 

(e 7 ) The elastic force varies as the density and temperature, No. 
633, therefore, when the density is a maximum, it must depend on the 
temperature. 

C f f ) Since, as stated in No. 633, the temperature varies as den- 
sity, it follows that as the density of the vapour is much less than that 
of ordinary air, the temperature must be less also. And as it appears 
from the computation made in the text, that the weight of a column of 
aqueous vapour, on the supposition of there being no atmosphere, is 
less than the weight of all the vapour contained in our atmosphere, it 
follows that our atmosphere does not prevent water from vaporizing. 


CHAPTER VI. 

(«) By differentiating equation (1), we obtain 
dp = h (1 + ad) dp -}- cckp^dti) 

consequently, if p be considered as constant, and v dp = 0, we have 

dp —ap 

dS 1 + ad* 


NOTES, 


731 


and when p is supposed to be constant, we have 

-£• = akp = ("by substituting for p its value — p A 

V A.(l+a*V/l + i 




+ a&' 


se- 


(1 .. , Wl 

(b) In the first case, c — ^3- — ^3 ^ P dq ap . 

d9-d e -Td — T e T+M> in the 

cond case r/ — ^1 — ^I^P a P 

’ M ~ dp M ~ dp 1+79 5 conse( l uentl y> we obtain 

* 1 + a9 = - ^ _ dq ap _ . dq c dq 

a d p - d p -7’ ■ Tpt + T'P'Tp- 

(c) See Lubbock on Heat of Vapours and Astronomical Re- 

fraction, and also London and Edinburgh Philosophical Journal, 
No. 128. 3 

(d) Since p = lc,» [1 + « (A + «)], jo" = V (1 + «0. we have 

■P — I + a (9 + w) , r> — v" 

w/ “r ~ t r — ; j consequently, — — ±~_ — 

P l+«0 y ’ p" 1 + afl ’ 

trom this equation ou may be obtained. 

(e) 1°,3173: 1°:: 0,0133: to the condensation requisite to pro- 
duce an increase of temperature equal to one degree, therefore, this 

condensation = = 0,00101. 

(/) 1° fact when the pressure remains the same, we have by 
equation (1 ),p = k P (1 + *«) = ft, (1 + 5) [1 + « (0 _ t ), ... i + afl 

— 1 + a (0 — e) + 8 (1 + a.6), Ss being neglected as infinitely small, 
consequently there results 

(^) In equation (3), if we suppose ^ z= q and ~ — p, it will be- 
come e z+y P r = 0, now dq = J d e + d £dp = c i dp + vdp, vo = 


clq — - p dp\ 
dp 


'? 1 ' dp 

A 9 substituting this value of Q in the given equation, we 


e 

obtain, by concinnating, ( dq - ( v dp = _ ypvd h consequently, dq = 


P, 


/ pdp — yp,dp\ 

i- y p p | 

fp.d.pV- py.d e \ 

\ _ Y V P 7 fpi\ 

\ P J 

1 i -. 1 

py 

V P 2 J 

1 i-S-Kt) 

n i 'y 1 ^ 


J, 

~f~^ ~ must be of form/'?’-, and v dq—f'^-dX - and a == 
pi ' e f t * 
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( jU 7 \ jp 7 

— J 5 and — = yq, and v p = kp (1 + «fi) = <j, ? . conse- 
quently, 0 = -i- p' 1 ' -1 — i. 

CCrC r OL 

(h) <pq = a&0 — L. + -JL an d by substituting this value in the 
P P 

expression for 6', we obtain 

( when 266=67 is substituted for ^ the value of Q given in text. 

. (i) In the value of q, as the increment of q considered as a func- 
tion of 9 is constant, q must be a linear function of 0. 

« 0.2669= 0,2869. 

(03)4 

(0 Since m-=nc, by substituting for c we obtain m = 

». (0,2669) 

(m) By substituting 0,76 for jo, and making 0—100=, we have 

c — Jg" — B -0,76 , v B = c.0,76 T , 

consequently, we must have 
/ 

c = a + ^c.0,76 7 j (266=, 67 + 100)(0,76) T = a + c.(366,67), 

V a = c - c. (366=67), and if this value of a be substituted in the ge- 

“* 1 O' — l 

neral expression of q there results equation (8), for h y — 1 

(n) By equation (I) we have 0,76 = Jcd. ^1+ _ £ D . 

• — 0,76°, (266,66 + 0) _ p h 366,67 

D. 366,67 ’ ' P_ 0,76° ‘(266,67 + fl) - 



NOTES. 


733 


(o) As the volume of a gas increases by 0,00375 for each addi- 
tional degree of heat, the increase for 100° is ,0,375, consequently, 

- l^ 7 * 21433 

the weight of the litre at the temperature 100° nr — • 

(jo) a; the weight of v : 0,55 the weight of a litre of vapour: 

0^,55 ,vp 

for a litre is the unit of capacity, consequently, w = — - — = (by 

D X * 

, . . „ . . » vh (f r , 55. 366°, 67 . . , 

substituting for pits value)—— ■ iyrr rn , — > which is the value of w 

U, / u JIoujO/ “p o 


given in the text, since 0^,55x^66,67 m SOI 57 *, 6685, of which the two 
last places are neglected in the expression in text. 

(q) Since the density is supposed to have attained its maximum, 
and 0 is invariable, j o, which depends on p and 0, must be also in- 
variable. 
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BOOK VI. 


CHAPTER I. 

. . dx dy dz . . 

( a ) ^ fun ctions ofx, y,z,t, and as#,y,#, are fane- 

. « dx dy 

tions of #',y, &c., ar e functions of x',y f , z', t, & c. 

(b) dp = 0 is more general than p = 0, for at the surface the 
pressure should rather be considered as constant than as cipher. 

(c) As the value of m'c' is equal to the square root of the sums 
of the squares of the differences of the corresponding coordinates of 
m' and c', it evidently must be equal to the expression given in the 
text; now if this value of m'c' be extracted by means of the bino- 
mial theorem, it is evident that there will result by considering 

(dz + s**)’ as the first term 

— &c. ; 

from which it is evident that, when infinitely small quantities of Uie 
third and higher orders are neglected, the expression for m / c / is re- 
duced to its first term ; in like manner, in order to obtain the value 
of d'g', we obtain (by substituting a? + dx, y + dy, for x and y) the 
coordinates of d' = 


* + dx + udt+^dxdt+~dydt, 
y + Ay + vdt + ~dx dt -(- — ■! dydt, 


z + wdt + ^-dzdt + ^dydf, 
in the same manner the coordinates of g' will be 
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z±dz+wdt+ C ^.dxdt+ ^dydt + ^L.d*i*dt + £i °-dydzdt+ 



dz 

and the differences of the corresponding coordinates are respectively 


aro***+ ;££*** 

dPv (pv 

^dMt^—dydzdt, 


dz + d ~dzdt ■ 
dz 


d 2 w 


dxdz 


. dxdzdt - 


t Pw 
dijdz 


dydzdt. 


from which it is evident at once, that when terms of the third and 
higher orders are neglected, the expression for d'g 7 will be reduced to 
its first term. 

(d) If the infinitely small quantity by which the angle a'm / jb / 
differs from a right angle be denoted by dx, we shall have sin a'm'b' 

dstP 

= sin (90° ± dx) = I — — , therefore, as the same is true for sin 

c'm'p', if they be taken into account in the expression m'a 7 . m'b'. m'c'. 
sin a'm/b'. sin c'm'p', it is evident that as m 7 a', m'b', m'c', are respec- 
tively of the first order, there will result terms of the fifth and higher 
orders in the resulting expressions. 

(e) When their values are substituted for these factors, their 
product is 

dx - ( J + s*) (* + % dt ) - d *- ( L + &*} 

which, when infinitely small quantities of the fifth order are neglected, 
becomes the expression in the text. 

( 8 ') this case, each stratum heated from above must expand, 
and as no lateral expansion can take place, every stratum must rise 
vertically, and be replaced by the stratum immediately beneath ; this! 
ascent commences with the uppermost stratum, in this way it will be; 
evident, that the length of the fluid column will increase; however, 
as the lighter strata are always the uppermost ones, it is evident that 
there will be no interchange between the strata, and, consequently, 
that the continuity of the fluid will not be interrupted. 

iff) This is the complete differential with respect to t, for as 
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u = — — df dx _ df 

dt’ dx dx dt ~dt 9 an< ^ 25 * 11 case &<fi xe d division, it is 
evident that the time t is not explicitly contained in f, the first term 

^Ttu" 4 IS CIpher ’ and !t consequently becomes equation (9). 

( ) This must be the case, because infinitely small quantities of 
the second or higher order are neglected. 

{i) If the law of Mairiotte obtains in the case of motion, then we 
have p oo p, consequently,^-^ will be expressed by a logarithm, 
when the variations of temperature are taken into account, f will not 
be* l top, consequently, cannot be expressed by a logarithm, 
neither will it be thus expressed, when , is constant as in the case of a 
homogeneous liquid, for then § — = i §dp=Z. 

(*) In this case ’ b y substituting to . r dp its value, there results 


consequently, 


dy 

\dp__dv ' 
p dx~ dx’ °' 


_ ® ^ ^ eqUati0 " Udx + vd y + = dp be differenced with 

spect to t, x,y, z, respectively, we obtain, 

r = c*.^. 


d at fJr ,dv dw , 
dt dx +di dy +-di dz - 


dt ‘ 


du dv dw 

dx dx+ Tx d y + ^ dz: 

^r-dx + ~ dv + ~ dz — d d< ^ 

dy ^ d y y ^ dy dz - d ‘7zr.> 


:d.- ‘1 
dx’ 


Pdx + *! t 

dz ^ dz 


, + ^dz = d.^; 

da dz’ 


therefore, if in equations (3) we substitute ^ S for,, „ , 

dx’d^’di ,iwu,v,w ^ e 

obtain, as - — — ^ x— dY a, ,u dp dp dp 

fdx-dz’ X ~ di> &e. the values of given 

in the text. dx d » dz 

Now if these equations be multiplied by *, dy, dz, respectively, 
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and if they be then added together, there will result by substituting 
for ^ dx + ^ dy + dz, dv for ndx -f- Y#y + z dz, and by ob- 
serving that 


\dx ) dx da? dz dxdy J * dz dx.dz 

i.i.( ay=4. 3 ft.i.+a.s* + s. 3 s.* i 

\dyj dy dxdy dy dy 2 J ' dy dydz 

\dz) dz dzdx dz dy dz J dz dz 2 

the value of d? given in text. 

( m ) Since e is infinitely small, we may neglect all terms after the 

second in the expression of w; is evidently the value of n when 
5 = 0. 

(n) By multiplying these equations by dz, dy, dz, respectively, 
adding them together and observing that xdx 4 - y dy ■+ z dz = dv T 

\ ^ ^ ^ P ' we °^ ta ^ n ex P ress *t> n * n text,, 

for in differentiating^-,^-, each of them must be considered 
0 da? dy dz 2 

as functions of x,y,z% see Note ( l ). 
du du 
dx 9 dz 9 

quently, we shall have ^as — the first equation (3) equal to 

1 dp 1 dp , . 1 dp 

- . ~ = x + and--— = Y 4- o?y, - -f- = z, 

p dx p dy * p dz 

from which we may obtain the value of ^-dp, by multiplying these 

equations by dx, dy, dz, respectively, and then adding them together. 


( 0 ) In this case are respectively equal to cipher, conse- 

du 


CHAPTER II. 

(a) For we have by this law, when the temperature is invariable, 
jt? : mgh : : d .( 1 + $) : n v pzz mgh (1 ■+- s) ; 
but, when in consequence of the sudden increase of temperature, 
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* V3rieS ^ 3 gFeater rati0 than or d (1 + ,), we have p = g rnh. 

( 1 +s+( 5 s),a.ud v <fy=ffmh(l+p)d a) hence ^ =€^11 +_0V? 

andC^ = €2 !*£+£), „ , , P ®‘ (1+,) 

J p d • 10 S'C 1 + 0 » nowwhenthe square andhigher 

powers of, are neglected log (1+ ,) = ,, =P =a s s . conse _ 

quentty when this value is substituted for p in equation (b) and v is 

»„»«* «*(!£)■ (|y, 

,.J J) Ia integr ating the values of udt, vdt, wdt, at any instant, as the 
d splace men s are very small, the error which is committed whei in this 
operation, * , y, z', is substituted for y, z, is inconsiderable, so that 
may e neg ected, and *.• may beregarded as constant. 

(c) Equation (c) becomes when D(l+ S ) ^substituted for f , 

at nr a* — 

ax dy ^ . dz 

= ('"‘“*{s+|+s)““8i«ted)„.(| + g + J + gy 

which when — _ ls substituted for^ i s the equation (8). 

( ) By substituting for m, a, their respective values there results 

udx + vdy 4- wdz — £ + ydy -j- zds) _ 

fltnT:lT i0n ° f ' and 4 Wil1 be “ «* di “ a 

d dr dx dr r ' dr*'dr'r[— &"?) + 

(h _ fy*+ z *\ 

. dr \ r i*J dr l~y3 -) ’ 

in like manner v / 

dy dr* r* dr r> ’dz*~W^ + -£ ^T~> 

consequently we shall have 

^ =a3 ^(£ ± ^ ±£ ) + 2 ( £ ±^ ? ^ 

‘ V 3 J dr r • dr ' 
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( / ) Now since r is the independent variable, we have 

d*.rp <&<p , -dr dp , d*.rp 0 &<& , _ B dp. 

dr® dr 3 dr. dr dr 3 dr* dr • 

therefore, if both members of the equation 

_ 2 /££ 2 

di 3 \dr*"*"r dr J* 

be multiplied by r, it will coincide with equation (4) for r ~~ = 

C?) <f> = ;: • (/(*■ + a 0 + F • (»•-«<)). ••■?=^=^c/ > o , +«o+ 


F'(r-a*))_I [/(»•+ a<) + f (»•_«<)] aud ^=^.[/'(r+ a<) - 

1 d<b 

^(r— a#)], v the second equation (5), and from 

this second equation it is evident, that the velocity is always pro- 
portional to the condensati on 

(h) Since the first formula vanishes at the same time as r, when } 
it is expressed in a series proceeding according to the powers of r, j 
each term must haver, or some power of r, as a factor, and therefore j 
when r is infinitely small, all powers after the first maybe neglected; J 
now when equations (5) are applied to the case of the propagation 
of sound in our atmosphere, we are warranted in assuming that r is I 
infinitely small, because the agitation of each particle is so inconsider- 
able, that it does not appear to move sensibly from its state of rest ; 
for when sound is transmitted through a mass of air, in which motes 
are observed to float, they do not appear to be actuated by any sen- 
sible motion. See article on Sound in the Encyclopaedia Met ropoli tana, , 
No. 54. 

(0 ¥r denotes a certain velocity as well as \pr, because 5 is to s 
in a given ratio. 

ffl , r= 1 ,<*•/>• l fi , 1 1 *-n Jj£ 

' y r dr i* dr ' r dr r* dr 9 dr dr 


(I) In fact, by making this substitution, we get 

? = “-(4& + i&)— p • (r + at) — 4 C + 4^( r ■*" + 4c] =0, 

in like manner it may be shown, that when corresponding substitu- 
tions are made in the second equation (5), the expression for s be- 
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comes cipher, it thus appears .that when \J t x r and ¥ x r are supposed 
to be cipher for a certain value of r, which is the supposition that it 
is always made in order to determine the values of the arbitrary con- 
stants b and c, then the values of £ and 5 become cipher. 

(m) By adding and subtracting equations (7), and substituting z 
for r, we obtain 

now 

d^z = ^zdz 9 d% x z = z^zdz, 

consequently, 

fz . dz = \dz^ x z + 2 ^ * i>zdz — •I’itecfe, 
hence then there results 






f*=s$h* + $'X.($z—9z). 


£ — -J* 

(n) If be substituted for t in the functions f(r + at)> 

a x 

f f (r + at ), the results are fs, f'e, consequently, as long as t is less 


than — — the values of f(r + at), f'(r + at), will be less than/e, 
f r B 9 and therefore will not be cipher; and the same is true for 
— at), f ' (r — at) } when t is Z than r being by hypothesis 

ft 

less than s ; from the equation t zz — — it is evident that the greater 

r is, or, the nearer to the point that is agitated is to the surface of 
the sphere, the less will be the duration. 

( 0 ) See No. 497, notes ; since the motion commences when 
at = r — e, and ceases when at f ~r + g, the duration = t r — t = 
2s 

— , and the breadth of the sonorous wave zz 2s. 

a 

(p) At a great distance from the centre of the agitation, the 
functions^?* + ^)>f' (»* + at), vanish, so that the second term of 
second member of the value of ? given in page 584 vanishes; conse- 
quently £= evidently as % , if, on the contrary, r was very small, then by 
expanding the values of f (r f + at), f' (r - at), f(r + at), f (r- at), 
into series proceeding according to powers of r, we obtain 


- <*) = + &c . ( 
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p/(»- + at) = + I .fat . v + L ./" + &c., 


1 / . F ( — at) F^ (- 

s »(f-«)= A_J + _L 




r" ' r 2 . 1 . 2 

consequently, the expression for £ becomes, by concinnating and ob-j 
literating, = — — . [(jfaf) + f( — «$)] i. e. = ~ nearly. 

(^) The number of functions &c. of equation (9) which 
the most general expression for <p contains, will depend on the num- 
ber of distinct agitations at the commencement of the motion, the 
agitation resulting from the several distinct ones will be the algebraic 
sum of these functions ; this remarkable conclusion results from the 
forms of the original differential equations. See No. 551. 

(**) u is equal in general to £ resolved in the direction of the 
axis of #, but as the agitation does not extend as far as the plane ab, 
u must be cipher; now this condition is satisfied in this case, for the 


: r x> x = h } and 




expression for u = ~ becomes when r 

dr r dr^r \_ 

= — h } equal to cipher. 

( s ) P = + s +j3^).(l + = (neglecting s 2 ) 

(i +— t + p t )-p£ p( i + p ) . 

(t) By substituting in the equation p = Jcp . ( 1 + oc (fl + 71 ) ) for 


k } we obtain jo 


__ gmho 


o.(l+rfj- <1 + “ ,)+ " )=€ ? 


•(■+] 


aw \ 
'1+oAj 

(u) If the density in the first case be p, and in the second 
then the increment = p *y 1 + j^g — 1 = ~~ q-p. 


5260- 


f ( 1 + i)’ 

(v) If in the value of p = p.(l+/3s), we substitute d(1+$) ^ 

for p, it becomes gmh.(\ + s + /3$), s 2 being always neglected, but on 
the same supposition 1 4 * s + j3s m (1 + s) 1 +•£, therefore p =r gmh . 

(#) See Comptes Rendus for August, 1841, where an account is 
given of some experiments made in Geneva on the intensity and 
distance to which sound can be propagated under water. 

VOL. II. 4 z 
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CHAPTER III. 


(«) By substituting fory its value, we have 

(y+aH- 

and when oforMs neglected it becomes &.yd*. 

dx ** 

Jl>-“ ‘ h “ 1,0 « multiplied b, *, the equetion 

(" ** = djt. end |5 * = 

•he integral of »hieh i, eeideeti, th, v , Iae rf f ^ in ^ ^ 

(c) At the orifice 

p = n-g pc -n+g p (i- d )_ I'-Pj* f «*\ 

r dt‘\ 2 '[ tfj’ 

we^r^Lf ;■ rr rr- 0 "* ,ie 
* - *- -*>« — - ** Ji'u i °zz M “ 

CO From equation (4) we obtain Atft = 2a du 

is inconsiderable with respect to n we ^ ^ 

respect to n, we may neglect c in the expression 

2g 1 ( A + c )> “O' » if we make a?— -Jl tMa , ;ff t . , 

_ VZgTk * h ‘““orential equation 

becomes Wy — a ‘ V^^-dz 

/3 . </gh. (1 _ *») ° f whlch the integral is — fL__ . 

. 1+# ' 18/%* 

■ne-n^, end b, substituting its * wo tl . 

sion in the text. 

<•) Sieee f = 0 „hen . = 0, , h e Talte „ tk , ^ 
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might occur in the integral of the value of A . aft must be cipher, for it 

is equal to — . log . 1. 

|3/2 ff h 

(f) From equation (6) we obtain 

• -UA. • 1 

V - J-l/ 

which, by multiplying numerator and denominator by e 2o , be- 
comes equal to the expression in the text. 

( g ) When the value of u is multiplied by dt , the differential is 
evidently that of a logarithm, for the numerator is the differential of 

2a 

the denominator multiplied by therefore, 

p.W/fyh. 


o s r -fiktVwn 

a.$uc!t =- ^logLe a “ + « “ J + c; 

g a a 

now as £= 0,when * = 0, we have c = .log 2, hence then there 

P * 

results the expression in the text. 

(A) When equation (4) is multiplied by dt , we obtain 

(#•(* + c ) -ipu^dt -^du= 0 , 

and equation (5) becomes in the same case 

dk +—dt = 0, 

(JJ 

therefore, by eliminating dt between these equations we obtain the 
expression in text. 

(i) See examples of the integral and differential calculus, page 329. 

(*> ?= 1 - 5’ w= * and •=;;» v 

T . . d 1 a a /S*Aw w 2 — 1 a 2 n* 1 

v k n 3 a 9 w* A a 3 * A 

AcuA a* A Ar (n 3 — 1) 

and — -=-r =n 2 , v equation (7) becomes-rr — - — = — -#4* 

a* A a 2 1 w </A h 

n*= 0. 
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(") By multi P 1 3' in o all the terms of this equation by h and dh, 
we obtain 

dzh + (l — nP) zdh + n*hdh = 0, 

and in order to reduce this to a perfect integral, by multiplying it 
by A—*', there results 

dshl ~ n ‘ + (1 -n*)zh-*\dh + «*A i-n* d h - d.zh'-n' + 
n?dh h i — n * . — o 

m3 * 

+ = »d. = «**-. __S_ , k 

(n) In virtue of equation (5) dt= ~dh = — . 

OCU u 

(o) Equation (9) may be written as follows: 

( (2-w 4 ) h w -2\j 
2gh \Jl^~ 2 _ H w n — • 2 J * 

If we suppose h + A' = h, then the expression is 

f (2 — n z ) H« a ~ 2 w 

\(H-f £')«*— T_ J = 

("(2— n z )n n *— 2 ^ (~ 1 

J L a"*- 2 [i _ i + 2!=2 a- 1 A'+(»!p)(5=l)lF 

= by dividing by (2 -»»). and suppoging n2 _ 2) 

+I+* &c ' 

equal by substituting A _ H for A', 

(£->)+i<T-ir +i (iTT5 , * i “' = lo «@ 

N.. bj ..b^tuttog a* fOT * ,„g we obt ^ 

log (|Y i, dt _ - l 

~ ex P ressi °n in text 


*h n 


H\~* 


as 


case. 


[ P) By eqUati ° n (l) We have > when g neglected, as it is in this 
djp__dv 

dx 1 ’dt’ consequently we shall have -±.dt— -dv- 
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, dv ldp __ dv dv 

dt else 1 *' pdx~~ dt V ' dx 


WT—S+. 


dy dx d.cv d.pv di r 

' Tx "di +2, '~dr +y "dF'lt 


dy dy d.pv , d.pv 

= r v di + f’*di + 2 '"dF+ yv -£- 

(r) When the capacity is great the pressure on the surface of the 
vessel for a short space of time may be considered as constant. 

( 9 ) Multiplying the second = n by dx, we obtain pvdy +yd.pv 
= 0, \'pvy = c, 

(t) If both sides be multiplied by dx we shall obtain 


dp 11 1 

A.- + cfW.tf.— .d.— = 0, -.-kAogp + = o'. 
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NOTES TO ADDITION. 

(a) When a machine is in motion, if the moving forces do not 
coincide with the directions along which the points of the machine 
move, they must at least make acute angles with those directions, for 
if they made right angles they would not produce any effect at all in 
the directions in which the points move, and if they made obtuse 
angles their tendency would be to retard these motions. 

(b) If after multiplying the first members of these respective 
equations together, and also their second members, they be added 
together, we obtain 

M.(x& 4 - Ydy + idz) — p.cfe.(cosacosA+ cos /3 cos ^ + cosy cosy) 
= pds. cos a = vdp. 

(c) It would be useless for the purposes of machinery that the 
motion of the machine should be continually accelerated ; if the 
moving forces acted always with the same intensity this would be the 
case; in this case, in order to render the motion uniform, the resistance 
is made to increase, or if this cannot be conveniently done, then the 
action <5f the motive force is either intermitted, or made to become a 
resisting power, by which means, though we cannot render the mo- 
tion of the machine uniform, we confine its variations within certain 
limits. 

(d) When the body sets out from a state of rest, as there is no 

initial velocity, J.mk 2 must vanish ; likewise as the effect of the mo- 
tive forces must be greater than that of the resisting forces, when the 
motive forces are of that description that they act more forcibly on 
bodies which are at rest than on those which are in motion, the ac- 
celeration produced by these forces must continually diminish with 
the increased acceleration of the machine until p dp = Q dq ; and it is 
evident from these considerations that the successive differences be- 
tween p dp and §dq constitute a decreasing series, so that the process 
by which the machine is brought to a constant uniform state, i. e. to 
one in which £p dq = is most rapid at the commencement of 

the motion, and gets continually slower ; indeed, strictly speaking, 
this uniformity is not attained until after the lapse of an indefinite 
time. 
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( e ) The diminution estimated in the direction of the surfaces 
comes under the expression for the effect produced by friction. 

(f) It appears from the expression u(s-|-&) that when a man walks 
on a horizontal plane without a load there are two effects produced, 
he raises or depresses his centre of gravity, and he also impresses 
on this point a horizontal velocity, each of these requires a distinct 
effort, the last is evidently much less than the first; but there are no 
experiments made by means of which their relative intensity can be 
determined ; as it is evident the less u (s + a) is, every thing else 
being the same, the greater will be the power of the man; the skill in 
walking so as to economize this power, consists in going as closely 
as possible to the ground, so that s may be the least possible ; the ex- 
pression for the work done when a man ascends a height, and carries 
no load, is u(e+ a ■+ h) + W; now when a man carries only his own 
weight, the height he is able to ascend in a given lime multiplied into 
u is >■ than when he carries an additional load; i. e. u h is greater 
than k A', h f being the height he can ascend to in the same time when 
loaded, and k = u + L, l being the additional load ; this appears 
from some experiments made by Coulomb, which led him to infer 
that this diminution of action or difference between u h and k h r is 
proportional to the additional load carried ; and, as it also appeared 
from his experiments, that when the load carried was equal to u 

the weight of the man, the diminution was one-half, or equal to 
when the load is l, it is equal to therefore we must have 

(o+Lj^iruA-y and h 1 zr uh ^1 — 

divided by u -J- l. This formula should be considered only as an ap- 
proximation, for it would appear from it that when L :z: ft' == 0, i. e. 

if a man carries a load equal to twice his weight, he could not ascend. 
— See Hachette Tmite des Machines , Chapitre Premier . 

(g) If l = 0, is a function f of these variables, or f (twyz) = 0, 
then when they become t + dt, z + dx ) y + dy , z + we shall 
have v(t + dt, z -J- dz, y + dy, & + dz) = 0, and when infinitely 
small quantities of the second and higher orders are neglected, 

. cfc. </l f dh dh 

h+ di dt +te d *+dj d y + dz clz=:0 - 
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(h) Since + ^—d v 4- — d z — l. J ,,2 ^ u ' j 1 dv' 

dt 1 ' ^ dP a ' y + df dj —2 d - v ' + ~7f + -jr d,y 


or dt* ' df ' 2 — / 1 ~JT u /'* / 1 ~rr 

dw ' at at 

+ "ST*'*’ substltutl «g for the first member of this equation, and 


concinnatmg, we obtain the value of \d.mv? given in the text. 

(0 Since in this case the forces p act in the direction of gravity, 
S2P (dj>-d,p-) must be equal to 2 p, or n multiplied into the vertical 
space described by the centre of gravity. 

(k) Since the motion is uniform, the space ?' described by the 
centre of gravity is to the time, consequently as «cos« is the 
value of the velocity resolved in the direction of the vertical, we shall 
have X! ~ at cos a. /> 


THE END. 






